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Preface

Hierarchical matrices are a subclass of usual matrices which are data-sparse in the
sense that they allow to represent large-scale fully populated matrices with linear or
logarithmic-linear complexity. In addition to storing such matrices, approximations
of the usual matrix operations can be computed with logarithmic-linear complexity,
which can be exploited to setup approximate preconditioners in an efficient and
convenient way.

Besides the algorithmic aspects of hierarchical matrices, the main aim of this
book is to present their theoretical background in the context of elliptic boundary
value problems. The emphasis is laid on robustness with respect to nonsmooth coef-
ficients in the differential operator. Furthermore, the book presents in full detail the
adaptive cross approximation method for the efficient treatment of integral operators
with non-local kernel functions.

The book originates from a habilitation thesis that was accepted in January 2007
by the Faculty of Mathematics and Computer Science of the University of Leipzig. It
is intended to present the vast material on the topic of hierarchical matrices in a self-
contained way. Hence, it is written for both researchers and students in mathematics
and engineering.

Leipzig, February 2008 M. Bebendorf
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Introduction

The simulation of physical phenomena arising in applications from science and en-
gineering often leads to integral equations or to boundary value problems of elliptic
partial differential equations. Since such problems usually cannot be solved explic-
itly, their numerical solution is done by approximating the exact solution from finite-
dimensional spaces and solving the resulting problems on a digital computer. The
success of numerical simulations together with the rapid development of computers
has led to a constant demand for higher accuracy and more sophisticated tasks. In
order to be able to satisfy these requirements from industrial applications, the num-
ber of degrees of freedom n of the finite-dimensional approximations has to be large
enough. The typical size of n in today’s computations can reach several millions.
This size will further increase in the future since many interesting and important
problems still cannot be treated by existing methods.

Numerical schemes which require a number of operations that scales asymptot-
ically like n2 or higher will not be acceptable in the future. If the next generation
of computers has twice the memory, users want to solve problems that are twice as
large. However, an algorithm of quadratic complexity requires four times the num-
ber of operations, which actually doubles the execution time if we presume that the
CPU speed of future processors increases in the same way as the memory does. It
is therefore of particular importance to develop numerical schemes which can solve
the problem with almost linear complexity, i.e., with a complexity which is linear
up to logarithmic factors.

The finite-dimensional approximation is usually done by finite element or finite
difference methods. The latter lead to linear systems of algebraic equations whose
solution is usually the bottleneck of the whole simulation. The coefficient matri-
ces arising from the discretization of differential operators are sparse; i.e., only a
bounded number of entries per row or column do not vanish. Such linear systems
are preferably solved by iterative methods, which in contrast to direct methods do
not change the sparsity of the matrix during the computation. The usage of modern
Krylov subspace methods requires only the ability to multiply the coefficient matrix
by a given vector. The convergence of the latter methods, however, is determined
by the spectrum of the matrix, which for discretizations of the considered problems
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2 Introduction

behaves in such a way that the convergence rate of iterative methods deteriorates
for large n. Hence, so-called preconditioning, i.e., multiplying the linear system by
a non-singular matrix which improves the spectral properties of the coefficient ma-
trix, is unavoidable. Although finding appropriate preconditioners seems to be a
purely algebraic problem at first glance, efficient preconditioners usually rely on the
analytic background of the linear system.

One of the most efficient and best known solution strategies are multigrid meth-
ods [125, 46], which use an approximation of the solution on a coarse grid to com-
pute a better approximation on the next finer grid. These methods are able to solve
elliptic boundary value problems with asymptotic complexity of optimal order n.
They can either be used as an iterative solver, or they can be used for preconditioning
other iterations. From the point of efficiency, multigrid methods hence seem to sat-
isfy the requirements of future applications. However, these methods are not robust;
i.e., their efficiency depends on many factors such as the geometry, its discretiza-
tion, the coefficients of the differential operator and so on. Although considerable
advancements have been achieved in adapting geometric multigrid methods to any
kind of problem, for the application of numerical methods in practical computations
it is often expected that the method works in a black-box manner, i.e., with mini-
mal user interaction. In order to account for this requirement, so-called algebraic
multigrid methods [220] have been introduced which try to achieve the robustness
by mostly heuristic strategies.

Multigrid methods can be regarded as the application of an approximate inverse.
Robustness, however, can be expected in general only if the exact inverse of the
discrete operator is used for solving the problem. The inverse is a fully populated
matrix which requires O(n3) operations for its computation. A very popular idea to
avoid fully populated matrices are approximations of the inverse, so-called sparse
approximate inverses (SPAI), which possess the same sparsity pattern as the discrete
differential operator. The incomplete LU decomposition (ILU) is based on similar
ideas; see [223]. Although the construction of these preconditioners is attractively
fast, their preconditioning effect is limited due to the unnatural restriction of fully
populated matrices to sparse matrices.

With the advent of data-sparse matrix representations, it has become possible to
treat fully populated matrices with almost linear complexity. The introduction of
hierarchical matrices (H -matrices2) by Hackbusch et al. [127, 132] has paved the
way to methods which have almost linear complexity and which are robust. Hierar-
chical matrices are an algebraic structure which represent sub-blocks and thus each
entry of a fully populated matrix by low-rank matrices. In addition to efficiently stor-
ing matrices, H -matrices provide approximate variants of the usual matrix opera-
tions such as addition, multiplication, and inversion with almost linear complexity.
Many of the existing fast methods are based on multi-level structures; see, for in-
stance, sparse grids [262, 54] and hierarchical bases [261]. In contrast to multigrid
methods, the efficiency of H -matrices is based on a suitable hierarchy of partitions
of the matrix indices.

2 H -matrices should not be confounded with H-matrices known from linear algebra; see [149].
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While the discretization of differential operators leads to sparse coefficient matri-
ces, discrete integral operators are usually fully populated. It is obvious that already
computing the entries of the coefficient matrix does not meet the above require-
ments. Hence, various efficient numerical schemes for the efficient treatment of non-
local operators have become widely popular in the last decades. The origin of one
class of methods are algorithms [6, 14] for the efficient evaluation of many-body
interactions. Well known are the fast multipole method [215] and the panel clus-
tering method [137, 138], to name just a view. H -matrices and mosaic-skeletons
[252] can be regarded as algebraic generalizations of such methods. A second class
are wavelet compression techniques [3], which lead to sparse and asymptotically
well-conditioned approximations of the coefficient matrix. All previous methods
approximate the discrete integral operator in their specific way. This additional er-
ror has an insignificant contribution as long as it is of the order of the discretization
error. A direct solution with standard methods is prohibitively expensive. The iter-
ative solution of linear systems arising from the discretization of integral operators
is usually less sensitive with respect to the number of degrees of freedom. It will
actually be seen in the course of this book that the influence of boundary conditions,
for instance, on the convergence properties may be more severe than the dependence
on n. For such problems it is necessary to have preconditioners which, in addition
to the asymptotic dependence on n, are also able to account for large constants.

Aims

The aim of this book is to introduce a new class of approximate preconditioners
for discretizations of both differential and integral operators. The basic structure
which is used to compute the approximations are hierarchical matrices. Since these
matrices can handle fully populated matrices with almost linear complexity, we are
enabled to approximate each entry of the inverse of discretizations of differential
operators, for instance, with arbitrary accuracy. The main advantage of approximate
preconditioners over existing preconditioners is that problem-independent conver-
gence rates can be achieved. Established preconditioning techniques guarantee at
most the boundedness of the condition number with respect to n such that the dis-
cretization or the coefficients of the operator may still lead to a large number of
iterations. High-precision approximations of the solution operator can also be used
as direct solvers. The usage as preconditioners of iterative schemes is however more
efficient unless systems with many right-hand sides are to be solved.

Any matrix can be approximated by a hierarchical matrix with arbitrary accuracy.
Most of the matrices, however, will lead to a complexity of the approximant that is
at least as high as the complexity of the original matrix, because the required block-
wise rank may grow linearly with n and with the approximation accuracy. One of the
main aims of this book is to show that H -matrices can be used to approximate solu-
tion operators of elliptic boundary value problems with almost linear complexity. In
order to be able to guarantee this complexity of the H -matrix approximants, it is in-
dispensable to analyze the approximation of discrete inverses. It will be proved that
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the efficiency of the approximation by H -matrices depends logarithmic-linearly on
the number of degrees of freedom n and logarithmically on the accuracy of the ap-
proximation. The complexity is influenced neither by the shape of the domain or its
discretization nor by the smoothness of the coefficients and at most logarithmically
by their sizes. Blockwise low-rank approximants seem to be capable of adapting
themselves to the respective problem. Especially the analysis of the dependence of
the approximation on the coefficients of the operator is a main concern of this book.
It will be seen that L∞ coefficients are enough for the existence of approximants –
a quite surprising result, because the existence of such kind of approximants used
to be attributed to the local smoothness of the Green function, which is only locally
Lipschitz continuous in the case of L∞ coefficients.

The approximation theory for both scalar and systems of elliptic partial differ-
ential operators will be derived under quite general assumptions. All results can be
ascribed to one single principle, the interior regularity, which is characteristic for
elliptic boundary value problems. This allows to treat also higher order partial dif-
ferential operators such as the biharmonic operator. In addition, it will show that all
problems from the class of elliptic operators can be treated by the same kind of hier-
archical subdivision of the computational domain. Hence, low-precision H -matrix
approximations of the inverse can be expected to provide robust preconditioners
which can be computed with almost linear complexity in a purely algebraic manner.
The robustness of H -matrices is however paid by the disadvantage that these pre-
conditioners are often slower for standard problems than a preconditioner which is
tailored to the specific problem.

A lack in both, practice and theory, is that the approximation by H -matrices
requires the grid to be quasi-uniform although special types of non-uniform grids
have been shown to be treatable. The reason for this is that general grids cannot be
subdivided such that the number of degrees of freedom and their geometric size are
halved at the same time. In order to be able to treat especially graded meshes, which
arise, for instance, from adaptive refinement, we introduce a matrix partitioning
that is based on the matrix graph. A first algebraic approach to the approximation of
inverses of general sparse matrices by H -matrices is presented. This approach helps
to explain the phenomenon of so-called weak admissibility; i.e., the observation that
blocks can be approximated by low-rank matrices although they are not admissible
in the usual sense, i.e., far enough away from the singularity.

In addition to the existence of H -matrix approximants to the inverse, it will
be proved that the factors of the LU decomposition can be approximated by
H -matrices. For this purpose we present a proof which is based on an approxi-
mation result for the Schur complement. The latter result is particularly important
if domain decomposition methods are to be accelerated by H -matrices. Although
it is not required to use domain decomposition methods in the presence of variable
coefficients, the combination of H -matrices with the latter methods provides an ef-
ficient means to improve the computation time by parallelization. The existence of
H -matrix approximants to the factors L and U of the LU decomposition is of great
practical importance, because such approximations can be computed with signifi-
cantly less numerical effort than the inverse requires. The ideas of nested dissection



Introduction 5

LU decomposition will be used to further improve the efficiency of the hierarchical
LU factorization.

The efficient treatment of integral equations by H -matrices is a second major
concern of this book. Integral equations may arise directly from physical modelling,
but they may also result from reformulating boundary value problems under suitable
conditions as boundary integral equations. This reformulation is of particular impor-
tance if exterior boundary value problems are to be solved. In [17, 18, 32] we have
presented a method, the adaptive cross approximation (ACA), which can be used
to construct H -matrix approximants from few of the original matrix entries. One
of the advantages of ACA over the established multipole methods is that existing
computer codes can be used to compute the original matrix entries, while multipole
methods require a complete recoding. In this book we present a short proof which
treats Nyström, collocation, and Galerkin discretizations in a unified way. From the
convergence analysis it will be seen that ACA is quasi-optimal in the sense that the
constructed low-rank matrices are optimal up to constants. Just as in the case of
discretizations of differential operators, the complete theory will be derived from
interior regularity. Applications of ACA to nonsmooth boundaries have shown that
a thorough choice of rows and columns is important to satisfy the assumptions of
the convergence proof of ACA. We present a pivoting strategy which guarantees that
ACA converges reliably. Since the construction of the coefficient matrix is still the
most expensive part of the computation, scheduling algorithms for the paralleliza-
tion of the matrix construction using ACA will be presented. Furthermore, we will
present a recompression technique based on ACA which achieves the same order of
complexity as fast multipole methods and H 2-matrices.

After constructing the coefficient matrix, preconditioners can be obtained from
low-precision LU factorizations of the approximants in a purely algebraic way. We
will construct preconditioners for mixed boundary value problems with almost van-
ishing Dirichlet part. Since the coefficient matrices of such problems are close to
singular, it is likely that perturbations introduced by the H -matrix approximation
change important properties such as the positivity of the matrix. In order to preserve
these, we introduce stabilization techniques for the approximation by H -matrices.

Overview

This book can be subdivided into three main parts. In the first part we review the
structure of hierarchical matrices. The basic principles which the efficiency of H -
matrices is based on are presented in Chap. 1. The first ingredient are matrices of low
rank. We review basic properties of low-rank matrices in Sect. 1.1. The second prin-
ciple is a suitable partition of the matrix into sub-blocks. It will be seen in Sect. 1.3
that a hierarchical matrix partitioning is required for an almost linear complexity.
A very basic example of H -matrices, which demonstrates all important effects,
can be found in Sect. 1.3.1. The construction of general partitions will be based on
cluster trees; see Sect. 1.5. It will be proved that a matrix partition which is based
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on the matrix graph has the same key properties as usual partitions, although it does
not use any geometric information.

In Chap. 2 we estimate the complexity of H -matrices and the complexity of
algorithms which can be used to compute approximate matrix operations such as
addition, multiplication, and inversion. The efficient multiplication of a matrix by
a vector is a central problem when solving linear systems by a Krylov subspace
method. In order to improve the execution time, we show how H -matrices can
be multiplied by a vector in parallel; see Sect. 2.3. Since adding H -matrices leads
to approximation errors, it may happen that important matrix properties such as
the positivity are lost. A stabilization technique is presented in Sect. 2.5.1 which
guarantees that the sum of two positive definite matrices remains positive definite.

The quality of the underlying matrix partition is crucial for the efficiency of
H -matrices. Since the initial matrix partition is generated from a condition on
the respective block that is only sufficient, one can expect that it contains re-
dundancies which are to be removed. We analyze the complexity of an algebraic
technique which can be used to improve partitions by agglomerating neighboring
blocks; see Sect. 2.6. In Sect. 2.9 and Sect. 2.10 we present the hierarchical LU
decomposition and the hierarchical QR decomposition. In Sect. 2.12 we will find
sufficient conditions on the precision of H -matrix approximants to guarantee the
desired preconditioning effect. It will be seen that arbitrarily bad condition num-
bers of the original matrix can be equalized by sufficiently accurate approximations.
Since the approximation accuracy enters the complexity estimates only logarithmi-
cally, the complexity of the preconditioner will depend only logarithmically on the
condition number of the discrete elliptic operator.

In this first part we regard H -matrices from a purely algebraic point of view.
Hence, all complexity estimates will assume that the blockwise rank is bounded.
In Chap. 3 and Chap. 4, H -matrices will be applied to boundary element and finite
element discretizations of elliptic operators. By restricting the class of problems it
will be possible to prove bounds on the required rank of the H -matrix approx-
imation thereby proving almost linear complexity of the computed H -matrices.
After giving evidence that elliptic problems lead to asymptotically smooth singu-
larity functions in Sect. 3.2, we show in Sect. 3.3 that asymptotically smooth ker-
nel functions can locally be approximated by degenerate kernels. This, in turn, can
be used to define low-rank matrix approximants of discrete integral operators. In
Sect. 3.4 we prove the convergence of the adaptive cross approximation method.
The storage complexity of ACA generated H -matrices can be brought down to
level of H 2-matrices using the recompression technique presented in Sect. 3.5. In
order to demonstrate the reliability of ACA, we apply it to complicated geometries
in Sect. 3.6. We report the results of numerical experiments with the hierarchical
LU preconditioner and demonstrate the efficiency and ease of use of these methods
when they are applied to real applications from electromagnetism and from linear
elasticity.

In Chap. 4 we first prove the fundamental result that the inverse of discrete dif-
ferential operators can be approximated by H -matrices with logarithmic-linear
complexity. Based on the existence results for the inverse we show in Sect. 4.2
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that H -matrices can be used to efficiently treat Schur complements. This result
paves the way to complexity estimates for the approximation of the factors L and
U of the LU decomposition. The ideas of nested dissection can be adopted in or-
der to improve and parallelize the hierarchical matrix LU factorization algorithm;
see Sect. 4.5. As we have mentioned, H -matrix approximants are mainly used for
the purpose of preconditioning in this book. Their efficiency is demonstrated in
Sect. 4.4 when low-precision hierarchical LU preconditioners are applied to finite
element discretizations. We compare the LU preconditioner with current sparse di-
rect solvers. The property that the same algorithm can be used for all operators from
the class of elliptic boundary value problems is helpful when nonlinear problems
are to be treated efficiently. Such problems are usually solved by Newton’s method,
which approximates the nonlinearity by a sequence of linear problems with possibly
varying properties of the operators. In Sect. 4.6 we present an H -matrix accelerated
version of Broyden’s method which is based on explicitly updating the LU decom-
position if a rank-1 matrix is added.



Chapter 1
Low-Rank Matrices and Matrix Partitioning

In this chapter we introduce the two principles the efficiency of hierarchical matri-
ces is based on. In Sect. 1.1 we consider low-rank matrices and their approximation
properties. Compared with general matrices the members of this subclass contain
less independent information, which can be exploited to reduce their storage re-
quirement and to speed up arithmetic operations such as addition, multiplication,
and even their singular value decomposition. Matrices usually cannot be represented
globally by low-rank matrices. A generalization are semi-separable matrices (cf.
Sect. 1.2) which are low-rank on each block in the upper or lower triangular part.
Semi-separable matrices can be used to treat boundary value problems of one spa-
tial dimension. For boundary value problems in general spatial dimension the matrix
has to be appropriately partitioned using the techniques from Sects. 1.3–1.5.

1.1 Low-Rank Matrices

Let m,n ∈ N and A ∈ C
m×n be a matrix. The range of A is defined as the result of

multiplying A by any vector from C
n

ImA := {Ax ∈ C
m, x ∈ C

n} .

The rank of A is the dimension of its range

rankA := dimImA.

We will make use of the following well-known relations; see for instance [148].

Theorem 1.1. Let m,n,k ∈ N. Then it holds that

(i) rankA≤min{m,n} for all A ∈ C
m×n;

(ii) rank(AB)≤min{rankA, rankB} for all A ∈ C
m×p and all B ∈ C

p×n;
(iii) rank(A+B)≤ rankA+ rankB for all A,B ∈ C

m×n.

M. Bebendorf, Hierarchical Matrices. Lecture Notes in Computational Science and Engineering 63, 9
c© Springer-Verlag Berlin Heidelberg 2008
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We denote the set of matrices A ∈ C
m×n having at most k linearly independent

rows or columns by

C
m×n
k :=

{
A ∈ C

m×n : rankA≤ k
}

.

Note that C
m×n
k is not a linear space. The rank of the sum of two rank-k matrices is

in general only bounded by 2k; see Theorem 1.1. An important property is that the
rank of each sub-block of A ∈ C

m×n
k is bounded by k.

Matrices having a rank that is relatively small compared with their dimensions m
and n are one of the basic structures the efficiency of hierarchical matrices is based
on. Therefore, in the next section we remind the reader of some of their important
properties.

1.1.1 Efficient Representation

In this book only two kinds of matrix representations will be considered. One is
the (usual) entrywise representation and the other is the outer-product form (1.1).
There are many other ways to represent matrices if additional information about
their structure is given. For instance, it is sufficient to store only the first row and the
first column of a Toeplitz matrix. Such additional information, however, is available
only in special situations. Our aim is to exploit properties that are present for a whole
class of problems.

Since among the n columns of A ∈ C
m×n
k only k are sufficient to represent the

whole matrix by linear combination, the entrywise representation of A contains re-
dundancies which can be removed by changing to another kind of representation.

Theorem 1.2. A matrix A ∈ C
m×n belongs to C

m×n
k if and only if there are matrices

U ∈ C
m×k and V ∈ C

n×k such that

A = UV H . (1.1)

The representation (1.1) of matrices from C
m×n
k is called outer-product form. If

ui, vi, i = 1, . . . ,k, denote the columns of U and V , respectively, then (1.1) can be
equivalently written as

A =
k

∑
i=1

uivH
i .

Hence, instead of storing the m · n entries of A ∈ C
m×n
k , we can equally store the

vectors ui, vi, i = 1, . . . ,k, which require k(m+n) units of storage.
In addition to reducing the storage requirements, the outer-product form (1.1)

also facilitates matrix-vector multiplications

Ax = UV Hx = U(V Hx),
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i.e, instead of computing the update y := y+Ax in the entrywise way, A can alterna-
tively be multiplied by x using the following two-step procedure:

1. define z := V Hx ∈ C
k;

2. compute y := y+Uz.

Hence, instead of 2m · n arithmetic operations which are required in the entrywise
representation, the outer-product form amounts to 2k(m + n)− k operations. Note
that these fundamental properties are also exploited when dealing, for instance, with
Householder reflections.

Assume for a moment that m = n. Although the outer-product form replaces one
dimension in the complexity of matrices from C

m×n
k by 2k, i.e., instead of m ·n = m2

we have k(m + n) = 2km, this representation might not be advantageous compared
with the entrywise representation. If we are dealing, for instance, with full-rank
matrices, i.e., k = m, k(m+n) will have the size 2m2, which is twice as large as the
expression m ·n appearing as the complexity of the entrywise representation. By the
following definition we characterize matrices for which the outer-product form is
advantageous compared with the entrywise representation.

Definition 1.3. A matrix A ∈ C
m×n
k is called a matrix of low rank if

k(m+n) < m ·n. (1.2)

Thus, low-rank matrices will always be represented in outer-product form (1.1),
while the entrywise representation will be used for all other matrices.

If A,B ∈ C
n×n are non-singular matrices and B arises from A by adding a matrix

UV H ∈ C
n×n
k , then provided that I +V HA−1U is non-singular also the inverse of B

arises from the inverse of A by adding a matrix from C
n×n
k :

B−1 = A−1−A−1U(I +V HA−1U)−1V HA−1. (1.3)

The previous identity is usually referred to as the Sherman-Morrison-Woodbury
formula; cf. [148].

Besides arithmetic operations also the norm of a matrix is often required. The
Frobenius norm

‖A‖F :=
√

traceAHA =

(
m

∑
i=1

n

∑
j=1
|ai j|2

)1/2

of A ∈ C
m×n
k can be computed with 2k2(m+n) operations due to

‖UV H‖2
F =

k

∑
i, j=1

(uH
i u j)(vH

i v j). (1.4)

Similarly, the spectral norm

‖A‖2 :=
√

ρ(AHA) =
√

ρ(VUHUV H) =
√

ρ(UHUV HV ),
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where ρ(A) denotes the spectral radius of A, can be evaluated with O(k2(m + n))
arithmetic operations by first computing the k× k matrices UHU and V HV and
then computing the largest eigenvalue of the product. Note that this is advanta-
geous compared with the entrywise way of computing the Frobenius or the spectral
norm only if k2(m + n) < m · n, which is a stronger condition on the size of k than
condition (1.2).

Sometimes it is useful that U and V have orthonormal columns; i.e., it holds that
UHU = Ik = V HV . In this case we have to introduce an additional coefficient matrix
X ∈ R

k×k and replace (1.1) by the orthonormal outer-product form

A = UXV H . (1.5)

If the previous representation is employed, the computation of the Frobenius norm
simplifies to

‖UXV H‖F = ‖X‖F =

√√√√ k

∑
i, j=1

|xi j|2,

which requires only O(k2) operations. Since the spectral norm is unitarily invariant,
too, we have

‖UXV H‖2 = ‖X‖2,

which leads to the computation of the largest eigenvalue of a k× k matrix.

1.1.2 Adding and Multiplying Low-Rank Matrices

In addition to multiplying low-rank matrices by vectors, also the problem of effi-
ciently multiplying and adding low-rank matrices will occur.

We first consider the multiplication of two low-rank matrices A ∈ C
m×p
kA

and B ∈
C

p×n
kB

in outer-product representation A = UAV H
A and B = UBV H

B . As we know from
Theorem 1.1, the rank of the product AB is bounded by min{kA,kB}. Hence, the
outer-product form will be advantageous for the product AB as well. There are two
possibilities for computing AB = UV H :

(a) U := UA(V H
A UB) and V := VB using 2kAkB(m+ p)− kB(m+ kA) operations;

(b) U := UA and V := VB(UH
B VA) using 2kAkB(p+n)− kA(n+ kB) operations.

Depending on the quantities kA, kB, m, and n, either representation should be chosen.
If exactly one of the matrices A or B is stored entrywise, say B, we have the

following outer-product representation of AB:

AB = UV H ,

where U := UA ∈ C
m×kA and V := BHVA ∈ C

n×kA . This requires kA(2p− 1)n
operations.
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Remark 1.4. The previous complexity estimate seems to indicate that the number of
operations is quadratic with respect to the dimension. However, the situation that B
is not low-rank will occur only if its dimensions are bounded by a constant.

If the orthonormal outer-product form (1.5) is used, i.e., A = UAXAV H
A ∈ C

m×p
k

and B = UBXBV H
B ∈ C

p×n
k , then

AB = UAXV H
B , where X := XAV H

A UBXB.

Notice that X ∈ C
k×k can be computed with k2(2p + 2k− 3) operations. In the

case that A ∈ C
m×p is stored entrywise, the orthonormal outer-product form can

be reestablished for AUBXBV H
B by a QR decomposition of AUB.

If two matrices A ∈ C
m×n
kA

and B ∈ C
m×n
kB

having the representations A = UAV H
A

and B = UBV H
B are to be added, the sum A+B will have the following outer-product

representation
A+B = UV H

with U := [UA,UB] ∈ C
m×k and V := [VA,VB] ∈ C

n×k, which guarantees that

rank(A+B)≤ kA + kB =: k. (1.6)

Hence, apart from the reorganization of the data structure, no numerical operations
are required for adding two matrices in outer-product form.

A lower bound than (1.6) for the rank of A+B cannot be found for general low-
rank matrices. Hence, the rank of A + B will be considerably larger than the ranks
of A and B although A+B might be close to a matrix of a much smaller rank.

1.1.3 Approximation by Low-Rank Matrices

Although matrices usually have full rank, they can often be approximated by ma-
trices having a much lower rank. The following theorem (see [231, 85, 188]) states
that the closest matrix in C

m×n
k to a given matrix from C

m×n, m≥ n, can be obtained
from the singular value decomposition (SVD) A = UΣV H with UHU = In = V HV
and a diagonal matrix Σ ∈ R

n×n with entries σ1 ≥ . . . ≥ σn ≥ 0. Interestingly, this
result is valid for any unitarily invariant norm.

Theorem 1.5. Let the SVD A =UΣV H of A∈C
m×n, m≥ n, be given. Then for k∈N

satisfying k ≤ n it holds that

min
M∈C

m×n
k

‖A−M‖= ‖A−Ak‖= ‖Σ −Σk‖, (1.7)

where Ak := UΣkV H ∈ C
m×n
k and Σk := diag(σ1, . . . ,σk,0, . . . ,0) ∈ R

n×n.

Note that the approximant UΣkV H has the representation (1.5). If the outer-product
representation is preferred, either U or V has to be multiplied by Σk.
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If the spectral norm ‖ · ‖2 is used in the previous theorem, then

‖A−Ak‖2 = σk+1,

while in the case of the Frobenius norm one has

‖A−Ak‖2
F =

n

∑
�=k+1

σ2
� .

Hence, the approximation error in unitarily invariant norms can be obtained by in-
specting the singular values of A.

The information about the error ‖A−Ak‖= ‖Σ−Σk‖ can be used in two different
ways. If the maximum rank k of the approximant is prescribed, one gets to know the
associated error. If on the other hand a relative accuracy ε > 0 of the approximant
Ak is prescribed (say with respect to the spectral norm), i.e.,

‖A−Ak‖2 < ε‖A‖2,

then due to (1.7) the required rank k(ε) is given by

k(ε) := min{k ∈ N : σk+1 < εσ1}.

Remark 1.6. Later on it will be seen that appropriate blocks of matrices arising from
the discretization of elliptic operators will have the property that they can be approx-
imated by exponentially converging low-rank matrices Sk; i.e.,

‖A−Sk‖2 < qk‖A‖2

for some 0 < q < 1. As a consequence of this exponential convergence the singular
values

σk+1 = ‖A−Ak‖2 ≤ ‖A−Sk‖2 < qk‖A‖2 = qkσ1

of such blocks decay exponentially. Hence, the rank k(ε) of the approximant will
depend only logarithmically on the given accuracy ε . Since the approximant Sk will
not be generated from the SVD, its rank cannot be expected to be optimal. In this
case Sk can be recompressed, i.e., an approximant with lower rank can be found
which also guarantees the prescribed accuracy. A similar situation occurs if the ac-
curacy of the approximant Sk can be reduced. This happens, for instance, when
computing low-precision preconditioners from a given matrix.

Instead of the SVD one could also obtain low-rank approximations by a rank-
revealing QR decomposition (RRQR). Let k ∈ N, A ∈ C

m×n, m ≥ n, with non-
increasingly ordered singular values σ1 ≥ σ2 ≥ ·· · ≥ σn ≥ 0. A rank-revealing QR
decomposition is a QR decomposition

AΠ = QR
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with Q ∈ C
m×n having orthonormal columns and a permutation matrix Π ∈ R

n×n

such that R11 ∈ C
k×k in

R =
[

R11 R12
0 R22

]
∈ C

n×n,

is upper triangular and ‖R22‖ = O(σk+1). In this case let U ∈ C
m×k be the first k

columns of Q and V := Π
[
R11 R12

]H . Then

‖A−UV H‖2 = ‖R22‖2 ≤ cσk+1.

The computation using O(kmn) operations can be done using, for instance, the
Businger-Golub algorithm [56]. Rank-revealing factorizations, however, are less
reliable than the SVD. In order to find the optimum approximant Ak, it remains to
compute the singular value decomposition, which requires O(mn2) operations for
general matrices A ∈ C

m×n, m ≥ n. If the given matrix A has low rank and if it is
stored in outer-product form, then its SVD can be computed with significantly less
operations. How this is done is explained in the following section.

1.1.4 Singular Value Decomposition of Low-Rank Matrices

The singular value decomposition of matrices C
m×n, m≥ n, is an expensive opera-

tion. From [106, §5.4.5] it can be seen that the cost of computing an SVD for general
matrices from C

m×n is 14mn2 + 8n3 (complex operations). However, for matrices
A = UV H ∈C

m×n
k it is possible to compute an SVD with complexity O(k2(m+n)).

A method based on Gram matrices was proposed in [127]. The following method,
which was introduced in [18], uses the QR decomposition and is more efficient.

Assume we have computed the QR decompositions

U = QU RU and V = QV RV

of U ∈ C
m×k and V ∈ C

n×k, respectively. According to [106, §5.2.9], this can be
done with 4k2(m + n)− 8

3 k3 operations. The outer product RU RH
V of the two k× k

upper triangular matrices RU and RV is then decomposed using the SVD

RU RH
V = Û Σ̂V̂ H .

Computing RU RH
V needs k

3 (2k2 + 11
2 k− 1) operations, and the cost of the SVD

amount to 22k3 operations. Since QUÛ and QVV̂ both have orthonormal columns,

A = UV H = (QUÛ)Σ̂(QVV̂ )H

is an SVD of A. Together with the products QUÛ and QVV̂ , which require k(2k−1)
(m + n) operations, the number of arithmetic operations of the SVD of a rank-k
matrix sum up to
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QR decomposition of U and V 4k2(m+n)− 8
3 k3

Computing RU RH
V

2
3 k3 + 11

6 k2− 1
3 k

SVD of RU RH
V 22k3

Computing QUÛ and QVV̂ k(2k−1)(m+n)
∼ 6k2(m+n)+20k3

operations.

1.1.5 Approximate Addition of Low-Rank Matrices

When computing the sum of two low-rank matrices, we have to deal with the prob-
lem that C

m×n
k is not a linear space. If two matrices A ∈C

m×n
kA

and B ∈C
m×n
kB

having
the representations A = UAV H

A and B = UBV H
B are to be added, the sum

A+B = UV H

with U := [UA,UB] ∈ C
m×k and V := [VA,VB] ∈ C

n×k might however be close to a
matrix of a much smaller rank. In this case the sum of two low-rank matrices can
be truncated to rank k. This truncation will be referred to as the rounded addition.
Employing the SVD of low-rank matrices from the previous section, the rounded
addition can be performed with O((kA + kB)2(m+n)) operations.

Theorem 1.7. Let A ∈C
m×n
kA

, B ∈C
m×n
kB

, and k ∈N with k ≤ kA +kB. Then a matrix
S ∈ C

m×n
k satisfying

‖A+B−S‖= min
M∈C

m×n
k

‖A+B−M‖

with respect to any unitarily invariant norm ‖ · ‖ can be computed with 6(kA +
kB)2(m+n)+20(kA + kB)3 operations.

In some applications it may also occur that the sum of several low-rank matrices
Ai ∈ C

m×n
ki

, i = 1, . . . , �, has to be rounded. In this case, the complexity analysis
reveals a factor (∑�

i=1 ki)2 in front of m + n. In order to avoid this, we gradually
compute the rounded sum pairwise. In this case the number of operations reduces to

6
�−1

∑
i=1

(ki + ki+1)2(m+n)+20
�−1

∑
i=1

(ki + ki+1)3

for the price of losing the best approximation property.
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1.1.5.1 Exploiting Orthogonality for the Rounded Addition

The rounded addition is the most time-consuming part in the arithmetic of hierar-
chical matrices. Therefore, it is worth investigating other algorithms for the rounded
addition. In Theorem 1.7 it is assumed that A and B enter the computation through
the outer-product representation (1.1). If the representation (1.5) is used instead, the
numerical effort can be further reduced. Assume that

A = UAXAV H
A and B = UBXBV H

B ,

where UA,VA,UB, and VB have orthonormal columns and XA ∈R
kA×kA , XB ∈R

kB×kB .
Then

A+B = [UA,UB]
[

XA
XB

]
[VA,VB]H .

Assume that kA ≥ kB. In order to reestablish a representation of type (1.5), we
have to orthogonalize the columns of the matrices [UA,UB] and [VA,VB]. Let

ZU := UH
A UB ∈ C

kA×kB and YU := UB−UAZU ∈ C
m×kB .

Furthermore, let QU RU = YU , QU ∈ C
m×kB , be a QR decomposition of YU . Then

[UA,UB] =
[
UA,QU

][I ZU
RU

]

is a QR decomposition of [UA,UB], because the columns of UA are already orthonor-
mal. Similarly,

[VA,VB] =
[
VA,QV

][I ZV
RV

]
is a QR decomposition of [VA,VB], where ZV := V H

A VB ∈ C
kA×kB and QV RV = YV is

a QR decomposition of YV := VB−VAZV ∈ C
n×kB . We obtain

A+B = [UA,QU ]
[

XA +ZU XBZH
V ZU XBRH

V
RU XBZH

V RU XBRH
V

]
[VA,QV ]H .

From this point on one proceeds in the same way as for the SVD of low-rank matri-
ces.

The orthogonalization of [UA,UB] using the previous method requires

Computing ZU kAkB(2m−1)
Computing YU 2kAkBm
Decomposing YU 4k2

Bm− 4
3 k3

B

4kB(kA + kB)m− kB(kA + 4
3 k2

B)

operations, while applying the QR factorization algorithm to [UA,UB] needs 4(kA +
kB)2m− 4

3 (kA + kB)3 operations. If k := kA = kB, then the proposed variant re-
quires 8k2m−k2( 4

3 k+1) operations, while 16k2m−10 2
3 k3 operations are needed to
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decompose [UA,UB] directly. In Table 1.1 we compare the two ways of computing
the rounded addition for five problem sizes. The presented CPU times are the times
for 10000 additions with accuracy ε = 110−2. Hence, using the modified addition
algorithm almost half of the time can be saved by exploiting the property that the
columns of UA and VA are already orthonormal.

Table 1.1 10 000 executions of the old and the new rounded addition.
m×n kA kB time old time new gain

200×100 8 5 5.23s 4.78s 9%
300×200 10 7 12.57s 8.51s 32%
400×200 11 8 16.05s 9.92s 38%
600×300 12 9 30.05s 15.94s 47%
800×400 13 10 45.97s 23.82s 48%

1.1.6 Agglomerating Low-Rank Blocks

We will come across the problem of unifying neighboring blocks to a single one for
the purpose of saving memory. This operation will be referred to as agglomeration.
Assume a 2×2 block matrix [

A1 A2
A3 A4

]
≈UXV H

consisting of four low-rank matrices Ai = UiXiV H
i with Ui, Vi, i = 1, . . . ,4, each hav-

ing k orthonormal columns is to be approximated by a single matrix A = UXV H ∈
C

m×n
k . Since [

A1 A2
A3 A4

]
=
[

A1
]

+
[

A2
]

+
[

A3

]
+
[

A4

]
,

this problem may be regarded as a rounded addition of four low-rank matrices.
Therefore, a best approximation in C

m×n
k can be computed using the SVD of low-

rank matrices.
Compared with the rounded addition of general low-rank matrices, the presence

of zeros should be taken into account. Since[
A1 A2
A3 A4

]
= ÛX̂V̂ H , where Û :=

[
U1 U2

U3 U4

]
, V̂ :=

[
V1 V3

V2 V4

]
,

and X̂ = diag(Xi, i = 1, . . . ,4), it satisfies to compute the QR decompositions

[U1,U2] = Q1R1, [U3,U4] = Q2R2, [V1,V3] = Q3R3, and [V2,V4] = Q4R4.
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Let Ri = [R′i,R′′i ] be partitioned with R′i,R′′i ∈ C
2k×k, then

ÛX̂V̂ H =
[

Q1
Q2

][
R′1X1R′H3 R′′1X2R′H4
R′2X3R′′H3 R′′2X4R′′H4

][
QH

3
QH

4

]
.

The number of arithmetic operations can be estimated as

Computing the QR decompositions 16k2(m+n)−15 1
3 k3

Computing R′1X1R′H3 , R′′1X2R′H4 , R′2X3R′′H3 , R′′2X4R′′H4 2k3, 4k3, 4k3, 6k3

Computing the SVD of RÛ X̂RH
V̂ 22(4k)3

Building the unitary factors 8k2(m+n)

∼ 24k2(m+n)+1408 2
3 k3

The amount of operations can be reduced if each of the matrices [A1,A2] and [A3,A4]
is agglomerated before agglomerating the results. However, in this case we cannot
expect to obtain a best approximation in C

m×n
k .

1.2 Structured Low-Rank Matrices

We have seen in the previous section that low-rank matrices are an efficient means
to approximate matrices having exponentially decaying singular values. A global
approximation by low-rank matrices, however, is possible in only few applications.
A generalization of the class of low-rank matrices are structured low-rank matrices.

Definition 1.8. A matrix A ∈ C
m×n is called matrix of structured rank k if ma-

trices U ∈ C
m×k, V ∈ C

n×k and numbers ji ∈ {1, . . . ,n}, i = 1, . . . ,m, satisfying
ji ≤ ji+1 can be found such that

ai j =

{
vH

j ui, j ≤ ji,
0, else.

Here, ui,vi ∈ C
k denote the ith rows of U and V , respectively.

If the ji, i = 1, . . . ,m, are not monotonously increasing, then the rows have to be
reordered such that this assumption is fulfilled.

Structured rank-k matrices require k(m + n) units of storage for the matrices U ,
V and m units for the indices ji. Although such matrices usually have full rank, they
can be multiplied by a vector x with O(k(m + n)) operations due to the following
observation:

yi := (Ax)i =
ji

∑
j=1

vH
j uix j = sH

i ui,

where si := ∑ ji
j=1 x jv j = si−1 +∑ ji

j= ji−1+1 x jv j.
An obvious alternative representation of structured rank-k matrices is
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A =
k

∑
�=1

diag(u�)E diag(v�),

where u� ∈ C
m and v� ∈ C

n now denote the �th column of U and V , respectively,
and the entries of E are given by

ei j =

{
1, j ≤ ji,
0, else.

Before we define what (p,q)-semi-separable matrices are, we introduce (similar
to the respective MATLAB commands) the notation triu(A, p) for the matrix which
results from A by setting the diagonals below the pth supdiagonal to zero. Analo-
gously, tril(A, p) denotes the matrix with zero diagonals above the pth subdiagonal
of A.

Example 1.9. For

A :=

⎡
⎣1 2 3

4 5 6
7 8 9

⎤
⎦

we have

triu(A,1) =

⎡
⎣ 2 3

6

⎤
⎦ and tril(A,1) =

⎡
⎣4

7 8

⎤
⎦ .

Definition 1.10. A matrix A ∈ C
n×n is said to be (p,q)-semi-separable if matrices

U,V ∈ C
n×p and W,Z ∈ C

n×q can be found such that

A = triu(UV H ,0)+ tril(WZH ,1).

The matrix A is called diagonal-plus-semi-separable if

A = triu(UV H ,1)+D+ tril(WZH ,1)

with some diagonal matrix D ∈ C
n×n.

Therefore, semi-separable matrices (see [254]) can be represented as the sum of
a structured rank-p and a structured rank-q matrix. Hence, they can be multiplied
by a vector with complexity O((p+q)n) using Algorithm 1.1.
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y := Dx
for k = 1, . . . ,q do

s := z1kx1

for i = 2, . . . ,n do
yi := yi +wiks
s := s+ zikxi

for k = 1, . . . , p do
s := vnkxn

for i = n−1, . . . ,1 do
yik := yik +uiks
s := s+ vikxi

Algorithm 1.1: Diagonal-plus-semi-separable matrix times a vector.

The multiplication with the Hermitian transposed AH can be done in the same way
after interchanging the roles of U , Z and V , W , respectively. Multiplying semi-
separable and general matrices A ∈C

m×n can therefore be done with O((p+q)mn)
arithmetic operations.

Semi-separable matrices can be used to explicitly represent inverses of banded
matrices and solution operators of elliptic boundary value problems in one spatial
dimension; see Sect. 4.1.1. They can be factored by triangular matrices with linear
complexity; cf. [86, 87, 179, 60, 59]. A generalization of semi-separable matrices
are hierarchically semi-separable matrices [62, 61]. The latter class of matrices
is based on a hierarchical matrix partition which, however, is too restrictive to treat
problems in more than one spatial dimension. The following section on matrix parti-
tioning will describe how to generate partitions which are appropriate for problems
of arbitrary dimension.

1.3 Admissible Partitions

Typically, matrices A ∈ C
m×n can be approximated by low-rank matrices only on

sub-blocks of an appropriately chosen partition of the matrix indices I×J. Here and
in the rest of this book, I and J will be used as the set of row and column indices
I := {1, . . . ,m} and J := {1, . . . ,n}.
Definition 1.11. Let I,J ⊂ N. A subset P ⊂P(I× J) of the set of subsets of I× J
is called partition if

I× J =
⋃
b∈P

b

and if b1 ∩ b2 �= ∅ implies b1 = b2 for all b1,b2 ∈ P. The elements b ∈ P will be
called index blocks or just blocks.

It is common to denote the ith component of a vector x ∈ C
I by xi. We will use

the following generalization. If t ⊂ I, then xt ∈ C
t denotes the restriction of x to the

indices in t. Note that C
t is used in contrast to C

|t| in order to emphasize the index
structure of x ∈ C

t . Analogously, Ats or Ab denotes the restriction of a given matrix
A ∈ C

m×n to the indices in b := t× s, where t ⊂ I and s⊂ J.
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The aim of this section is to introduce algorithms for generating partitions P of
matrices A ∈ C

I×J such that the restriction Ab of A to each block b ∈ P can either
be approximated by a matrix of low rank or is small. When constructing partitions,
we have to account for two contrary aims. On one hand the partition has to be
fine enough such that most of the blocks can be successfully approximated. On the
other hand the number of blocks must be as small as possible in order to be able to
guarantee efficient arithmetic operations. Finding an optimal partition is a difficult
task since the set of all possible partitions is too large to be searched for. Instead
of searching for the best partition, we will therefore construct partitions which are
quasi-optimal in the sense that they can be computed with almost linear costs and
allow approximants of logarithmic-linear complexity.

The question whether a block b can be approximated by a matrix of low-rank is
usually connected with the underlying problem the matrix A stems from. Since we
do not want to restrict ourselves to a specific problem in this part of the book, this
dependence will be incorporated into an abstract condition, the so-called admissi-
bility condition, which is required to satisfy

(i) if b is admissible, then the singular values of Ab decay exponentially;
(ii) the admissibility condition can be checked for each block t×s∈P(I×J); the

required amount of arithmetic operations is O(|t|+ |s|);
(iii) if b is admissible, then any subset b′ ⊂ b is admissible, too.

The following three examples give an idea what this admissibility condition
could be.

Example 1.12. Consider the function f (x,y) = (x + y)−1 for x,y > 0. This function
is singular for x = y = 0 only. If the matrix A ∈ R

n×n arises from evaluating f at
given points xi > 0, i = 1, . . . ,n, i.e.,

ai j = f (xi,x j), i, j = 1, . . . ,n,

then the condition

min
{

diamXt

dist(0,Xt)
,

diamXs

dist(0,Xs)

}
≤ η ,

where Xt := {xi, i ∈ t} ⊂ R, leads to exponentially decaying singular values of the
block t× s of A provided that 0 < η < 1. As usual, we define

diamX = max
x,y∈X

|x− y| and dist(X ,Y ) = inf
x∈X ,y∈Y

|x− y|

for X ,Y ⊂ R
d .

The exponential decay of the singular values is visible from the Taylor expansion
of f with respect to y > 0 about y0 := maxXs

f (x,y) =
∞

∑
�=0

(y− y0)�

�!
∂ �

y f (x,y0) =
k−1

∑
�=0

(y0− y)�(x+ y0)−�−1 +Rk(x,y), (1.8)

where Rk(x,y) = (y0− y)k(x+ ỹ0)−k−1 with some ỹ0 ∈ [y,y0]. If y ∈ Xs, then
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|Rk(x,y)| ≤ (x+ ỹ0)−1
(

diamXs

dist(0,Xs)

)k

≤ (x+ y)−1ηk

provided that diamXs ≤ η dist(0,Xs). Interchanging the roles of x and y, a similar
result can be obtained under the condition diamXt ≤ η dist(0,Xt).

According to (1.8), the matrices U ∈ R
t×k and V ∈ R

s×k defined by

ui� = (xi + y0)−�−1 and v j� = (y0− x j)�, i ∈ t, j ∈ s, � = 1, . . . ,k,

satisfy
|ai j− (UV T )i j| ≤ ηk |ai j|, i ∈ t, j ∈ s.

Hence, Ats can be approximated by a rank-k matrix UV T with relative error ηk. The
exponential decay of the singular values follows from Remark 1.6.

The condition from the next two examples will be important for the second part
of this book.

Example 1.13 (Elliptic problems). In the case of finite element discretizations of
elliptic operators each index set t will be associated with a subdomain

Xt :=
⋃
i∈t

Xi,

which is the union of supports Xi ⊂ Ω of finite element basis functions defined on
the computational domain Ω =

⋃
i∈I Xi. For this class of problems a block t× s will

be called admissible if the condition

min{diamXt ,diamXs} ≤ η dist(Xt ,Xs) (1.9)

is satisfied. Condition (1.9) reflects the fact that the Schwartz kernel S(x,y) of elliptic
solution operators is singular for x = y only; see Lemma 3.5 and (4.21). Depending
on the parameter η > 0, the singular values of blocks Ats satisfying condition (1.9)
will be shown to decay exponentially.

Checking condition (1.9) is expensive. Especially the computation of dist(Xt ,Xs)
requires O(|t| · |s|) operations. In order to be able to achieve an almost linear overall
complexity, we have to replace condition (1.9) by a sufficient condition which can
be evaluated with O(|t|+ |s|) operations; cf. requirement (ii) on the admissibility
condition. We assume that the Xi, i ∈ I, are polygonal. For t ⊂ I we set

ρt := sup{|x−mt |, x ∈ Xt},

where mt denotes the centroid of Xt . If for t ⊂ I and s⊂ J it holds that

2min{ρt ,ρs}+η(ρt +ρs)≤ η |mt −ms|, (1.10)

then min{diamXt ,diamXs} ≤ η dist(Xt ,Xs). This follows from diamXt ≤ 2ρt and

dist(Xt ,Xs)≥ |mt −ms|−ρt −ρs.



24 1 Low-Rank Matrices and Matrix Partitioning

The evaluation of condition (1.10) can be done with O(|t|+ |s|) operations.

It will be seen that in some cases it is enough to consider only information that is
contained in the matrix and omit the geometric information of the underlying grid.

Example 1.14 (Algebraic admissibility). For a given sparse and invertible matrix A∈
C

I×I let
G(A) :=

{
(i, j) ∈ I× I : ai j �= 0 or a ji �= 0

}
(1.11)

be its matrix graph. We assume that A is irreducible, i.e., for each pair (i, j) ∈ I× I
there is a path connecting i and j in the matrix graph. By di j we denote the minimal
length of such paths. For t,s⊂ I let

dist(t,s) = min
i∈t, j∈s

di j and diam t = max
i, j∈t

di j (1.12)

A condition that is similar to (1.9) is, for instance,

min{diam t,diams} ≤ η dist(t,s). (1.13)

In Sect. 4.1.3 another and even relaxed condition of this kind will be used for the
approximation of inverses of sparse matrices.

Consider the admissibility condition (1.9) from Example 1.13, for instance. It
will be seen by arguments similar to those used in Example 1.12 that blocks con-
taining matrix indicies from the set

Z := {(i, j) ∈ I× I : dist(Xi,Xj) = 0}

cannot be approximated by low-rank matrices because Z represents the part on
which the Schwartz kernel S(x,y) is singular. In order to guarantee that such blocks
do not spoil the overall complexity, we have to make sure that they are small. This
leads to the following definition.

Definition 1.15. A partition P is called admissible if each block t× s ∈ P is either
admissible or small; i.e., the cardinalities |t| and |s| of t and s satisfy min{|t|, |s|} ≤
nmin with a given minimal dimension nmin ∈ N.

Figure 1.1 shows an admissible partition of the set of matrix indices I× I. Ob-
viously, the diagonal {(i, i), i ∈ I} is a subset of Z . Depending on the problem,
Z may however contain also off-diagonal pairs. This happens, for instance, if the
problem is defined in more than one spatial dimension. This partition guarantees
that the matrix entries corresponding to each block shown in Fig. 1.1 can be approx-
imated by a matrix of small rank. The rank of blocks containing indices from Z
will obviously be small since their dimensions are small.

The way we will construct admissible partitions is common practice for H -
matrices; see [133, 18, 114]. In Sect. 1.4 we will define so-called cluster trees, which
are hierarchies of partitions of I and J. Their construction in view of the admissibil-
ity condition (1.9) will be described in Sect. 1.4.1. Based on a cluster tree for I, an
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Fig. 1.1 An admissible partition of I× I.

algorithm for partitioning I× J with a minimum number of blocks is presented in
Sect. 1.4.2. This partition is suitable for storing and multiplying A by a vector, but
it does not allow to perform matrix operations such as the matrix product and the
matrix inverse. If the latter operations are required, the partitioning from Sect. 1.5
has to be used instead. In that section partitions of I× J for arbitrary admissibility
conditions will be constructed based on cluster trees for I and J. Although this will
usually not result in an optimal partition, it will satisfy the mentioned requirements.
Since the definition of hierarchical matrices will be based on the partitioning from
Sect. 1.5, the quality of the partition mainly determines the efficiency of hierarchical
matrices. We remark that the purely algebraic method from Sect. 2.6 may be helpful
to improve a given partition.

Before we turn to the partitioning of general matrices, the aim of the next section
is to see that tensor partitions cannot satisfy the complexity requirements while hi-
erarchical partitions give promising complexities if blocks intersecting the diagonal
are assumed to be non-admissible.

1.3.1 Tensor vs. Hierarchical Partitions

In this section we assume that I = J. For the comparison of tensor and hierarchical
partitions we will investigate the memory consumption and the number of arithmetic
operations required to multiply such matrices by a vector if

(i) each diagonal block is stored as a dense matrix;
(ii) all other blocks t × s are assumed to be admissible and are stored as rank-1

matrices, i.e., Ats = uvH , where u ∈ C
t and v ∈ C

s.

Let us first consider the case of tensor partitions (see Fig. 1.2)

P = PI×PI = {tk× t� : tk, t� ∈ PI} ,
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where PI := {tk, k = 1, . . . , p} is a partition of the index set I; i.e.,

I =
p⋃

k=1

tk and tk ∩ t� = ∅ for k �= �.

Storing A requires ∑p
k=1 |tk|2 units of storage for the diagonal and

t�

tk

Fig. 1.2 Tensor product partition.

∑
k �=�

|tk|+ |t�|= 2
p

∑
k=1

p

∑
�=1
��=k

|tk|= 2(p−1)
p

∑
k=1
|tk|= 2(p−1)|I|

units for the off-diagonal blocks. Due to the Cauchy-Schwarz inequality

|I|2 =

(
p

∑
k=1
|tk|
)2

≤ p
p

∑
k=1
|tk|2,

at least |I|2/p+2(p−1)|I| units of storage are necessary to hold A. The minimum of
the previous expression is attained for p =

√|I|/2 resulting in a minimum amount of
storage of order |I|3/2. Hence, the required amount of storage resulting from tensor
product partitions is not competitive.

Let us now check whether a hierarchical partition leads to almost linear com-
plexity. For the ease of notation we restrict ourselves to a number n of unknowns
which is a power of 2; i.e., n = 2p for some p ∈ N. By the following recursion we
will define a special hierarchical partition of a matrix A ∈ C

I×I . Assume that t has
already been generated from I after � subdivisions. Subdividing t = {i1, . . . , i2p−�}
into two parts

t1 = {i1, . . . , i2p−�−1} and t2 =
{

i2p−�−1+1, . . . , i2p−�

}
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of equal size, we obtain a 2×2 block partition of Att ∈ C
t×t :

Att =
[

At1t1 At1t2
At2t1 At2t2

]
, (1.14)

where Atit j ∈ C
ti×t j , i, j = 1,2. Similarly to the case of tensor partitions, we restrict

the set of all A ∈ C
I×I by the condition that the off-diagonal blocks At1t2 and At2t1

are rank-1 matrices. The diagonal blocks At1t1 and At2t2 , however, are subdivided
in the same way as Att ; i.e., its off-diagonal blocks are again restricted to rank-1
matrices while its diagonal blocks are subdivided and so on. This recursion stops
after p steps when the diagonal blocks are 1× 1-blocks and cannot be subdivided
any further. The resulting partition in the case p = 4 is depicted in Fig. 1.3. The
set of such matrices will be denoted by Hp. Since apart from dense blocks on the

Fig. 1.3 Hierarchical partition.

diagonal, only low-rank blocks will appear in this example, we do not consider the
most general case of a hierarchical matrix. However, the structure is general enough
to study all important effects.

Let Nst
p denote the amount of storage which is required to hold an Hp-matrix.

By the following considerations it will be seen that Nst
p scales almost linearly with

respect to n. Since the off-diagonal blocks in level p require 4 ·2p−1 = 2p+1 units of
storage, we find the recursive relation

Nst
p = 2Nst

p−1 +2p+1

with Nst
0 = 1. Resolving this recursion, we obtain that

Nst
p = (2p+1)2p = 2n log2 n+n.
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Hence, this hierarchical partition satisfies the efficiency requirements that were men-
tioned in the introduction. Compared with the tensor partition, the expensive diago-
nal part in the hierarchical partition is significantly smaller.

In addition to storing the matrix, usually also arithmetic operations have to be
performed. We consider the matrix-vector product Ax of a matrix A ∈Hp of this
special hierarchical structure and a vector x ∈ C

I . Using the blocking (1.14), this is
done recursively by

Attxt =
[

At1t1xt1 +At1t2xt2
At2t1xt1 +At2t2xt2

]
,

where xt = [xT
t1 ,x

T
t2 ]

T and xt1 ∈ C
t1 , xt2 ∈ C

t2 . Hence, for evaluating Ax we need the
results of the products At1t1xt1 and At2t2xt2 , which both are the same kind of problems
as Attxt but have half the size. If NMV

p denotes the number of arithmetic operations
that are required to multiply a 2p×2p-matrix A ∈Hp by x ∈ C

n, then it holds that

NMV
p = 2NMV

p−1 +2p+2−2,

because multiplying the rank-1 matrices At1t2 and At2t1 by xt2 and xt1 and adding
the results each requires 4 ·2p−1− 1 operations; cf. Sect. 1.1.1. With NMV

0 = 2 this
relation results in

NMV
p = p2p+2 +2 = 4n log2 n+2.

Therefore, hierarchical partitions seem to provide a means to guarantee competitive
complexities. If rank-k matrices are used instead of rank-1 matrices, the complex-
ities for storing and multiplying A by a vector are of the order kn log2 n. Table 1.2
shows that although the hierarchical representation reduces the complexity by al-
most an order of n, this representation pays compared with the entrywise represen-
tation, which requires 2n2 operations, only for n which are large enough.

Table 1.2 NMV
p for standard and hierarchical representation.

p n 2n2 4kn log2 n+2 improvement
0 1 2 2 no
1 2 8 8k +2 no
2 4 32 32k +2 no
3 8 128 96k +2 no
4 16 512 256k +2 yes iff k ≤ 1
5 32 2 048 640k +2 yes iff k ≤ 3
6 64 8 192 1536k +2 yes iff k ≤ 5
7 128 32 768 3584k +2 yes iff k ≤ 9

The presented partition is too special since non-admissible blocks can only ap-
pear on the diagonal. Such a situation occurs, for instance, for one-dimensional
elliptic operators. For higher spatial dimensions non-admissible blocks will also
appear in other parts of the matrix. In the following sections it will therefore be
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described how hierarchical partitions can be constructed for arbitrary admissibility
conditions.

1.4 Cluster Trees

Since searching the whole set of partitions of I×J for an optimal partition is not an
option, we restrict the search to blocks b = t× s consisting of sets of indices t and
s which are generated by recursive subdivision of I and J, respectively. Note that
this will usually not lead to an optimal partition. However, it will be shown under
realistic assumptions that the resulting partition is good enough in the sense that it
leads to almost linear complexity. In order to partition the set of matrix indices I×J
hierarchically into sub-blocks, we first need a rule to subdivide the index sets I and
J. This leads to the so-called cluster tree (cf. [138]), which contains a hierarchy of
partitions.

Definition 1.16. A tree TI = (V,E) with vertices V and edges E is called a cluster
tree for a set I ⊂ N if the following conditions hold

(i) I is the root of TI ;
(ii) ∅ �= t =

⋃̇
t ′∈S(t)t

′ for all t ∈V \L (TI);
(iii) the degree deg t := |S(t)| ≥ 2 of each vertex t ∈ V \L (TI) is bounded from

below.

Here, the set of sons S(t) := {t ′ ∈V : (t, t ′) ∈ E} of t ∈V is pairwise disjoint and

L (TI) := {t ∈V : S(t) = ∅}

denotes the set of leaves of TI .

The level of t ∈ TI is the distance to the root, i.e., the number of applications of
S to I that are required to obtain t. Condition (ii) implies that t ⊂ I for all t ∈ TI and
that each level

T (�)
I := {t ∈ TI : level t = �}

of TI contains a partition of I.
In the sequel we will identify the set of vertices V with the cluster tree TI . This

slight abuse in notation will not be harmful since the tree structure of TI can always
be constructed by recursively applying the mapping t �→ S(t) to I. Hence, two cluster
trees for I differ only by the mapping S. The actual way clusters are subdivided
depends on the application. In Example 1.13 each cluster t was associated with
a part of the computational domain. In this case the purpose of S is to generate
subdomains of minimal diameter; see Fig. 1.4.

Remark 1.17. For practical purposes it is useful to work with clusters having a min-
imal size of nmin > 1 rather than subdividing the clusters until only one index is
left. One reason for this is that the outer-product representation does not pay off
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2nd level (4 parts) 3rd level (8 parts) 4th level (16 parts)

Fig. 1.4 Three levels in a cluster tree.

for small blocks; see Definition 1.3. A minimal cluster size nmin > 1 will finally
lead to a minimal blocksize in the matrix partition. Hence, another reason for the
introduction of a minimal cluster size is the exploitation of cache effects on modern
computer architectures.

Since the number of leaves |L (TI)| is bounded by |I|/nmin provided that |t| ≥
nmin for all t ∈ TI , the following estimate shows that the complexity of storing a
cluster tree is still linear. The proof uses the property that each sub-tree of TI is a
cluster tree.

Lemma 1.18. Let q := mint∈TI\L (TI) deg t ≥ 2. Then for the number of vertices in TI
it holds that

|TI | ≤ q|L (TI)|−1
q−1

≤ 2|L (TI)|−1.

Proof. We cut down the tree T := TI vertex by vertex starting from the leaves of
T \L (T ) in k steps until only the root is left. Let T� denote the tree after � steps and
q� the degree of the �th vertex. Then |T�+1|= |T�|−q� and |L (T�+1)|= |L (T�)|−
q� +1. After k steps |Tk|= 1 = |L (Tk)|, where

|Tk|= |T |−
k−1

∑
�=1

q� and |L (Tk)|= |L (T )|−
k−1

∑
�=1

(q�−1).

Hence, |T | = |L (T )|+ k−1 and from qk ≥ q it follows that k(q−1) ≤ |L (T )|+
q−2. ��

In order to be able to estimate the asymptotic complexity of algorithms working
on trees, we need to consider families of trees parametrized by the cardinality |I| of
I. As we have seen in the previous lemma, the number of vertices in TI is always
linear. For a logarithmic depth of TI we have to ensure that each subdivision by S
produces clusters of comparable cardinality.

Definition 1.19. A tree TI is called balanced if

R := min
t∈TI\L (TI)

{|t1|/|t2|, t1, t2 ∈ S(t)}

is bounded independently of |I| by a positive constant from below.
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Figure 1.5 shows two cluster trees for I := {1, . . . ,n} each consisting of three levels.
The left tree is balanced in the sense of the previous definition since R = 2, while
the right tree is unbalanced since for this tree R = 1/(|I|−1).

..............................................................................................................................................................

..............................................................................................................................................................

...................................................

...................................................

...................................................

...................................................

{1, . . . , n
4} { n

4 +1, . . . , n
2} { n

2 +1, . . . , 3n
4 } { 3n

4 +1, . . . ,n}

{1, . . . , n
2} { n

2 +1, . . . ,n}

{1, . . . ,n}
...................................................

...................................................

...................................................

...................................................

{1, . . . ,n}

{1} {2, . . . ,n}

{2} {3, . . . ,n}
Fig. 1.5 A balanced and an unbalanced cluster tree.

By L(TI) := maxt∈TI level t + 1 we denote the depth of the cluster tree TI . The
depth of balanced cluster trees depends logarithmically on |I|.
Lemma 1.20. Let TI be a balanced cluster tree with q := mint∈TI\L (TI) deg t ≥ 2.
Then for the depth of TI it holds that

L(TI)≤ logξ (|I|/nmin)+1∼ log |I|

and |t| ≤ |I|ξ−�, where � denotes the level of t ∈ TI and ξ := R(q−1)+1.

Proof. For t ∈ TI \L (TI) and t ′ ∈ S(t) we observe that

|t|
|t ′| =

|t ′|+∑t ′ �=s∈S(t) |s|
|t ′| = 1+ ∑

t ′ �=s∈S(t)

|s|
|t ′| ≥ 1+(|S(t)|−1)R

≥ 1+(q−1)R = ξ .

Let e1, . . . ,eL−1 be a sequence of edges from the root v1 := I to a deepest vertex vL
in TI . Furthermore, let v2, . . . ,vL−1 be the intermediate vertices. Then from

ξ |v�+1| ≤ |v�|, � = 1, . . . ,L−1,

we obtain that
ξ L−1|vL| ≤ |I|,

which gives (L−1) logξ ≤ log(|I|/|vL|)≤ log(|I|/nmin). ��
The following lemma will be helpful for many complexity estimates in the rest

of this chapter.

Lemma 1.21. Let TI be a cluster tree for I, then

∑
t∈TI

|t| ≤ L(TI)|I| and ∑
t∈TI

|t| log |t| ≤ L(TI)|I| log |I|.
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Furthermore, for any c > 0 it holds that

∑
t∈TI

min{c, |t|2} ≤ 3
√

c|I|. (1.15)

Proof. Each of the L(TI) levels in TI consists of disjoint subsets of I. The second
estimate follows from log |t| ≤ log |I| for t ∈ TI .

For the proof of (1.15) we restrict ourselves to cluster trees with constant degree
deg t = q≥ 2 and |t|= |I|q−� for all t ∈ T (�)

I , � = 0, . . . ,L(TI)−1. If nmin ≥
√

c, then
from Lemma 1.18 it follows that

∑
t∈TI

min{c, |t|2} ≤ ∑
t∈TI

c = c |TI | ≤ q
q−1

c
nmin

|I| ≤ q
q−1

√
c|I|. (1.16)

If, on the other hand, nmin <
√

c, then let �c ∈ {0, . . . ,L(TI)−1} be the largest index
such that |t| ≥ √c for all t ∈ T (�)

I , �≤ �c. Estimate (1.16) applied to this part of the
cluster tree gives

�c

∑
�=0

∑
t∈T (�)

I

min{c, |t|2} ≤ q
q−1

√
c|I|,

while

L(TI)−1

∑
�=�c+1

∑
t∈T (�)

I

min{c, |t|2}=
L(TI)−1

∑
�=�c+1

∑
t∈T (�)

I

|t|2 =
L(TI)−1

∑
�=�c+1

q�|I|2q−2� ≤ |I|2
q−1

q−�c−1.

The assertion follows from |t|= |I|q−�c−1 <
√

c for all t ∈ T (�c+1)
I . ��

We have seen that the number of vertices in TI scales linearly with respect to
|I|. For each vertex t in TI its indices have to be stored. Hence, by Lemma 1.21 the
amount of storage for a balanced tree TI is of the order |I| log |I|.

It is desirable that clusters are contiguous. For this purpose, the set I should be
reordered. If t is to be subdivided into t1 and t2, we rearrange the indices in t so that
max t1 ≤min t2. This can be done during the construction of TI . In this case a cluster
t can be represented by its minimal and maximal index. With this simplification,
TI requires |TI | ∼ |I| units of storage even for unbalanced trees. The permutation
requires additional |I| units of storage. Note that due to the nested structure of cluster
trees, this reordering does not change the previously generated clusters.

Remark 1.22. If the indices are reordered during subdivision, we have only two pos-
sibilities, t = [t1, t2] or t = [t2, t1], for arranging the indices of t satisfying deg t = 2;
i.e., the usage of cluster trees leaves room for only 2L−1nmin! permutations of I.
Here, we assume that the size of the leaves in TI is exactly nmin. Hence, build-
ing a binary cluster tree determines the numbering of the indices in I up to O(n)
permutations.
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1.4.1 Construction of Cluster Trees

A cluster t is subdivided for the purpose of refinement. A refined cluster pair and
its sub-blocks may be admissible while the father pair is not. The latter principle is
reflected by the required property (iii) of the admissibility condition from Sect. 1.3.
Hence, a certain aim which depends on the admissibility condition and therefore on
the application has to be kept in mind when subdividing t. The following section is
hence divided into two parts. In the first part we will present clustering algorithms
for the case that geometric information is associated with the indices. The second
part treats the construction of cluster trees based on the matrix graph of a sparse
matrix.

1.4.1.1 Geometric Clustering

In the case of finite element discretizations of elliptic operators each cluster t is
associated with the union

Xt :=
⋃
i∈t

Xi,

where Xi denotes a part of the computational domain Ω ⊂R
d ; see Example 1.13. In

this case subdividing t has the purpose of reducing the diameter of Xt . Hence, in this
section we will concentrate on how a cluster tree TI is constructed from an index set
I ⊂ N such that the diameters of Xt are as small as possible. For other applications
the purpose of subdivision may be different. In this case the following algorithm has
to be replaced by an appropriate one.

In this section we assume that Xi, i∈ I, are quasi-uniform, i.e., there is a constant
cU > 0 such that

max
i∈I

µ(Xi)≤ cU min
i∈I

µ(Xi), (1.17)

and shape regular, i.e.,

µ(Xi)≥ cR(diamXi)m, i ∈ I, (1.18)

with some constant cR > 0. The expression µ(M) denotes the measure of an m-
dimensional manifold M ⊂ R

d , i.e., the area if M is (d− 1)-dimensional and the
volume if M is d-dimensional. We assume that the computational domain Ω is an
m-dimensional manifold, i.e., there is a constant cΩ > 0 such that for all z ∈Ω

µ(Ω ∩Br(z))≤ cΩ rm for all r > 0. (1.19)

In the case m = d, cΩ coincides with the volume ωd of the unit ball in R
d . For

m = d−1 the constant cΩ will depend on the curvature of the hypersurface Ω ⊂R
d .

In addition, we assume that only a bounded number of sets Xi overlap; i.e., there is
ν ∈ N such that for each i ∈ I
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max
x∈intXi

|{ j ∈ I : x ∈ intXj}| ≤ ν . (1.20)

The above assumptions are in accordance with usual applications such as finite ele-
ment discretizations.

Due to Definition 1.16, for the construction of TI we only have to devise a pro-
cedure which divides a cluster t appropriately. An obvious approach (cf. [103]) is
to find an axial parallel box Q which contains Xt . By recursively dividing Q into 2d

sub-cubes of equal size in each step, one obtains a hierarchy of decompositions of
I. The disadvantage of this procedure is that no information about the shape of Xt is
used for its subdivision. As a consequence, branches of the tree may be empty. This
situation occurs, for instance, in applications where the data is clustered on low-
dimensional manifolds. Then the cluster tree is likely to be unbalanced; see Fig. 1.6.
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Fig. 1.6 Bounding box and PCA subdivision.

We favor the following alternative clustering strategy which is based on the prin-
cipal component analysis (PCA) that provides well-balanced cluster trees. This
method was originally designed to find the main direction of a set of points; cf.
[201]. In order to be able to apply it, we select arbitrary but fixed points zi ∈ Xi,
i = 1, . . . ,n, e.g., the centroids of Xi if Xi are polygonal.

A cluster t ⊂ I is subdivided by the hypersurface through the centroid

mt := ∑i∈t µ(Xi)zi

∑i∈t µ(Xi)

of t with normal wt , where wt is the main direction of t.

Definition 1.23. A vector w ∈ R
d , ‖w‖2 = 1, satisfying

∑
i∈t
|wT (zi−mt)|2 = max

‖v‖2=1
∑
i∈t
|vT (zi−mt)|2

is called a main direction of the cluster t.

Note that with the symmetric positive semi-definite covariance matrix
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Ct := ∑
i∈t

(zi−mt)(zi−mt)T ∈ R
d×d

it holds that

∑
i∈t
|vT (zi−mt)|2 = ∑

i∈t
vT (zi−mt)(zi−mt)T v = vTCtv for all v ∈ R

d .

Hence, by the variational representation of eigenvalues

max
‖v‖2=1

∑
i∈t
|vT (zi−mt)|2 = max

‖v‖2=1
vTCtv = λmax(Ct)

one observes that the maximum is attained for the eigenvector corresponding to
the largest eigenvalue λmax of Ct . The power method (cf. [148]) is well-suited for
the computation of the main direction since it converges the faster the more the
extensions of Xt differ.

Using wt , one possibility is to define the sons S(t) = {t1, t2} of t by

t1 = {i ∈ t : wT
t (zi−mt) > 0} (1.21)

and t2 := t \ t1. This subdivision generates geometrically balanced cluster trees in
the sense that there are constants cg,cG>0 such that for each level �=0, . . . ,L(TI)−1

(diamXt)m ≤ cg2−� and µ(Xt)≥ 2−�/cG for all t ∈ T (�)
I . (1.22)

Geometrically balanced cluster trees will be important later on for the complexity
of admissible partitions; see Example 1.36.

Another possibility is to reorder the set t by sorting the indices with respect to the
sizes of their projections wT

t (zi−mt), i.e., by finding a bijection π : {1, . . . , |t|} → t
such that

wT
t zπ(i) ≤ wT

t zπ( j) for i < j, i, j = 1, . . . , |t|.
Sorting a set of |t| elements can be done with O(|t| log |t|) operations. Define t1⊂t by

t1 = {π(i), i = 1, . . . ,�|t|/2�}. (1.23)

and t2 as the second half of t. This construction of course leads to a balanced tree
(in the sense of Definition 1.19 with R = 1), but (1.22) will not hold in general.
In the non-uniform case, these two properties cannot be satisfied in parallel (see
Example 1.28) such that one has to concentrate on a balanced tree in order to guar-
antee a competitive overall complexity; cf. [131]. This problem can be solved by the
the algebraic clustering from the second part of this section.

An important property of both subdivisions (1.21) and (1.23) is that always the
largest extension of Xt is reduced. As a consequence, the generated clusters will not
degenerate. To be more precise, we make the following considerations. Assume that
a cluster Xt of level � is enclosed in a cuboid which is aligned with the orthogonal
eigenvectors of Ct with non-increasingly ordered side lengths a(�)

1 ≥ . . . ≥ a(�)
d . Let

Xt1 and Xt2 be generated using either subdivision from above; i.e., each time two
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parts are generated by dividing the longest side length a(�)
1 of the cuboid at a ratio

of 0 < λ < 1. Since Xt is subdivided only with respect to one direction, d−1 of the
side lengths will stay the same. Depending on which the largest side length after the
subdivision is, three cases have to be distinguished:

a(�+1)
1

a(�+1)
d

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

λa(�)
1

a(�)
d

≤ a(�)
1

a(�)
d

, if λa(�)
1 = a(�+1)

1 ,

a(�)
2

λa(�)
1

≤ λ−1, if λa(�)
1 = a(�+1)

d ,

a(�)
2

a(�)
d

≤ a(�)
1

a(�)
d

, else.

(1.24)

Hence, the smallest and the largest side length of Xt1 differ by a factor of at most

max(λ−1,a(�)
1 /a(�)

d ).

The same ratio for Xt2 is bounded by max((1−λ )−1,a(�)
1 /a(�)

d ).
It is easy to see that quasi-uniformity (1.17) and assumption (1.20) lead to an

equivalence of the measure of a cluster and the number of contained indices.

Lemma 1.24. It holds that |t|/(cU ν)≤ µ(Xt)(maxi∈I µ(Xi))−1 ≤ |t| for all t ⊂ I.

Proof. It is obvious that

µ(Xt)≤∑
i∈t

µ(Xi)≤ |t|max
i∈I

µ(Xi).

On the other hand, (1.20) and (1.17) give νµ(Xt)≥∑i∈t µ(Xi)≥ |t|maxi∈I µ(Xi)/cU .
��

Cardinality balanced clustering leads to geometrically balanced trees under suit-
able assumptions.

Theorem 1.25. Assume that Xi, i ∈ I, are quasi-uniform. Then the construction of
a cardinality balanced cluster tree using (1.23) results in a geometrically balanced
tree; i.e., (1.22) is satisfied.

Proof. We assume that |I| = 2p for some p ∈ N. Since |t| = 2−�|I| for t ∈ T (�)
I , we

obtain from Lemma 1.24 that

µ(Xt)≥ |t|max
i∈I

µ(Xi)/(cU ν) = 2−�|I|max
i∈I

µ(Xi)/(cU ν)≥ 2−�µ(Ω)/(cU ν),

since µ(Ω)≤ ∑i∈I µ(Xi)≤ |I|maxi∈I µ(Xi). On the other hand,

µ(Xt)≤ |t|max
i∈I

µ(Xi) = 2−�|I|max
i∈I

µ(Xi)≤ cU ν2−�µ(Ω),

because νµ(Ω)≥ ∑i∈I µ(Xi)≥ |I|mini∈I µ(Xi). Hence, according to (1.18) for the
minimal extension δ of Xt it holds that
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δ m ≤ µ(Xt)/cR ≤ cU ν2−�µ(Ω)/cR. (1.25)

In order to find a bound for the largest extension, we have to estimate the size of
λ from (1.24). A detailed analysis for general clusters Xt is cumbersome. We restrict
ourselves to the case of a cuboid Ω with side length a1 ≥ . . .≥ ad . Since

λ µ(Xt) = µ(Xt1)≥ 2−(�+1)µ(Ω)/(cU ν)

and µ(Xt)≤ cU ν2−�µ(Ω), we find

λ ≥ 1
2
(cU ν)−2.

Due to (1.24), the smallest and the largest side length of Xt1 differ by a factor of at
most c := max(λ−1,a1/ad)≤max(2(cU ν)2,a1/ad). We obtain from (1.25) that

(diamXt)m ≤ cmcU ν2−�µ(Ω)/cR,

which proves the assertion. ��
The following lemma shows that geometrically balanced cluster trees are bal-

anced in the case of quasi-uniform grids. Cardinality and geometrically balanced
clustering are therefore equivalent for this kind of grids.

Lemma 1.26. Assume that Xi, i ∈ I, are quasi-uniform. Then a geometrically bal-
anced cluster tree is balanced in the sense of Definition 1.19.

Proof. Let t1, t2 ∈ T (�)
I be two clusters from the same level � of TI . From (1.20),

(1.19), and (1.22) we see that

|t1|min
i∈t1

µ(Xi)≤ ∑
i∈t1

µ(Xi)≤ νµ(Xt1)≤ νcΩ (diamXt1)
m ≤ νcΩ cg2−�.

The previous estimate together with

|t2|max
i∈t2

µ(Xi)≥ ∑
i∈t2

µ(Xi)≥ µ(Xt2)≥ 2−�/cG

leads to
|t1|
|t2| ≤ νcΩ cgcG

maxi∈t2 µ(Xi)
mini∈t1 µ(Xi)

≤ νcΩ cgcGcU ,

which proves the assertion. ��
Since subdividing t ⊂ I requires O(|t|) operations for geometrically balanced

clustering (1.21) and O(|t| log |t|) for cardinality balanced clustering (1.23), we can
apply Lemma 1.21 to see that constructing TI takes L(TI)|I| and L(TI)|I| log |I| op-
erations, respectively. For quasi-uniform polyhedrizations the cluster trees will be
balanced. The following theorem is a consequence of Lemma 1.20.
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Theorem 1.27. The construction of TI using (1.21) or (1.23) requires O(|I| log |I|)
operations for geometrically balanced clustering and O(|I| log2 |I|) for cardinality
balanced clustering. The resulting cluster tree TI is both balanced and geometrically
balanced provided that the sets Xi, i ∈ I, are quasi-uniform. TI can be stored with
complexity O(|I|).

The assumption that the sets Xi are quasi-uniform is essential if geometrically
balanced clusters are to be generated. This can be seen from the following one-
dimensional example.

Example 1.28. Let Xi = [ 2
3 2−i, 4

3 2−i] with midpoints zi = 2−i, i ∈ t := {1, . . . ,n}.
This kind of grid results, for instance, from adaptive refinement towards a singularity
at 0; see Fig. 1.7.

. . .0 1
2

1
4

1
8

1
16

Fig. 1.7 Adaptive refinement.

If we subdivide this set into t1 = {i ∈ t : zi < mt} and t2 = t \ t1, where

mt :=
1
n ∑

i∈t
zi =

1
n ∑

i∈t
2−i =

1
n
(1−2−n),

then for i ∈ t1 it holds that n2−i < 1−2−n, which is satisfied for all i > log2 2n. The
cluster tree will not be balanced, since t1 contains most of the indices while t2 has
only few of them.

This situation becomes even worse if we use the centroid

mt := ∑n
i=1 µ(Xi)zi

∑n
i=1 µ(Xi)

with µ(Xi) = 2
3 2−i. From

mt = ∑n
i=1 4−i

∑n
i=1 2−i =

1
3

1−4−n

1−2−n

we see that i ∈ t1 is equivalent to 3 · 2−i(1− 2−n) < 1− 4−n, which is satisfied for
all i > log2 3.

1.4.1.2 A Construction Based on Aggregation

In contrast to the previous construction, which relies on subdivision, the following
idea is based on aggregation of clusters and constructs the cluster tree from its bot-
tom. Again, we denote by zi ∈ Xi, i = 1, . . . ,n, points which represent centers of the
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sets Xi. In order to generate k := n/nmin clusters on the bottom level of TI , we solve
the so-called k-center problem, i.e., given a set of n points, find a partition into
clusters t1, . . . ,tk with centers c1, . . . ,ck so as to minimize the cost functional

max
i=1,...,k

max
j∈ti
‖z j− ci‖2.

This problem is known to be NP-hard; see [39]. The farthest-point clustering al-
gorithm (see [107]) computes an approximation with complexity O(nk); see [90]
for a two-phase algorithm with optimal complexity O(n logk). The farthest-point
clustering algorithm chooses an arbitrary initial center c1. In step i = 1, . . . ,k− 1
find ci+1 such that

di(ci+1) = max
j=1,...,n

di(z j),

where di(z) := min j≤i ‖z− c j‖ denotes the distance of z to the computed centers c j,
j ≤ i. After the computation of c1, . . . ,ck, assign each point zi, i = 1, . . . ,n, to its
nearest center.

Lemma 1.29. The farthest-point clustering algorithm computes a partition with
maximum radius at most twice the optimum.

Proof. Let ck+1 denote the next center chosen in the farthest-point clustering algo-
rithm. Then the maximum radius of the farthest-point clustering solution equals
dk(ck+1). Two of the centers c1, . . . ,ck+1, say ci and c j with i < j, must be in
the same cluster with center c of an optimum k-center solution. Since dk(ck+1) ≤
d j−1(ck+1) and d j−1(ck+1)≤ d j−1(c j), it follows that

dk(ck+1)≤ d j−1(c j)≤ ‖ci− c j‖2 ≤ ‖ci− c‖2 +‖c− c j‖2 ≤ 2ρ,

where ρ denotes the maximum radius of an optimum k-center solution. ��
Higher levels in the cluster tree can be constructed by clustering the respective

centers c1, . . . ,ck.

1.4.1.3 Algebraic Clustering

In Example 1.38 it will be seen that we can sometimes do without geometrically
balanced clusters. The algebraic admissibility condition (1.13) does not involve any
information about the underlying geometry. In this case t will be subdivided by par-
titioning the matrix graph G(Att) = (t,Et) of the restriction Att of a sparse matrix A.

The bipartition can be computed using spectral bisection [205] based on the
Fiedler vector, which is the eigenvector to the second smallest eigenvalue (see [91,
92]) of the Laplace matrix LG(Att ) of G(Att) defined as
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�i j =

{
−1, if (i, j) ∈ Et ,

degree(i), if i = j,

where degree(i) := |{ j ∈ t \ {i} : (i, j) ∈ G(Att)}|. Since computing eigenvectors
of large matrices is computationally expensive, multi-level ideas (cf. [154]) have
been presented to accelerate the process. For this purpose the graph G(Att) is coars-
ened into a sequence G(1), . . . ,G(k) such that |t|> |t(1)|> · · ·> |t(k)|. Given a graph
G(i) = (t(i),E(i)), the next coarser graph G(i+1) is constructed by finding a match-
ing of G(i) and collapsing the matched vertices into multinodes. This is often done
by heavy edge matching [154], which can be obtained with O(|E(i)|) operations.
Spectral bisection can then be applied to the smallest graph G(k). The resulting par-
tition P(k) is projected back to G(Att) by going through the intermediate partitions
P(k−1), . . . ,P(1). The partition P(i) is obtained from P(i+1) by assigning the vertices
t(i)(v) to the part of P(i+1) which v belongs to. The partition P(i+1) can be improved
by refinement heuristics such as the Kernighan-Lin algorithm [156].

As a result of spectral bisection, each of the resulting parts t1 and t2 will contain
approximately half of the vertices of t, i.e., we may assume that there are constants
cb,Cb > 0 such that

cb2−�|I| ≤ |t| ≤Cb2−�|I| (1.26)

holds for t ∈ T (�)
I , which implies that the resulting cluster tree is balanced. Fur-

thermore, we assume that the diameter of a generated cluster is equivalent to its
cardinality in the sense that there are constants m,c′d ,c

′′
d > 0 such that

c′d |t| ≤ (diam t)m ≤ c′′d |t| for all t ∈ TI . (1.27)

Due to (1.26) the diameters of two clusters t ∈ T (�)
I and t ′ ∈ T (�′)

I from the �th and
the �′th level of the cluster tree TI are comparable; i.e.,

(diam t)m ≤ cu2�′−�(diam t ′)m, (1.28)

where cu := (c′′dCB)/(c′dcb).
The advantage of subdividing clusters t in this manner is that it in some sense

minimizes the edge cut, i.e. a set of edges C ⊂ Et such that G′t = (t,Et \C) is no
longer connected.

Remark 1.30. Sometimes (see Sect. 4.5) it is also useful to subdivide t into a “left”,
a “right”, and an interface cluster; see Fig. 1.8. The resulting cluster tree will then
be ternary. This clustering is closely related with nested dissection (see [99, 144]),
which is commonly used in domain decomposition methods.
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Fig. 1.8 Computational domain with an interface cluster.

1.4.2 Example: An Easily Analyzed Partition

Once the cluster tree TI for the index set I has been computed, an admissible partition
P of I× J can be constructed from it. The partition from this section achieves a
minimal number of blocks since the generated admissible blocks have maximum
possible size. In this example we use the admissibility condition

diamXt ≤ η dist(Xt ,Xs) (1.29)

on the block t× s, which is similar to the condition from Example 1.13.
The basic idea of the following algorithm is to subdivide a given block t × s

into a maximum admissible part t× τ and a non-admissible part t× (s \ τ), where
τ := F (t)∩ s and

F (t) :=
{

j ∈ J : diamXt ≤ η dist(Xt ,Xj)
}

denotes the far-field of t ⊂ I. While t × τ fulfills (1.29) and hence is stored in P,
the remaining part t × (s \ τ) of t × s does not satisfy (1.29) and the procedure is
recursively applied to its sub-blocks t ′ × (s\ τ), t ′ ∈ S(t). If S(t) = ∅, the recursion
stops by adding t× (s\ τ) as a non-admissible but small block to P.

Remark 1.31. The computation of F (t)∩ s requires O(|t| · |s|) operations, which
would lead to a quadratic overall complexity. Hence, we replace F (t), t ∈ TI , by the
set

F̃ (t) :=
{

j ∈ J : diamXt ≤ η
1+η

dist(zt ,Xj)
}

, (1.30)

where zt ∈ R
d is an arbitrary but fixed point in Xt . It can be easily seen that F̃ (t)⊂

F (t). The computation of F̃ (t)∩ s can be performed with O(|t|+ |s|) operations.

Altogether we obtain the following algorithm.
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procedure Partition(t,s,varP)
Compute τ := F̃ (t)∩ s
if τ �= ∅ then P := P∪{t× τ}
if t ∈L (TI) or |s\ τ| ≤ nmin then

P := P∪{t× (s\ τ)}
else

for t ′ ∈ S(t) do Partition(t ′,s\ τ,P)
Algorithm 1.2: Maximum admissible partition.

It is obvious that applying Algorithm 1.2 to I×J results in an admissible partition
P if P was previously initialized by P = ∅. Notice that there is no need to construct
the cluster tree TI in advance, since the partitioning algorithm only descends it,
which can be simulated by applying S without storing the tree.

The aim of the rest of this section is to estimate the computational cost of
Algorithm 1.2 in the case of quasi-uniform grids. Since for each cluster t ∈ TI at
most the blocks t× τ and t× (s\ τ) are added to P, we immediately obtain that the
maximum number

csp(P) := max
t∈TI

|{s⊂ J : t× s ∈ P}|

of blocks in P belonging to a given set of row indices t is bounded by 2. The previous
expression will later be generalized to the so-called sparsity constant csp.

Lemma 1.32. The number |P| of generated blocks is bounded by 2|TI | ∼ |I|.
Proof. Since csp(P) is bounded by 2, we observe that

|P|= ∑
t∈TI

|{s⊂ J : t× s ∈ P}| ≤ csp(P)|TI | ≤ 2|TI |.

The assertion follows from Lemma 1.18. ��
In order to be able to estimate the complexity of constructing P, we first have to

find a bound for the size of the near field ˜N (t) := J \ F̃ (t). We assume that the
sets Xi, i ∈ I, are quasi-uniform and shape regular; i.e.,

max
i∈I

diamXi ≤ cS min
i∈I

diamXi; (1.31)

see (1.17) and (1.18).

Lemma 1.33. Let TI be a geometrically balanced cluster tree, i.e. (1.22) holds. Un-
der the above assumptions | ˜N (t)| ≤ c(1+1/η)m|t| holds for all t ∈ TI.

Proof. From (1.31) it follows that diamXj ≤ cS diamXt , j ∈ J. Since due to (1.30)

dist(zt ,Xj) < (1+1/η)diamXt

for j ∈ ˜N (t), the ball Bρ(zt) with ρ := (cS +1+1/η)diamXt covers X ˜N (t). Hence,
according to (1.19)

µ(X ˜N (t))≤ cΩ ρm = cΩ (cS +1+1/η)m(diamXt)m.
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Using (1.22), we obtain

µ(X ˜N (t))≤ cgcGcΩ (cS +1+1/η)mµ(Xt).

Lemma 1.24 leads to the desired estimate. ��
Theorem 1.34. The number of operations and the amount of storage needed to ap-
ply Algorithm 1.2 to I× J is of the order η−m|I| log |I|.
Proof. Algorithm 1.2 descends the cluster tree TI . In each node t ∈ TI at most

c(|t|+ | ˜N (t)|)

operations are needed since Algorithm 1.2 is applied only to blocks t× s for which
s⊂ ˜N (t) is valid. Lemma 1.21 together with Lemma 1.33 finishes the proof. ��

The advantage of the previous partition P is that the number of contained blocks
does not depend on η . Blocks have the largest possible size. This is advantageous if
only the partition is required, for instance, for storing, adding, and multiplying the
matrix by a vector. However, the cluster τ will usually not be a vertex in the cluster
tree TJ . The latter property makes it difficult to define recursive block algorithms,
which require a recursive subdivision of both the columns and the rows. If we want
to apply algorithms that are defined on a hierarchy of block partitions, we have to
use a partition that is constructed as the leaves of a so-called block cluster tree.

1.5 Block Cluster Trees

Each level of a cluster tree TI contains a partition of the index set I. Since our aim
is to find an admissible partition of I× J, we consider cluster trees TI×J for I× J,
which due to the type of their vertices will be referred to as block cluster trees.

Since the number of possible hierarchies of partitions is by far too large, we re-
strict ourselves to those partitions which are induced from subdividing the rows and
columns. Let TI and TJ be cluster trees for I and J with corresponding mappings SI
and SJ . We will consider block cluster trees TI×J which are defined by the following
mapping SI×J :

SI×J(t× s) =

{
∅, if t× s is admissible or SI(t) = ∅ or SJ(s) = ∅,

SI(t)×SJ(s), else.

The depth L(TI×J) of the tree TI×J is obviously bounded by the minimum of the
depths of the generating cluster trees TI and TJ ; i.e.,

L(TI×J)≤min{L(TI),L(TJ)}.
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The leaves of TI×J constitute an admissible partition P := L (TI×J). Any sub-tree
of TI×J with root t× s ∈ TI×J is a block cluster tree (for t× s) and will be denoted
by Tt×s. Its leaves P′ := L (Tt×s) define an admissible partition of t× s.

Usually, a block cluster is built from binary cluster trees; i.e., deg t = 2 for t ∈
TI \L (TI). In this case, TI×J is a quad-tree due to the definition of SI×J . Note that
each block t× s ∈ TI×J consists of clusters t ∈ TI and s ∈ TJ from the same level in
their respective cluster tree.

A measure for the complexity of a partition is the so-called sparsity constant; cf.
[116]. The name of this constant stems from the analogy with sparse matrices, where
the bounded number of nonzero entries per row or columns reduces the complexity.
For hierarchical matrices the “sparsity” is the maximum number of blocks in the
partition that are associated with a given row or column cluster.

Definition 1.35. Let TI and TJ be cluster trees for the index sets I and J and let
TI×J be a block cluster tree for I× J. We denote the number of blocks t× s ∈ TI×J
associated with a given cluster t ∈ TI by

cr
sp(TI×J , t) := |{s⊂ J : t× s ∈ TI×J}|.

Similarly, for a given cluster s ∈ TJ

cc
sp(TI×J,s) := |{t ⊂ I : t× s ∈ TI×J}|

stands for the number of blocks t× s ∈ TI×J . The sparsity constant csp of a block
cluster tree TI×J is then defined as

csp(TI×J) := max
{

max
t∈TI

cr
sp(TI×J, t),max

s∈TJ
cc

sp(TI×J,s)
}

.

Although the complexity of H -matrices together with their arithmetic has been
analyzed before the introduction of the sparsity constant (see [127, 133, 132, 17]),
the usage of this constant is beneficial to the length and readability of the proofs. The
following example shows that for elliptic problems csp is bounded independently of
|I|. Note that for this result the sets Xi, i ∈ I, do not have to be quasi-uniform.

Example 1.36. Consider again Example 1.13 and assume that TI and TJ are geomet-
rically balanced, i.e., (1.22) is satisfied. Then csp ≤ 2νcΩ cgcG(2+1/η)m holds.

Proof. Let t ∈ T (�)
I with an associated point zt ∈ Xt . The estimates (1.20) and (1.22)

guarantee that each neighborhood

Nρ := {s ∈ T (�)
J : max

x∈Xs
|x− zt | ≤ ρ}, ρ > 0,

of t contains at most νcGcΩ 2�ρm clusters s from the same level � in TJ . This follows
from

|Nρ |2−�/cG ≤ ∑
s∈Nρ

µ(Xs)≤ νµ(XNρ )≤ νcΩ ρm. (1.32)
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Let s ∈ TJ such that t× s ∈ TI×J . Furthermore, let t∗ and s∗ be the father clusters
of t and s, respectively. Assume that maxx∈Xs |x− zt | ≥ ρ0, where

ρ0 := min{diamXt∗ ,diamXs∗}/η +diamXt∗ +diamXs∗ ≤ (cg2−(�−1))1/m(2+1/η).

Then

dist(Xt∗ ,Xs∗)≥max
x∈Xs

|x− zt |−diamXt∗ −diamXs∗ ≥min{diamXt∗ ,diamXs∗}/η

implies that t∗ × s∗ is admissible. Thus, TI×J cannot contain t× s, which is a contra-
diction. It follows that

max
x∈Xs

|x− zt |< ρ0 ≤ (cg2−(�−1))1/m(2+1/η).

From (1.32) we obtain that

cr
sp = |{s ∈ TJ : t× s ∈ P}| ≤ 2νcΩ cgcG(2+1/η)m.

Interchanging the roles of t and s, one shows that cc
sp is bounded by the same con-

stant. ��
Remark 1.37. Note that the boundedness of csp follows from (1.22). In particular,
csp will be bounded for graded meshes. An overall linear complexity, however, can
not be achieved for this kind of meshes since the depth of a geometrically balanced
cluster tree will be of order n in general; cf. Example 1.28. There are special grids
which are not quasi-uniform but which can still be shown to lead to almost linear
complexity; cf. [131, 116].

The ideas of the previous proof can also be used to show that csp is bounded
for partitions satisfying the algebraic admissibility condition (1.13); cf. [25]. Note
that the power of this condition is that it does not involve the geometry of the dis-
cretization. Hence, the assumption that the cluster trees TI and TJ are geometrically
balanced can be omitted, which allows to treat general grids including adaptively
refined ones. Instead, we can use cardinality balanced cluster trees. We assume that
I = J and that

|Nρ(t)| ≤ cV (diam t +ρ)m for all ρ > 0, (1.33)

where Nρ(t) := {i ∈ I : dist(t, i) ≤ ρ}. diam t and dist(t,s) were defined in (1.12).
Note that condition (1.33) restricts the class of considered matrices to matrices
which are in particular sparse.

Example 1.38. Under the assumptions (1.26), (1.27), and (1.33) it holds that csp ≤
2cV c′′dCb/cb(2+1/η)m.

Proof. Let t ∈ T (�)
I , i0 ∈ t, and Nρ := {s ∈ T (�)

I : max j∈s di0 j ≤ ρ} for ρ > 0. Using
(1.26), we see from
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|Nρ |cb|I|2−� ≤ ∑
s∈Nρ

|s| ≤ |Nρ(i0)| ≤ cV ρm (1.34)

that the neighborhood Nρ of t contains at most cV /cbρm2�/|I| clusters s from the
same level � in TI .

Let s∈ TI be such that t×s∈ TI×I . Furthermore, let t∗ and s∗ be the father clusters
of t and s, respectively. Assume that max j∈s di0 j ≥ ρ0, where

ρ0 := min{diam t∗,diams∗}/η +diam t∗+diams∗ ≤ (c′′dCb|I|2−(�−1))1/m(2+1/η).

Then

dist(t∗,s∗)≥max
j∈s

di0 j−diam t∗ −diams∗ ≥min{diam t∗,diams∗}/η

implies that t∗ × s∗ is admissible. Thus, TI×J cannot contain t× s, which is a contra-
diction. It follows that

max
j∈s

di0 j < ρ0 ≤ (c′′dCb|I|2−(�−1))1/m(2+1/η).

From (1.34) we obtain that

cr
sp = |{s ∈ TI : t× s ∈ P}| ≤ 2cV c′′dCb/cb(2+1/η)m.

Again, by interchanging the roles of t and s, one shows that cc
sp is bounded by the

same constant. ��
Many algorithms in the context of hierarchical matrices can be applied block-

wise. In this case, the cost of the algorithm is the sum over the costs of each block.
Assume that on each block the costs are bounded by a constant c > 0. Then

∑
t×s∈TI×J

c≤ c ∑
t∈TI

|{s⊂ J : t× s ∈ TI×J}| ≤ ccr
sp|TI | ≤ ccsp|TI |. (1.35)

By interchanging the roles of t and s, we also obtain ∑t×s∈TI×J c ≤ ccsp|TJ |. If the
cost of the algorithm on each block t × s ∈ P is bounded by c(|t|+ |s|), then the
overall cost can be estimated as

∑
t×s∈TI×J

c(|t|+ |s|) = c ∑
t∈T ′I

∑
{s∈TJ :t×s∈TI×J}

|t|+ c ∑
s∈T ′J

∑
{t∈TI :t×s∈TI×J}

|s| (1.36a)

≤ ccsp

⎛
⎝∑

t∈T ′I

|t|+ ∑
s∈T ′J

|s|
⎞
⎠≤ ccspL(TI×J)[|I|+ |J|] (1.36b)

≤ ccsp[L(TI)|I|+L(TJ)|J|] (1.36c)

due to Lemma 1.21. Here, T ′I and T ′J denote the sub-trees of TI and TJ , respectively,
which are actually used to construct TI×J ; i.e.,
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T ′I := {t ∈ TI : there is t ′ ⊂ t and s′ ∈ TJ such that t ′ × s′ ∈ TI×J}.

Lemma 1.39. Let TI and TJ be cluster trees for the index sets I and J, respectively.
For the number of blocks in a partition L (TI×J) and for the number of vertices in
TI×J it holds that

|L (TI×J)| ≤ |TI×J | ≤ 2csp min{|L (TI)|, |L (TJ)|)} .

If |t| ≥ nmin for all t ∈ TI ∪TJ, then |L (TI×J)| ≤ |TI×J| ≤ 2csp min{|I|, |J|}/nmin.

Proof. Estimate (1.35) applied to |TI×J |= ∑t×s∈TI×J 1 gives

|TI×J| ≤ csp min{|TI |, |TJ |}.

Lemma 1.18 states that |TI | ≤ 2|L (TI)| and |TJ | ≤ 2|L (TJ)|. ��
Lemma 1.40. Let TI and TJ be balanced cluster trees. Taking into account require-
ment (ii) on the admissibility condition, the number of operations for constructing
the block cluster tree is of the order csp[|I| log |I|+ |J| log |J|].
Proof. Use (1.36) and Lemma 1.20. ��

The time required for computing an admissible matrix partition can be neglected
compared with the rest of the computation. Using an admissible partition, we will
define the set of hierarchical matrices in the following chapter.



Chapter 2
Hierarchical Matrices

In this chapter let TI and TJ be binary cluster trees for the index sets I and J, re-
spectively. A generalization to arbitrary cluster trees is possible; see Sect. 4.5 for
nested dissection cluster trees, which are ternary. The block cluster tree TI×J is as-
sumed to be generated using a given admissibility condition as described in the
previous chapter. We will define the set of hierarchical matrices originally intro-
duced by Hackbusch [127] and Hackbusch and Khoromskij [133, 132]; see also
[128]. The elements of this set can be stored with logarithmic-linear complexity
and provide data-sparse representations of fully populated matrices. Additionally,
combining the hierarchical partition and the efficient structure of low-rank matrices,
an approximate algebra can be defined which is based on divide-and-conquer ver-
sions of the usual block operations. The efficient replacements for matrix addition
and matrix multiplication can be used to define substitutes for higher level matrix
operations such as inversion, LU factorization, and QR factorization.

After the definition of hierarchical matrices in Sect. 2.1, we consider the multi-
plication of such matrices by a vector in Sect. 2.2. It will be seen that this can be
done with logarithmic-linear complexity. In Sect. 2.3 we describe how to perform
this multiplication on a parallel computer. Matrix operations such as addition and
multiplication and relations between local and global norm estimates were investi-
gated in detail in [116]. We review the results and improve some of the estimates
in Sect. 2.4, Sect. 2.5, and Sect. 2.7, since these results will be important for higher
matrix operations. Furthermore, we adapt the proofs to our way of clustering and
present an improved addition algorithm which can be shown to preserve positiv-
ity. An accelerated matrix multiplication can be defined (see Sect. 2.7.4) if one of
the factors is semi-separable. In Sect. 2.6 we analyze a technique for reducing the
computational costs of H -matrix approximants by unifying neighboring blocks. In
Sect. 2.8, Sect. 2.9, and Sect. 2.10 the H -matrix inversion, LU , and QR factoriza-
tion are presented. In Sect. 2.11 we point out the similarities of H 2-matrices with
fast multipole methods. Finally, in Sect. 2.12 we investigate the required accuracy
of H -matrix approximants if they are to be used for preconditioning. It will be seen
that low-precision approximations will be sufficient to guarantee a bounded num-
ber of preconditioned iterations. H -matrix preconditioners can be constructed in a
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purely algebraic way using the hierarchical inverse or the hierarchical LU decom-
position.

Since we do not want to exploit properties of the underlying operator at this
point, the complexity is estimated in terms of the maximum rank among the blocks
in the partition. The size of this rank will be analyzed depending on the prescribed
accuracy in the second part of this book when more properties of the underlying
operator can be accessed. If the blockwise rank is assumed to scale logarithmically
with the number of degrees of freedom, all presented operations can be seen to have
logarithmic-linear complexity.

2.1 The Set of Hierarchical Matrices

Definition 2.1. The set of hierarchical matrices on the block cluster tree TI×J with
admissible partition P := L (TI×J) and blockwise rank k is defined as

H (TI×J ,k) =
{

A ∈ C
I×J : rankAb ≤ k for all admissible b ∈ P

}
.

For the sake of brevity, elements from H (TI×J,k) will often be called H -matrices.

Remark 2.2. For an efficient treatment of admissible blocks the outer-product repre-
sentation from Sect. 1.1.1 should be used. Additionally, it is advisable not to use the
maximum rank k but the actual rank of the respective block as the number of rows
and columns. Storing non-admissible blocks entrywise will increase the efficiency.

Example 2.3. The left picture of Fig. 2.1 shows an H -matrix approximant for the
matrix ai j = (|i− j|+ 1)−1, i, j = 1, . . . ,n. The right picture represents an approx-
imant for the Hilbert matrix hi j = (i + j− 1)−1, i, j = 1, . . . ,n. Depending on the
kind of “singularity”, the admissibility conditions from the Examples 1.13 and 1.12
have to be used. For the Hilbert matrix an approximant with accuracy ε = 110−4
can be found which for n = 1000 reduces the amount of storage to 3.2% and for
n = 100000 to 0.32%.

A few easy consequences are gathered in the following two lemmas.

Lemma 2.4. Let A ∈H (TI×J,k). Then

(i) any submatrix Ab, b ∈ TI×J, belongs to H (Tb,k);
(ii) the transpose AT and the Hermitian transpose AH belong to H (TJ×I ,k) pro-

vided that the admissibility condition is symmetric; i.e., any block s× t is admis-
sible if t× s is admissible.

We define the set

πI := {t ∈ TI : ∃s ∈ TJ such that t× s ∈ P and ∀t ′ ⊂ t and ∀s′ ∈ TJ : t ′ × s′ �∈ P},

which is the finest partition of I made from clusters appearing in the partition P.
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Fig. 2.1 H -matrices with their blockwise ranks.

Lemma 2.5. Let D1, D2 be block diagonal matrices on the tensor partitions πI×πI
and πJ×πJ, respectively. Then D1AD2 ∈H (TI×J,k) provided that A∈H (TI×J,k).

Proof. Due to the assumption, each block t× s ∈ P of D1AD2 arises from multiply-
ing Ats by (D1)tt and (D2)ss. Hence, from Theorem 1.1 we have that rank(D1AD2)ts
= rank(D1)ttAts(D2)ss ≤ rankAts. ��

We have already seen in Sect. 1.1.1 that the storage requirements for an admissi-
ble block b = t× s ∈L (TI×J) of A ∈H (TI×J ,k) are

Nst(Ab)≤ k(|t|+ |s|).

A non-admissible block Ab, b ∈ P, is stored entrywise and thus requires |t||s| units
of storage. Since min{|t|, |s|} ≤ nmin (see Remark 1.17) we have

|t||s|= min{|t|, |s|}max{|t|, |s|} ≤ nmin(|t|+ |s|). (2.1)

Hence, for storing Ab, b ∈ P, at most max{k,nmin}(|t|+ |s|) units of storage are
required. Using (1.36), we obtain the following theorem.

Theorem 2.6. Let csp be the sparsity constant for the tree TI×J; cf. Definition 1.35.
The storage requirements Nst for A ∈H (TI×J,k) are bounded by

Nst(A)≤ csp max{k,nmin}[L(TI)|I|+L(TJ)|J|].

If TI and TJ are balanced cluster trees (cf. Definition 1.19), we have

Nst(A)∼max{k,nmin}[|I| log |I|+ |J| log |J|].

Remark 2.7. Although H -matrices are primarily aiming at dense matrices, sparse
matrices A which vanish on admissible blocks are also in H (TI×J,nmin). Since the
size of one of the clusters corresponding to non-admissible blocks is less than or
equal to nmin, the rank of each block Ab does not exceed nmin. A deeper analysis
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Fig. 2.2 A sparse H -matrix (nonzero blocks are shown).

(see Lemma 4.2) shows that finite element discretizations can actually be stored
with linear complexity.

2.2 Matrix-Vector Multiplication

The cost of multiplying an H -matrix A ∈H (TI×J ,k) or its Hermitian transpose
AH by a vector x is inherited from the blockwise matrix-vector multiplication:

Ax = ∑
t×s∈P

Atsxs and AHx = ∑
t×s∈P

(Ats)Hxt . (2.2)

Since each admissible block t× s has the outer product representation Ats = UV H ,
U ∈ C

t×k, V ∈ C
s×k, at most 2k(|t|+ |s|) operations are required to compute the

matrix-vector products Atsxs = UV Hxs and (Ats)Hxt = VUHxt . If t × s is non-
admissible, then Ats is stored entrywise and min{|t|, |s|} ≤ nmin. As in (2.1) we
see that in this case

2|t||s| ≤ 2nmin(|t|+ |s|)
arithmetic operations are required. The same arguments that were used for
Theorem 2.6 give the following theorem.

Theorem 2.8. For the number of operations NMV required for one matrix-vector
multiplication Ax of A ∈H (TI×J ,k) by a vector x ∈ C

J it holds that

NMV(A)≤ 2csp max{k,nmin}[L(TI)|I|+L(TJ)|J|].

If TI and TJ are balanced cluster trees, we have

NMV(A)∼max{k,nmin}[|I| log |I|+ |J| log |J|].
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Hence, H -matrices are well suited for iterative schemes such as Krylov subspace
methods (see [221]), which the matrix enters only through the matrix-vector product.

Obviously, the matrix-vector multiplication can also be done by a recursion
through the block cluster tree TI×J . Since arithmetic operations are performed only
on the leaves of TI×J , summing over the leaves of TI×J as it is done in (2.2) is slightly
more efficient. The latter representation is also more convenient for the following
parallelization of the matrix-vector multiplication.

2.3 Parallel Matrix-Vector Multiplication

Although the product Ax of a matrix A∈H (TI×J,k) and a vector x∈C
J can be done

with almost linear complexity, it can still be helpful to further reduce the execution
time especially if many matrix-vector products are to be computed as part of an
iterative solver, for instance. The parallelization of algorithms is always a promising
way to achieve this reduction provided that significant parts of the algorithm admit
independent execution. The following ideas were presented in [29].

Instead of a pure matrix-vector multiplication, in this section we examine the
more general update of a vector y ∈ C

I by the operation

y := αAx+βy

with scalars α,β ∈ C. For this purpose we present two algorithms, one for distrib-
uted and the other for shared memory systems. For their description we use a unified
model of a general parallel computer, a so-called bulk synchronous parallel (BSP)
computer; see [253]. This model of a parallel system is based on three parameters:
the number of processors p, the number of time steps for a global synchronization
�, and the ratio g of the total number of operations performed on all processors and
the total number of words delivered by the communication network per second. All
parameters are normalized with respect to the number of time steps per second.

A BSP computation consists of single supersteps. Each superstep has an input
phase, a local computation phase and an output phase; see Fig. 2.3. During the in-
put phase, each processor receives data sent during the output phase of the previous
superstep. While all processors are synchronized after each superstep, all computa-
tions within each superstep are asynchronous.

The complexity of a BSP computation can be described by the parameters �,g,
the number of operations done on each processor, and the amount of data sent be-
tween the processors. The amount of work for a single superstep can be expressed by
w+(hin +hout) ·g+�, where w is the maximum number of operations performed and
hin, hout are the maximum numbers of data units received and sent by each proces-
sor, respectively. The total work of the BSP computation is the sum of the costs
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Superstep

incompcomp

SuperstepSuperstep

out in out comp

Fig. 2.3 BSP computation.

in each superstep, yielding an expression of the form W +H ·g+S ·�, where S is the
number of supersteps.

The complexity analysis of the presented methods will be done in terms of par-
allel speedup and parallel efficiency.

Definition 2.9. Let t(p) denote the time needed by a parallel algorithm with p
processors. Then

S(p) :=
t(1)
t(p)

denotes the parallel speedup and

E(p) :=
S(p)

p
=

t(1)
p · t(p)

its parallel efficiency.

We assume that both vectors x and y are distributed uniformly among p proces-
sors, each holding |J|/p and |I|/p entries of x and y, respectively. By xq and yq we
denote the part of x and y on processor 0≤ q < p. This distribution ensures optimal
complexity of all vector operations.

2.3.1 Parallelization for Usual Matrices

As a first step towards the hierarchical matrix-vector multiplication on a parallel
machine we review the ideas of the BSP algorithm for dense matrices described in
[181].

Consider the case of a dense matrix A∈C
I×J . Let each of the p processors hold a

block Aq of size (|I|/√p)×(|J|/√p) from a uniform partition of I×J. The BSP al-
gorithm is split into three steps. In the first step, each processor has to receive |J|/√p
entries of x needed for the local matrix-vector multiplication, which is done in the
second superstep. The resulting entries of y are afterwards sent to the corresponding
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processors such that in the third step all local coefficients of y can be summed up
for the final result.

procedure dense mult(α, Aq, x, β , y, q)
{ first step }
yq := β · yq;
send xq to all processors sharing it;
sync();
{ second step }
y′q := αAqxq;
send respective parts of y′q to all processors sharing it;
sync();
{ third step }
Yq := {received vectors of local results};
yq := yq +∑y′j∈Yq y′j;
sync();

end;
Algorithm 2.1: Dense matrix-vector multiplication.

The costs of Algorithm 2.1 are |I|/p + g · |J|/√p + � for scaling y and sending
x in the first step, |I||J|/p+g · |I|/√p+ � for the local matrix-vector product in the
second step, and |I|/√p+ � for the summation in the last superstep. Therefore, the
total costs required to multiply a dense matrix by a vector can be estimated as

O

( |I||J|
p

+
|I|+ |J|√

p

)
+g ·O

( |I|+ |J|√
p

)
+3 · �, (2.3)

which can be shown to be optimal with respect to computation and communication
costs; cf. [181].

2.3.2 Non-Uniform Block Distributions

The uniform block distribution which was used in the previous section is not suit-
able for H -matrices since the costs of a matrix-vector multiplication vary among
the blocks of an H -matrix due to their different sizes and their different representa-
tions. Unfortunately, changing the distribution pattern is likely to result in commu-
nication costs which are no longer optimal. For instance, the random distribution in
Fig. 2.4 (left) results from applying list scheduling, i.e., assigning the next not yet
executed job to the first idle processor. Although list scheduling guarantees an effi-
cient local multiplication phase in the second step of Algorithm 2.1, the vector x has
to be sent to all processors with communication costs of O(|J|) due to the scattering
of the matrix blocks across the whole H -matrix. Furthermore, p vectors have to
be summed up in the third step with computational costs O(|I|). Such a situation
should therefore be avoided.

In order to be able to measure the communication and computation costs with
respect to the vectors x and y, we introduce the sharing constant of of block
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Fig. 2.4 List scheduling (left) versus sequence partitioning (right).

distribution, i.e., the maximum number of processors sharing one row or one column
of A.

Definition 2.10. Let P be a partition of I× J and let Pq denote the blocks in P as-
signed to processor q. We define the sharing constant csh of P as

csh = max
i∈I, j∈J

{cr
sh(i),c

c
sh( j)}, (2.4)

where cr
sh(i) := |{q |∃t×s∈Pq : i∈ t}| for i∈ I and cc

sh( j) := |{q |∃t×s∈Pq : j ∈ s}|
for j ∈ J.

The constant csh can be used to express the costs for sending x in the first step and
for summing up all local vectors yq in the last step of Algorithm 2.1. The following
definition allows to describe the costs for receiving the vector x and sending the
local result yq.

Definition 2.11. Let P be a partition of I× J and let Pq denote the blocks in P as-
signed to processor q. We define

I(q) =
⋃

t×s∈Pq

t and J(q) =
⋃

t×s∈Pq

s

as the rows and the columns associated with processor q. Furthermore, let

ρ = max
0≤q<p

{|I(q)|, |J(q)|}.

For the above uniform block distribution csh equals
√

p, whereas the random
distribution induced by list scheduling results in a constant csh which is of order p.
Similarly, we find ρ = max{|I|, |J|}/√p in the case of a uniform partition and ρ =
O(max{|I|, |J|}) for the random distribution resulting from list scheduling. Using
csh and ρ , (2.3) can be rewritten to obtain the following complexity of the matrix-
vector multiplication for general block distributions

O

(
NMV(A)

p
+ csh

|I|+ |J|
p

)
+g ·O

(
csh
|I|+ |J|

p
+ρ
)

+3 · �. (2.5)
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Due to the definition of H -matrices, i.e., due to the admissibility condition, large
blocks tend to be of the order I× J. Although exactly this leads to efficient algo-
rithms, it also restricts the possibility of reducing ρ . Hence, without splitting large
matrix blocks, one always ends up with ρ = O(max{|I|, |J|}).

Fortunately, this negative result does not apply to csh, which can be reduced using
space-filling curves and sequence partitioning. These methods produce a distribu-
tion of P with a much higher locality of the blocks associated to a specific processor
q; see Fig. 2.4 (right). Due to the “compactness” of the sets Pq, the frequency of
sharing an index with another processor is reduced.

2.3.2.1 Load Balancing with Sequence Partitioning

In this section it will be described how to distribute the blocks among the processors
such that on one hand the numerical work for the processors are almost equal and
on the other hand csh and ρ are small. In order to be able to balance the work, we
first have to know the costs associated with a processor. Depending on the represen-
tations of dense and low-rank matrix blocks, the costs of each block are

cMV,k(t,s) =
{ |t| · |s|, if t× s ∈ P is non-admissible,

k(|t|+ |s|), if t× s ∈ P is admissible. (2.6)

Assume that the set of blocks P has been rearranged as a sequence. A block distri-
bution will be generated by subdividing this sequence into p pieces of comparable
costs.

Definition 2.12. Let C = {c1,c2, . . . ,cn} be a sequence of costs ci > 0. Furthermore,
let R = {r0, . . . ,rp} with 1 = r0 ≤ r1 ≤ . . .≤ rp = n+1, ri ∈N, 0 < i < p. Then R is
called a sequence partition of (C, p). R is optimal with respect to (C, p) if for all
partitions R′ = {r′0, . . . ,r′p} of C it holds that

max
0≤i<p

r′i+1−1

∑
j=r′i

c j ≥ max
0≤i<p

ri+1−1

∑
j=ri

c j =: cmax(C).

For the computation of an optimal partition of a sequence C, the knowledge of
cmax(C), the costs of the most expensive interval in an optimal partition, is suffi-
cient. In [195] an algorithm is presented which computes cmax(C) with complexity
O(n · p). An optimal partition can then be obtained by summing up the costs of
each element of the list and starting a new subsequence whenever the costs exceed
cmax(C).

The required sequence of the blocks in P can be generated using space filling
curves. These curves describe a surjective mapping from the unit interval [0,1] to
the unit square [0,1]2. Two examples of such curves, the Z- and the Hilbert-curve,
are presented in Fig. 2.5. Since partitions of I × J can be mapped to the unit
square, the order in which a leaf is reached by the curve defines a sequence usable
for sequence partitioning. The neighborhood relationship of adjacent subintervals
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Z curve Hilbert curve

Fig. 2.5 Space-filling curves.

of space-filling curves guarantees the “compactness” of the corresponding sets Pq.
The application of the Z- and the Hilbert-curve to a block partition is depicted in
Fig. 2.6.

Z curve Hilbert curve

Fig. 2.6 Space-filling curves applied to H -matrices.

The restriction to quadtrees in the definition of block cluster trees allows a simple
computation of the ordering induced by space-filling curves. The basic algorithm is
a depth first search (DFS) (see [249]) in TI×J . In contrast to the usual DFS algorithm,
the order in which the sons S(b) of a node b∈ TI×J are accessed is defined by a mark
associated with each node. The marks and the corresponding order of the sons for
the Z- and the Hilbert-curve is presented in Fig. 2.7. Here, the root of the block
cluster tree always has the mark “A”.

The motivation of load balancing with sequence partitioning was the reduction
of the sharing constant csh compared with a random distribution generated by list
scheduling. The value of csh obtained using the Z- and the Hilbert-curve for different
numbers of processors is shown in Fig. 2.8 (left). For both space-filling curves one
can observe a behavior of the kind csh ∼√p, which is equal to the uniform distrib-
ution in the case of dense matrices. This shows the reduction of csh in comparison
to a random distribution.

We compare the proposed distribution of blocks with another standard scheduling
method which is not based on space-filling curves. Instead of assigning the blocks
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Fig. 2.7 Construction of space-filling curves: Z (left) and Hilbert (right).
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Fig. 2.8 Value of csh for space-filling curves and LPT scheduling.

randomly to the processors, longest process time (LPT) scheduling (cf. [113])
orders the blocks according to their costs, which usually results in a better load
balancing than list scheduling. However, it does not reduce csh; see Fig. 2.8 (right).
An O(p) dependence of csh is visible especially for small p. The number of blocks
per processor becomes smaller if p > 50. Therefore, less processors share the same
index.

2.3.2.2 Shared Memory Systems

Although communication costs can be neglected on shared memory systems, i.e., it
can safely be assumed that � = g = 0, we can use the same algorithm as in the case
of a distributed memory machine. This can be justified by examining the (hidden)
constants in the part of (2.5) which describes the computational work. Assuming
csh ∼√p, we can rewrite this equation as

O

(
NMV(A)

p
+ c

|I|+ |J|√
p

)

with a small constant c > 0. On shared memory systems usual values for p range
from 1 to 128. Since the influence of the second term can be seen only for large p,
the first term dominates the computational work. Hence, a high parallel efficiency
can also be expected on shared memory systems.
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Algorithm 2.1 can be simplified using a threadpool (cf. [165]) based on POSIX
threads. For this, the first two steps of the BSP algorithm, i.e., scaling y and the
matrix-vector multiplication, are combined because the vector x can be accessed by
all processors. The summation of the final result is done in a second step after all
threads have computed the corresponding local results y′i. Another advantage of this
algorithm is that for the implementation only minor modifications of an existing
sequential version are necessary, e.g., the computation of the matrix-vector product
in the first step differs only by the involved set of matrix blocks.

procedure step 1(q,β ,yq,Aq,x)
yq := β · yq;
y′q := αAqx;

end;

procedure step 2(q,yq)
Yq := {y′j | I( j)∩ I(q) �= ∅};
yq := yq +∑y′j∈Yq y′j|I(q);

end;

procedure tp mv mul(α,A,x,β ,y)
for 0≤ q < p do run( step 1(q,β ,yq,Aq,x) );
sync all();
for 0≤ q < p do run( step 2(q,yq) );
sync all();

end;
Algorithm 2.2: Matrix-vector multiplication using threads.

2.3.3 Numerical Experiments

In this section we examine the performance of the presented parallel matrix-vector
multiplication. For simplicity the factors α and β in the product y := αAx+βy are
chosen 1. In all examples the time for 100 matrix-vector multiplications was mea-
sured. We apply the proposed methods to H -matrices stemming from the Galerkin
discretization of the integral operator from Example 3.43.

Remark 2.13. Parallelizing the matrix-vector product cannot be regarded indepen-
dently of other operations such as generating the matrix approximant. Computing
H -matrix approximations is usually much more time-consuming than multiplying
the approximant by a vector. Therefore, an algorithm for the approximation of dis-
crete integral operators together with its parallelization is presented in Sect. 3.4.
Since we should not reassign the blocks to the processors after they have been
generated, we will use the block distribution of the matrix-vector multiplication
when approximating the matrix. Note that the blocks can be approximated inde-
pendently while for the matrix-vector multiplication the “compactness” is a critical
issue. Here, the problem arises that the rank k in (2.6) is not known before the matrix
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has been generated if a required accuracy has to be satisfied. In this case, we replace
k in (2.6) by a constant kavg = 10.

2.3.3.1 Shared Memory Systems

For the experiments on a shared memory system an HP9000, PA-RISC with 875 MHz
was used. The first comparisons were done employing a square H -matrix approx-
imant having a fixed rank of k = 10 on each admissible block. The CPU times
resulting from using Algorithm 2.2 and the corresponding parallel efficiency are
presented in Table 2.1. The weak parallel performance for small problem sizes |I|

Table 2.1 100 parallel matrix-vector multiplications for fixed k = 10.

p = 1 p = 4 p = 8 p = 12 p = 16
|I| time time E time E time E time E
3 968 11.7s 3.3s 88% 1.8s 80% 1.3s 73% 1.3s 57%
7 920 30.9s 8.5s 91% 4.6s 84% 3.5s 74% 2.9s 66%

19 320 94.9s 25.9s 92% 13.5s 88% 9.5s 83% 7.5s 79%
43 680 251.7s 70.9s 89% 36.0s 87% 23.9s 88% 18.9s 84%
89 400 556.4s 152.2s 91% 80.0s 87% 53.4s 87% 41.1s 85%

184 040 1277.5s 347.7s 92% 186.0s 86% 120.1s 89% 97.5s 82%

is probably due to the sequential parts in the algorithm, i.e., management overhead.
Since this part remains constant independently of the problem size, the parallel effi-
ciency grows with |I| and stabilizes at about 80–90%.

Table 2.2 shows the results for the same operation but with an H -matrix obtained
from approximation with fixed accuracy ε = 110−4 but variable rank k. The same

Table 2.2 100 parallel matrix-vector multiplications for variable k.

p = 1 p = 4 p = 8 p = 12 p = 16
|I| time time E time E time E time E
3 968 9.6s 2.6s 93% 1.6s 73% 1.3s 61% 1.3s 48%
7 920 23.8s 6.3s 95% 3.7s 80% 3.1s 65% 2.4s 63%

19 320 66.7s 17.2s 97% 9.6s 87% 7.0s 80% 5.6s 74%
43 680 169.6s 44.6s 95% 22.8s 93% 15.7s 90% 13.0s 82%
89 400 346.2s 91.1s 95% 47.1s 92% 32.8s 88% 25.7s 84%

184 040 780.5s 202.6s 96% 107.1s 91% 69.8s 93% 55.0s 89%

behavior as in the previous table is visible: the parallel efficiency grows with |I| and
reaches an almost optimal value of about 90%.
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2.3.3.2 Distributed Memory Systems

The following tests were carried out on an AMD Athlon 900 MHz cluster. Due
to memory restrictions, problems for large |I| could not be computed with a small
number of processors p. The corresponding parallel efficiency for these problem
sizes is therefore computed with respect to the smallest available p, i.e.,

E(p) :=
p′ · t(p′)
p · t(p)

,

where p′ denotes the smallest number of processors which was able to compute the
problem. The presented storage size in these cases is approximated by p′Nst, where
Nst denotes the memory consumption per processor on a system with p′ CPUs. The
results from Table 2.3 were obtained for fixed rank k = 10. One observes the same

Table 2.3 100 parallel matrix-vector multiplications for fixed k = 10.

p = 1 p = 4 p = 8 p = 12 p = 16
|I| time time E time E time E time E
3 968 16.2s 4.8s 85% 2.8s 72% 2.1s 65% 1.6s 65%
7 920 43.8s 12.1s 91% 6.7s 81% 4.8s 76% 4.0s 69%

19 320 141.1s 39.5s 89% 20.2s 87% 14.7s 80% 11.1s 80%
43 680 107.9s 57.0s 95% 42.0s 86% 32.1s 84%
89 400 129.9s 90.8s 95% 69.7s 93%

184 040 209.4s 157.4s 100%

behavior for the parallel performance as in the case of a shared memory system: a
better efficiency is obtained for larger |I|. This effect is also visible for fixed accuracy
ε = 110−4 as the results in Table 2.4 indicate. Due to the approximation of the actual

Table 2.4 100 parallel matrix-vector multiplications for variable k.

p = 1 p = 4 p = 8 p = 12 p = 16
|I| time time E time E time E time E
3 968 12.0s 3.6s 83% 2.1s 71% 2.0s 50% 1.3s 57%
7 920 30.0s 8.6s 87% 5.0s 76% 3.6s 69% 3.0s 64%

19 320 84.6s 27.0s 79% 13.2s 80% 9.5s 74% 7.5s 70%
43 680 221.0s 64.0s 86% 34.5s 80% 23.2s 80% 25.5s 54%
89 400 74.1s 53.6s 92% 42.4s 87%

184 040 119.6s 90.8s 99%

costs (see Remark 2.13), the parallel efficiency is not as high as for an H -matrix
with fixed rank.

As a conclusion of these test, we observe that starting from an existing sequential
implementation of H -matrices, only a minimal programming effort is necessary to
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make use of multiple processors on a shared memory machine. The resulting al-
gorithms show a high parallel efficiency and are therefore recommended for the
acceleration of the H -matrix arithmetic on workstations and compute-servers. If
a larger number of processors is needed, distributed memory machines are usually
preferred due to their lower costs. Using the BSP model, the design and implemen-
tation of parallel algorithms on such computer systems is similar to shared memory
systems. The corresponding parallel matrix-vector multiplication also shows a high
parallel efficiency if the problem size is sufficiently large.

While the matrix-vector multiplication is exact up to machine precision, the fol-
lowing replacements of the usual matrix operations are approximate. Since most of
the algorithms guarantee a prescribed accuracy on each block, it is important to be
able to relate blockwise accuracy estimates to global ones.

2.4 Blockwise and Global Norms

From the analysis we will usually obtain estimates on each of the blocks b of a
partition P. However, such estimates are finally required for the whole matrix. If we
are interested in the Frobenius norm, blockwise estimates directly translate to global
estimates:

‖Ab‖F ≤ ε for all b ∈ P =⇒ ‖A‖F ≤
√
|P|ε

and
‖Ab‖F ≤ ‖Bb‖F for all b ∈ P =⇒ ‖A‖F ≤ ‖B‖F .

Both implications follow from

‖A‖2
F = ∑

b∈P
‖Ab‖2

F . (2.7)

For the spectral norm the situation is a bit more difficult. We can, however, exploit
the structure of the partition P together with the following lemma.

Lemma 2.14. Consider the following r× r block matrix

A =

⎡
⎢⎣A11 . . . A1r

...
...

Ar1 . . . Arr

⎤
⎥⎦ (2.8)

with Ai j ∈ C
mi×n j , i, j = 1, . . . ,r. Then it holds that

max
i, j=1,...,r

‖Ai j‖2 ≤ ‖A‖2 ≤
(

max
i=1,...,r

r

∑
j=1
‖Ai j‖2

)1/2(
max

j=1,...,r

r

∑
i=1
‖Ai j‖2

)1/2

. (2.9)

Proof. Let x = [x1, . . . ,xr]T ∈ C
n, where x j ∈ C

n j , j = 1, . . . ,r, and n := ∑r
j=1 n j.

Observe that
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‖Ax‖2
2 =

r

∑
i=1
‖

r

∑
j=1

Ai jx j‖2
2 ≤

r

∑
i=1

(
r

∑
j=1
‖Ai j‖2‖x j‖2

)2

= ‖Âx̂‖2
2,

where Â∈R
r×r has the entries âi j = ‖Ai j‖2 and x̂∈R

r is the vector with components
x̂ j = ‖x j‖2, j = 1, . . . ,r. It is well known that ‖Â‖2

2 ≤ ‖Â‖1‖Â‖∞. Hence,

‖Âx̂‖2
2 ≤ ‖Â‖1‖Â‖∞‖x̂‖2

2 = ‖Â‖1‖Â‖∞‖x‖2
2

gives the first part of the assertion. The lower bound follows from the fact that the
spectral norm of any sub-block of a matrix A is bounded by the spectral norm of A.

��
For block matrices generated from recursive subdivision we obtain

Theorem 2.15. Assume that the partition P is generated from I× J by recursively
subdividing each block into a 2× 2 block structure at most L times. Furthermore,
let A,B ∈ C

I×J such that ‖Ab‖2 ≤ ‖Bb‖2 for all blocks b ∈ P. Then it holds that

‖A‖2 ≤ 2L‖B‖2.

Proof. The assertion is proved by induction over the depth L of the cluster tree. The
estimate is trivial if L = 0. Assume that the assertion holds for an L ∈ N. Let

A =
[

A11 A12
A21 A22

]
and B =

[
B11 B12
B21 B22

]

have depth L + 1. Since Ai j, i, j = 1,2, have depth L, we know from the induction
that

‖Ai j‖2 ≤ 2L‖Bi j‖2, i, j = 1,2.

The previous lemma shows

‖A‖2 = ‖
[

A11 A12
A21 A22

]
‖2 ≤ 2 max

i, j=1,2
‖Ai j‖2 ≤ 2L+1 max

i, j=1,2
‖Bi j‖2 ≤ 2L+1‖B‖2,

which proves the assertion. ��
For the usual choice L ∼ min{log2 |I|, log2 |J|}, the coefficient 2L in the previous
theorem will be of the order min{|I|, |J|}. If more structure of P than just a recursive
subdivision is known, then this estimate can be significantly improved. Note that
block cluster trees have |TI×J| ∼ min{|I|, |J|} elements while recursive subdivision
in general leads to |I| · |J| blocks.

An important consequence of (2.9) is that for matrices (2.8) vanishing in all but
ν blocks in each row and each column it follows that

max
i, j=1,...,r

‖Ai j‖2 ≤ ‖A‖2 ≤ ν max
i, j=1,...,r

‖Ai j‖2.
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The previous estimate was also proved in [114] with a different technique. This
equivalence of the global and the blockwise spectral norm is useful in translating
blockwise errors to a global one. When relative error estimates are to be derived, we
will additionally need to estimate how a local norm relation is carried over to the
whole matrix.

Theorem 2.16. Let P be the leaves of a block cluster tree TI×J. Then for A,B ∈
H (TI×J ,k) it holds that

(i) maxb∈P ‖Ab‖2 ≤ ‖A‖2 ≤ cspL(TI×J)maxb∈P ‖Ab‖2;
(ii) ‖A‖2 ≤ cspL(TI×J)‖B‖2 provided maxb∈P ‖Ab‖2 ≤maxb∈P ‖Bb‖2.

Proof. Let A� denote the part of A which corresponds to the blocks of P from the
�th level of TI×J ; i.e.,

(A�)b =

{
Ab, b ∈ T (�)

I×J ∩P,
0, else.

Then A = ∑L(TI×J)
�=1 A�−1. Since A� has tensor structure with at most csp blocks per

block row or block column, Lemma 2.14 gives ‖A�‖2 ≤ csp max
b∈T (�)

I×J∩P
‖Ab‖2, such

that

‖A‖2 ≤
L(TI×J)

∑
�=1

‖A�−1‖2 ≤ csp

L(TI×J)

∑
�=1

max
b∈T (�−1)

I×J ∩P
‖Ab‖ ≤ cspL(TI×J)max

b∈P
‖Ab‖2.

The estimate
max
b∈P

‖Ab‖2 ≤max
b∈P

‖Bb‖2 ≤ ‖B‖2

gives the second part of the assertion. ��
The computation of the Frobenius norm of A ∈H (TI×J,k) can be done using

(2.7) and (1.4) with at most csp max{k2,nmin}[|I| log |I|+ |J| log |J|] arithmetic oper-
ations. The spectral norm of A can also be computed with logarithmic-linear com-
plexity, for instance, by the power method applied to AHA, which A enters only
through the matrix-vector product.

2.5 Adding H -Matrices

The sum of two matrices A,B ∈H (TI×J ,k) will usually be in H (TI×J ,2k) but not
in H (TI×J,k). The reason for this is that C

m×n
k is not a linear space as we have seen

in Sect. 1.1.5. Hence, H (TI×J,k) is not a linear space and we have to approximate
the sum A + B by a matrix S ∈H (TI×J ,k) if we want to avoid that the rank and
hence the complexity grows with each addition. Obviously, this can be done using
the rounded addition from Sect. 1.1.5 on each admissible block. On non-admissible
block, the usual (entrywise) addition is employed. The addition of H -matrices can
therefore easily be parallelized using the scheduling algorithms from Sect. 2.3.2.1.
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Since the rounded addition gives a blockwise best approximation (see
Theorem 1.7), S is a best approximation in the Frobenius norm

‖A+B−S‖F ≤ ‖A+B−M‖F for all M ∈H (TI×J,k).

Using Theorem 2.16, this estimate for the spectral norm reads

‖A+B−S‖2 ≤ cspL(TI×J)‖A+B−M‖2 for all M ∈H (TI×J,k).

The following bound on the number of arithmetic operations results from
Theorem 1.7, (1.35), and (1.36).

Theorem 2.17. Let A,B ∈H (TI×J ,k). The number of operations required for com-
puting a matrix S ∈H (TI×J,k) satisfying the above error estimates is of the order

cspk2[L(TI)|I|+L(TJ)|J|]+ cspk3 min{|TI |, |TJ |}.

Alternatively, not k but the blockwise accuracy ε of the approximation can be
prescribed; i.e.,

‖(A+B)b−Sb‖2 ≤ ε‖(A+B)b‖2 for all b ∈ P.

In this case, the required blockwise rank depends on the matrices and cannot be pre-
dicted without deeper knowledge of the underlying problem. Using Theorem 2.16,
we obtain the relative error estimate

‖A+B−S‖2 ≤ cspL(TI×J)ε‖A+B‖2.

2.5.1 Preserving Positivity

In the rest of this chapter we will also define replacements for other common matrix
operations. Since these substitutes will all be based on the rounded addition, the
introduced error will propagate and will in particular perturb the eigenvalues of the
results of these operations. If the smallest eigenvalue is close to the origin compared
with the rounding accuracy ε , it may happen that the result of these operations
becomes indefinite although it should be positive definite in exact arithmetic. Such
a situation can be avoided by the following ideas; cf. [28].

Assume that Â∈C
I×I is the Hermitian positive definite result of an exact addition

of two matrices from H (TI×I ,k) and let A ∈H (TI×I ,k) be its H -matrix approx-
imant. For a moment we assume that Â and A differ only on a single off-diagonal
block t× s ∈ P. Let EFH , E ∈ C

t×k, F ∈ C
s×k, be the error matrix associated with

t× s; i.e.,
Ats = Âts−EFH

and let
ε := max{‖E‖2

2,‖F‖2
2}. (2.10)
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Due to symmetry, FEH is the error matrix on block s× t.
We modify the approximant A in such a manner that the new approximant Ã can

be guaranteed to be positive definite. This is done by adding EEH to Att and FFH

to Ass such that[
Ãtt Ãts
ÃH

ts Ãss

]
:=
[

Att Ats
AH

ts Ass

]
+
[

EEH

FFH

]
=
[

Âtt Âts
ÂH

ts Âss

]
+
[

EEH −EFH

−FEH FFH

]
.

Since [
EEH −EFH

−FEH FFH

]
=
[−E

F

][−E
F

]H

is positive semi-definite, the eigenvalues of Ã are not smaller than those of Â. There-
fore, Ã is Hermitian positive definite and

‖
[

Ãtt Ãts
ÃH

ts Ãss

]
−
[

Âtt Âts
ÂH

ts Âss

]
‖2 = ‖

[
EEH −EFH

−FEH FFH

]
‖2 ≤ ‖E‖2

2 +‖F‖2
2 ≤ 2ε.

If a relative error is preferred, we have to guarantee that

‖E‖2
2 ≤ ε‖Âtt‖2, ‖F‖2

2 ≤ ε‖Âss‖2 and ‖EFH‖2 ≤ ε‖Âts‖2

holds instead of (2.10). In this case, we obtain from Theorem 2.16 that

‖
[

Ãtt Ãts
ÃH

ts Ãss

]
−
[

Âtt Âts
ÂH

ts Âss

]
‖2 = ‖

[
EEH −EFH

−FEH FFH

]
‖2 ≤ 2ε‖

[
Âtt Âts
ÂH

ts Âss

]
‖2.

Since t× t and s× s will usually not be leaves in TI×I , it is necessary that EEH

and FFH are restricted to the leaves of t× t and s× s when adding them to Att and
Ass, respectively. Note that this leads to a rounding error which in turn has to be
added to the diagonal sub-blocks of t × t and s× s in order to preserve positivity.
The computational complexity which is connected with the rounded addition makes
it necessary to improve the above idea. Once again, we replace an approximant with
another approximant by adding a positive semi-definite matrix. Let t1 and t2 be the
sons of t and let s1 and s2 be the sons of s. If we define

˜̃Att := Ãtt +
[−Et1

Et2

][−Et1
Et2

]H

= Att +2
[

Et1 EH
t1 0

0 Et2EH
t2

]
,

the problem of adding EEH to Att is reduced to adding 2Et1EH
t1 to At1t1 and 2Et2 EH

t2
to At2t2 . Applying this idea recursively, adding EEH to Att can finally be done by
adding a multiple of Et ′EH

t ′ to the dense matrix block At ′t ′ for each leaf t ′ in TI from
the set of descendants of t. We obtain the following two algorithms addsym stab
and addsym diag.
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procedure addsym stab(t,s,U,V,varA)
if t× s is non-admissible then

add UV H to Ats without approximation;
else

add UV H to Ats using the rounded addition;
denote by EFH the rounding error;
addsym diag(t,E,A);
addsym diag(s,F,A);

endif
Algorithm 2.3: Stabilized Hermitian rounded addition.

The first adds a matrix of low rank UV H to an off-diagonal block t × s while the
latter adds EEH to the diagonal block t× t. Note that we assume that an Hermitian
matrix is represented by its upper triangular part only.

procedure addsym diag(t,E,varA)
if t× t is a leaf then

add EEH to Att without approximation;
else

addsym diag(t1,
√

2Et1 ,A);
addsym diag(t2,

√
2Et2 ,A);

endif
Algorithm 2.4: Stabilized diagonal addition.

We will now estimate the costs if the above algorithms are applied to t×s∈ TI×I .
Denote by Nstab

diag(t) the number of operations needed if Algorithm 2.4 is applied to
t ∈ TI \L (TI) with E ∈ C

t×k. Since

Nstab
diag(t) = Nstab

diag(t1)+Nstab
diag(t2)

and since at most k|t ′|2 operations are required on each leaf t ′ of Tt , we obtain

Nstab
diag(t) = ∑

t ′∈L (Tt )
Nstab

diag(t
′)≤ ∑

t ′∈L (Tt )
k|t ′|2 ≤ nmink ∑

t ′∈L (Tt )
|t ′|= nmink |t|.

Additionally, denote by Nstab
add (t,s) the number of operations required to add

UV H ∈C
t×s
k to Ats using Algorithm 2.3. If t× s is non-admissible, then min{|t|, |s|}

≤ nmin, which leads to

Nstab
add (t,s)≤ |t||s| ≤ nmin(|t|+ |s|).

Since for admissible t× s ∈ TI×I a rounded addition and two calls to addsym diag
have to be performed, the costs of Algorithm 2.4 can be estimated by

Nstab
add (t,s) = max{k2,nmin}(|t|+ |s|)+Nstab

diag(t)+Nstab
diag(s)

≤ [max{k2,nmin}+nmink](|t|+ |s|).

Hence, the stabilized addition has asymptotically the same computational complex-
ity as the rounded addition on each block.
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If two H -matrices are to be added, the stabilized addition has to be applied to
each block. The resulting H -matrix will differ from the result S of the approximate
addition from Sect. 2.5 only in the diagonal blocks of P. Hence, it requires the same
amount of storage. The following theorem gathers the estimates of this section.

Theorem 2.18. Let A,B be Hermitian and let λi, i ∈ I, denote the eigenvalues of
A + B. Assume that S ∈H (TI×I ,k) has precision ε . Using the stabilized rounded
addition on each block leads to a matrix S̃ ∈H (TI×I ,k) with eigenvalues λ̃i ≥ λi,
i ∈ I, satisfying

‖A+B− S̃‖2 ∼ L(TI)|I|ε.

Hence, if A+B is positive definite, so is S̃. At most (max{k2,nmin}+nmink)L(TI)|I|
operations are required for the construction of S̃.

Proof. Let t ∈ T (�)
I be a cluster from the �th level of TI . Since at most csp blocks

t× s, s ∈ TI , are contained in P, addsym diag is applied to t only csp times during
the stabilized addition of A and B. This routine adds terms 2pEt ′EH

t ′ , p < L(TI)− �,
to St ′t ′ . Hence, the error on t ′ × t ′ is bounded by

csp

L(TI)

∑
�=0

2L(TI)−1−�ε ≤ csp2L(TI)ε ≤ ccsp|I|ε

with some constant c > 0. The previous estimate follows from the fact that the depth
L(TI) of TI scales like log2 |I|. Since all other blocks blocks coincide with the blocks
of S, which have accuracy ε , we obtain the estimate

‖A+B− S̃‖2 ≤ cc2
spL(TI×I)|I|ε ≤ cc2

spL(TI)|I|ε

due to Theorem 2.16. ��
The stabilized addition will be used in Sect. 3.6.3 when computing approxima-

tions to Cholesky decompositions of almost singular matrices.

2.6 Coarsening H -Matrices

In this section we describe how a given matrix A ∈H (TI×J ,k) is approximated by
a matrix Ã ∈H (T ′I×J ,k

′), where T ′I×J is a sub-tree of TI×J with the same root I× J.
In the first part of this section, k′ ≤ k will be a given number such that the accuracy
of Ã can be estimated only relatively to the best approximation. In the second part
we prescribe the accuracy and estimate the resulting rank k′.

We have already got to know the following two coarsening techniques.

(a) Blockwise coarsening: Approximants of lower accuracy compared with the ac-
curacy of A are, for instance, sufficient when generating preconditioners of A. In
order to improve the data-sparsity and thereby the efficiency of the H -matrix
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approximant, it is helpful to remove superfluous information from the blocks.
In Sect. 1.1.3 it was described how to compute a low-rank approximant of pre-
scribed accuracy and minimal rank to a given low-rank matrix. Especially in
the case of non-local operators (see Chap. 3), this recompression technique is
likely to improve the storage requirements even if the accuracy is not reduced.
The reason for this is that low-rank approximations are usually generated from
non-optimal constructions.

(b) Agglomeration of blocks: The partition P generated in Sect. 1.3 is admissible
and can be computed with logarithmic-linear complexity. We have remarked
that P, however, may be non-optimal. Hence, there is a good chance to improve
it by agglomerating blocks using the procedure from Sect. 1.1.6; see also [115].
The agglomeration of blocks will be particularly beneficial to the efficiency of
arithmetic operations such as multiplication and inversion of H -matrices due
to an improved sparsity constant.

Coarsening can be applied to a whole H -matrix but also to a submatrix. Without
loss of generality we consider only the case that T ′I×J = I× J; i.e., A is coarsened to
a single matrix block Ã of rank k′.

2.6.0.1 Coarsening with Prescribed Rank

For the first part of this section assume that k′ ≤ k is given. We start from the tree
TL := TI×J , L := L(TI×J)−1, and a matrix AL ∈H (TL,k′) which is generated from
A by approximating each block Ab, b ∈L (TI×J), by a matrix of rank k′ using the
technique from Sect. 1.1.3. This first coarsening step requires

∑
t×s∈L (TI×J)

6k2(|t|+|s|)+20k3≤ 6cspk2L(TI×J)[|I|+|J|]+40cspk3 min{|I|, |J|}/nmin

arithmetic operations due to (1.36) and Lemma 1.39. Since A is approximated on
each block by a best approximation, for the Frobenius norm it holds that

‖A−AL‖F ≤ ‖A−M‖F for all M ∈H (TL,k′). (2.11)

The following rule defines a sequence of block cluster trees T� and an associated
sequence of approximants A� ∈H (T�,k′), � = L−1, . . . ,0. Let T� result from T�+1

by removing the sons of each block b ∈ T (�)
�+1 \L (T�+1) in the �th level of T�+1.

A� results from A�+1 by the agglomeration procedure from Sect. 1.1.6 applied to
such blocks b. The property that a best approximation is attained on each block is
inherited by the whole matrix with respect to the Frobenius norm; i.e,

‖A�+1−A�‖F ≤ ‖A�+1−M‖F for all M ∈H (T�,k′). (2.12)

In order to agglomerate a non-admissible block, it is first converted to the outer-
product representation using the SVD.
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The number of arithmetic operations of the above construction is determined by
the number of operations required for the SVD of each non-admissible block and the
numerical effort of the agglomeration of each block b ∈ TI×J \L (TI×J). According
to Sect. 1.1.6, at most

∑
t×s∈TI×J

24k2(|t|+ |s|)+max{1408
2
3

k3,22n3
min}

operations are required, where we have used that max{|t|, |s|} ≤ nmin, which may
be assumed due to the same level of a block’s row and column cluster. Using (1.35)
we obtain

Lemma 2.19. The number of arithmetic operations required for the above construc-
tion of A0 is of the order

cspk2L(TI×J)(|I|+ |J|)+max{k3,n3
min}|TI×J |.

Using the above procedure, A ∈H (TI×J,k) is rounded to a matrix of rank k′.
The resulting approximation error can be arbitrarily bad. Assume we know a best
approximant Abest ∈C

I×J
k′ for A. The following lemma (cf. [116]) relates the approx-

imation error ‖A−A0‖F to the best possible error ‖A−Abest‖F .

Lemma 2.20. Let A0 ∈ C
I×J
k′ be constructed as above. Then it holds that

‖A−A0‖F ≤ 2L(TI×J)‖A−Abest‖F .

Proof. Let L = L(TI×J)−1. From (2.12) it follows that

‖A�−Abest‖F ≤ ‖A�−A�+1‖F +‖A�+1−Abest‖F ≤ 2‖A�+1−Abest‖F

for �∈ {0, . . . ,L−1}, because Abest ∈H (T�,k′). Hence, ‖A�−Abest‖F ≤ 2L−�‖AL−
Abest‖F and we obtain from (2.12)

‖AL−A0‖F = ‖
L−1

∑
�=0

(A�−A�+1)‖F ≤
L−1

∑
�=0
‖A�−A�+1‖F ≤

L−1

∑
�=0
‖A�+1−Abest‖F

≤
L−1

∑
�=0

2L−�−1‖AL−Abest‖F = (2L−1)‖AL−Abest‖F .

The assertion follows from

‖A−A0‖F ≤ ‖A−AL‖F +‖AL−A0‖F ≤ ‖A−AL‖F +(2L−1)‖AL−Abest‖F

≤ 2L‖A−AL‖F +(2L−1)‖A−Abest‖F ≤ (2L+1−1)‖A−Abest‖F

due to (2.11). ��
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2.6.0.2 Coarsening with Prescribed Accuracy

If on the other hand a given accuracy ε > 0 is to be satisfied in each agglomeration
step, i.e., we have

‖A�+1−A�‖F ≤ ε‖A�+1‖F , 0≤ � < L, (2.13)

then the required rank k′ may increase. In order to avoid that the complexity is
deteriorated, we stop the coarsening process in blocks for which the required rank
k′ is such that agglomeration is not worthwhile.

Assume that the sub-blocks S(b) of a block b = t×s∈ T (�)
�+1\L (T�+1) in A�+1 are

low-rank matrices with ranks kt ′×s′ , t ′ ×s′ ∈ S(b). By comparing the original storage
costs of (A�+1)b with those of (A�)b, it is easy to check whether the coarsening leads
to reduced costs of the approximant. If

kt×s(|t|+ |s|)≤ ∑
t ′×s′∈S(b)

kt ′×s′(|t ′|+ |s′|), (2.14)

then the block cluster tree T�+1 is modified by replacing the sons S(b) of b by the
new leaf b. If this condition is not satisfied, then the sons of b will be kept in the
block cluster tree. This procedure can then be applied to the leaves of the new block
cluster tree until (2.14) is not satisfied.
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Fig. 2.9 H -matrix before and after coarsening.

It is obvious that this procedure does not increase the amount of storage. In
contrast, depending on A it will usually improve the storage requirements. In the
following two lemmas (see [28]) we analyze the accuracy and the complexity of
this adaptive agglomeration process. For this purpose we consider a single block
b ∈ TI×J in which the described agglomeration stops due to the violation of (2.14)
by the father block of b. Without loss of generality we may identify b with I× J
and assume that (2.14) holds for all t× s ∈ TI×J \L (TI×J). The following lemma
describes the accuracy of A0 compared with the accuracy of AL.
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Lemma 2.21. Let A ∈ C
I×J. If ‖A−AL‖F ≤ ε‖A‖F , then ‖A−A0‖F ≤ c(ε)‖A‖F ,

where c(ε) = ε +(1+ ε)[(1+ ε)L−1]∼ L(TI×J)ε for ε → 0.

Proof. Due to ‖A�‖F ≤‖A�+1‖F +‖A�+1−A�‖F ≤ (1+ε)‖A�+1‖F , from (2.13) we
have that

‖AL−A0‖F = ‖
L−1

∑
�=0

(A�+1−A�)‖F ≤
L−1

∑
�=0
‖A�+1−A�‖F ≤ ε

L−1

∑
�=0
‖A�+1‖F

≤ ε
L−1

∑
�=0

(1+ ε)L−�−1‖AL‖F = [(1+ ε)L−1]‖AL‖F .

Observing

‖A−A0‖F ≤ ‖A−AL‖F +‖AL−A0‖F ≤ ε‖A‖F +[(1+ ε)L−1]‖AL‖F

≤ ε‖A‖F +[(1+ ε)L−1](‖A−AL‖F +‖A‖F)

≤ {ε +(1+ ε)[(1+ ε)L−1]
}‖A‖F ,

we obtain the assertion. ��
The computational cost of the coarsening procedure is estimated in the following

lemma.

Lemma 2.22. The resulting rank of A0 is bounded by cspkmaxL(TI×J). Hence, the
required costs are of the order

c3
spk2

maxL3(TI×J)[|I|+ |J|],

where kmax := maxt×s∈L (TI×J) kt×s.

Proof. Similarly to the case of a blockwise constant rank, the costs of coarsening
TI×J can be estimated to be bounded by

∑
t×s∈TI×J

k2
t×s(|t|+ |s|),

where we have omitted terms which do depend neither on |t| nor on |s|. Using (2.14),
the cost of each block t × s ∈ TI×J \L (TI×J) can be estimated by a sum over its
leaves

kt×s(|t|+ |s|)≤ ∑
t ′×s′∈L (Tt×s)

kt ′×s′(|t ′|+ |s′|).

From (1.36) it follows that kt×s ≤ cspL(Tt×s)kmax. With the previous estimate we
obtain

∑
t×s∈TI×J

k2
t×s(|t|+ |s|)≤ c2

spL2(TI×J)k2
max ∑

t×s∈TI×J

(|t|+ |s|)

≤ c3
spL3(TI×J)k2

max[|I|+ |J|]
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due to (1.36). ��
We have seen that each block t× s ∈L (T ′I×J) of the final partition L (T ′I×J) re-

quires O(k2
max(|t|+ |s|)) operations for its computation and that its accuracy is of

the order L(TI×J)ε . Returning to the whole matrix, the coarsening process there-
fore gives back a matrix Ã which has accuracy L(TI×J)ε and can be computed with
O(k2

max(|I|+ |J|)) arithmetic operations; cf. (1.36).

2.7 Multiplying H -Matrices

Let A ∈H (TI×J,kA) and B ∈H (TJ×K ,kB) be two hierarchical matrices. The aim
of this section is to investigate the product AB ∈ C

I×K of A and B. In contrast to
the hierarchical addition, which preserves the block structure, the exact product AB
cannot be represented using the block cluster tree TI×K , i.e., it cannot be guaranteed
that the blockwise rank is bounded in general. Therefore, in the first part of this
section we will define the product tree TIJK , which is suitable to hold the exact
product AB. The second part of this section is devoted to the rounded multiplication
to a given partition and given rank. Our presentation mainly relies on [116].

2.7.1 Product Block Cluster Tree

In this section we assume that TI×J has been generated using the cluster trees TI and
TJ and that for the construction of TJ×K the cluster trees TJ and TK have been used.

=∗

Fig. 2.10 The product of two partitions.

Figure 2.10 shows that the block structure is usually not preserved. The block in
the upper right corner of the product is a sum of products in which at least one factor
is a low-rank matrix. Hence, its rank is bounded by the number of products times
the maximum rank of blocks in A and B. The block on the left of the latter needs to
be refined since for its computation a product of two factors which are not in the set
of leaves is involved. The impression that the product partition is always finer than
the partition of the factors is wrong as can be seen from Fig. 2.11.
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=∗

Fig. 2.11 Factors leading to a coarser product partition.

Definition 2.23. The product tree TIJK of TI×J and TJ×K is inductively defined by

(i) I×K is the root of TIJK
(ii) The set of sons of blocks t× s ∈ TIJK from the �th level of TIJK is

SIJK(t× s) :=
{

t ′ × s′ |∃r ∈ T (�)
J ,r′ ∈ T (�+1)

J : t ′ × r′ ∈ SI×J(t× r)

and r′ × s′ ∈ SJ×K(r× s)
}
.

Lemma 2.24. The product tree TIJK is a block cluster tree based on TI and TK. For
its depth it holds that

L(TIJK)≤min{L(TI×J),L(TJ×K)}.

The sparsity constant of TIJK can be estimated as

csp(TIJK)≤ csp(TI×J) · csp(TJ×K).

Proof. Due to Definition 2.23 it holds that for a given t ∈ TI

{s ∈ TK : t× s ∈ TIJK} ⊂ {s ∈ TK |∃r ∈ TJ : t× r ∈ TI×J and r× s ∈ TJ×K}.

Therefore, recalling Definition 1.35 we have that

|{s ∈ TK : t× s ∈ TIJK}| ≤ ∑
r∈TJ : t×r∈TI×J

|{s ∈ TK : r× s ∈ TJ×K}|

≤ csp(TI×J) · csp(TJ×K).

The rest of the assertion is an easy consequence of Definition 2.23. ��
Let t× s ∈ TIJK be a leaf from the �th level of TIJK . Then

(AB)ts = ∑
j∈J

At jB js.

We will rearrange the previous summation to a sum of products in which one factor
is a low-rank matrix. To this end, denote by Fj(t) ∈ TI and Fj(s) ∈ TK the uniquely
defined ancestors of t and s from the jth, 0≤ j ≤ �, level of TI and TK , respectively.
We define the set
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Uj(t× s) :=
{

r ∈ T ( j)
J :Fj(t)× r ∈ TI×J and r×Fj(s) ∈L (TJ×K)

or Fj(t)× r ∈L (TI×J) and r×Fj(s) ∈ TJ×K

}
.

The consequence of the following lemma is that

(AB)ts =
�

∑
j=0

∑
r∈Uj(t×s)

AtrBrs. (2.15)

Lemma 2.25. It holds that
�⋃

j=0

⋃
r∈Uj(t×s)

r = J,

where the union is pairwise disjoint. Furthermore, it holds that

|Uj(t× s)| ≤min{csp(TI×J),csp(TJ×K)}, 0≤ j ≤ �.

Proof. Let ν ∈ J. It holds that b0 := F0(t)×J ∈ TI×J and b′0 := J×F0(s) ∈ TJ×K . If
neither b0 nor b′0 is a leaf, then there is r1 ∈ SJ(J) such that ν ∈ r1 and b1 := F1(t)×
r1 ∈ TI×J , b′1 := r1×F1(s) ∈ TJ×K . If still neither b1 nor b′1 is a leaf, we descend the
trees keeping ν ∈ r j until for some j either b j := Fj(t)× r j or b′j := r j×Fj(s) is a
leaf. In this case ν ∈ r j ∈Uj. Since t× s is a leaf in TIJK , it follows that j ≤ �.

Since Uj is constructed from T ( j)
J , the elements of each Uj are pairwise disjoint.

Let r ∈Uj and r′ ∈Uj′ , j ≤ j′, and r∩ r′ �= ∅. Since r,r′ ⊂ TJ , we obtain r′ ⊂ r. It
follows that

Fj′(t)× r′ ⊂ Fj(t)× r and r′ ×Fj′(s)⊂ r×Fj(s). (2.16)

The definition of Uj implies that either Fj(t)× r or r×Fj(s) is a leaf. Hence, one
of the inclusions in (2.16) is an equality, which implies that j = j′ and hence that
r = r′.

From
|Uj| ≤ |{r ∈ T ( j)

J : Fj(t)× r ∈ TI×J}| ≤ csp(TI×J)

and
|Uj| ≤ |{r ∈ T ( j)

J : r×Fj(s) ∈ TJ×K}| ≤ csp(TJ×K)

we obtain the estimate on the cardinality of Uj. ��
Theorem 2.26. Let L=L(TIJK). For the product AB of two matrices A∈H (TI×J ,kA)
and B ∈H (TJ×K ,kB) it holds that AB ∈H (TIJK ,k), where

k ≤ Lmin{csp(TI×J),csp(TJ×K)}max{kA,kB,nmin}.

The matrix AB can be computed with at most

csp(TIJK)Lmax{k′BNMV(A),k′ANMV(B)}
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arithmetic operations. Here, NMV(A) denotes the number of arithmetic operations
required for the matrix-vector multiplication (see Sect. 2.2), k′A := max{kA,nmin},
and k′B := max{kB,nmin}.
Proof. Let t × s ∈ L (TIJK) be from the �th level of TIJK . Due to (2.15) we can
express (AB)ts by the sum over Lmax j=0,...,� |Uj(t× s)| matrix products. From the
definition of Uj(t× s) and from t× r ⊂ Fj(t)× r and r× s ⊂ r×Fj(s) we see that
one of the factors of each product corresponds to a leaf and so its rank is bounded
by max{kA,kB,nmin}. As a consequence,

k ≤ L max
j=0,...,�

|Uj(t× s)|max{kA,kB,nmin}.

The first part of the assertion follows from Lemma 2.25.
Using the representation (2.15), we have to compute the products AtrBrs, each

of which consists of max{kA,kB,nmin} matrix-vector products. Hence, with P :=
L (TIJK) and Pi := P∩ T (i)

IJK , 0 ≤ i < L, we obtain for the number of arithmetic
operations for the matrix product

NMM(A,B)≤ ∑
t×s∈P

L−1

∑
j=0

∑
r∈Uj(t×s)

max{k′BNMV(Atr),k′ANMV(Brs)}

≤ ∑
t×s∈P

max{k′BNMV(AtJ),k′ANMV(BJs)}

≤
L−1

∑
i=0

∑
t×s∈Pi

max{k′BNMV(AtJ),k′ANMV(BJs)}

≤ csp(TIJK)Lmax{k′BNMV(A),k′ANMV(B)},

which proves the assertion. ��

2.7.2 Preserving the Original Block Structure

The exact product AB of two H -matrices A ∈H (TI×J ,kA) and B ∈H (TJ×K ,kB)
can be found in the set H (TIJK ,k′) with a slightly increased blockwise rank k′ as
we have just seen in Theorem 2.26. Since the product tree TIJK will usually lead to
a finer partition, which in turn leads to an increased numerical effort, the product
AB is preferably represented on the usual partition of the cluster tree TI×K with
possibly further increased rank. By the following idempotency constant it is possible
to estimate this increment. For simplicity we restrict ourselves to the case I = J = K.

Definition 2.27. Let TI×I be a block cluster tree generated from the cluster tree TI .
The idempotency constant cid is defined as

cid(b) := |{t ′ × s′ ∈ TI×I : t ′ × s′ ⊂ b and ∃r′ ∈ TI with t ′ × r′, r′ × s′ ∈ TI×I
} |
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for b ∈L (TI×I) and
cid := max

b∈L (TI×I)
cid(b).

If TIII is not finer than TI×I , then cid = 1. In Fig. 2.10 four blocks are refined into
its four sons, respectively. In this case it holds that cid = 5.

Example 2.28. In Example 1.36 we have estimated the sparsity constant csp under
the assumption (see (1.22)) that

(diamXt)m ≤ cg2−� and µ(Xt)≥ 2−�/cG

for all t ∈ T (�)
I . The same assumption will now be used to estimate the idempotency

constant. Let b∈L (TI×I) be from the �th level of TI×I . If b is a non-admissible leaf,
then cid(b) = 1. For admissible b = t× s we define

q := log2(cgcGcΩ )+m log2(2+η),

where cΩ is defined in (1.19). We will show that for clusters t ′,r′,s′ ∈ TI , t ′ × s′ ⊂
b = t× s, satisfying t ′ × r′,r′ × s′ ∈ T (�+q)

I×I it follows that either t ′ × r′ or r′ × s′ is a
leaf in TI×I . This can be seen from

2−q/m = c−1/m
g c−1/m

G c−1/m
Ω (2+η)−1

and

diamXr′ = (1+η/2)diamXr′ −η/2diamXr′

≤ (1+η/2)c1/m
g 2−(�+q)/m−η/2diamXr′

≤ c−1/m
Ω /2min{µ1/m(Xt),µ1/m(Xs)}−η/2diamXr′

≤ 1
2

min{diamXt ,diamXs}−η/2diamXr′

≤ η
2

(dist(Xt ,Xs)−diamXr′)

≤ η max{dist(Xt ′ ,Xr′),dist(Xr′ ,Xs′)}.

Since hence either t ′ × r′ or r′ × s′ is admissible, one of these blocks does not have
descendants in TI×I . Hence, the number of vertices in TIII which are contained in b
is bounded by cid ≤ 4q = (cgcGcΩ )2(2+η)2m.

The same kind of proof can be adapted to partitions generated from algebraic
clustering.

Lemma 2.29. Under the assumption (1.28) it holds that cid ≤ [cu(2+η)]2m.

Proof. Let b ∈L (TI×I) be from the �th level of TI×I . If b is a non-admissible leaf,
then cid(b) = 1. For admissible b = t× s we define
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q := m log2 cu(2+η).

We will show that for clusters t ′,r′,s′ ∈ TI , t ′ × s′ ⊂ b = t× s, satisfying t ′ × r′,r′ ×
s′ ∈ T (�+q)

I×I it follows that either t ′ × r′ or r′ × s′ is a leaf in TI×I . This can be seen
from

diamr′ = (1+η/2)diamr′ −η/2diamr′

≤ (1+η/2)cu2−q/m min{diam t,diams}−η/2diamr′

≤ 1
2

min{diam t,diams}−η/2diamr′

≤ η
2

(dist(t,s)−diamr′)

≤ η max{dist(t ′,r′),dist(r′,s′)}.

Since hence either t ′ × r′ or r′ × s′ is admissible, one of these blocks does not have
descendants in TI×I . Therefore, the number of vertices which are contained in b is
bounded by cid ≤ 4q = [cu(2+η)]2m. ��
Theorem 2.30. Let A,B ∈H (TI×I ,k). Then AB ∈H (TI×I , k̂), where

k̂ ≤ cidcspL(TI×I)max{k,nmin}.

Proof. Due to Theorem 2.26, we have AB ∈H (TIII ,k′), where the blockwise rank
k′ is bounded by cspL(TI×I)max{k,nmin}. If a leaf from TI×I is contained in a leaf
from TIII , then the restriction does not increase the rank. If a leaf from TI×I contains
leaves from TIII , then their number is bounded by cid. Therefore, the rank is bounded
by cidk′. ��

2.7.3 Rounded Multiplication

If the product AB ∈H (TI×I ,k) is to be approximated by a matrix from H (TI×I , k̃),
k̃ < k, then one of the rounding algorithms from Sect. 1.1.5 can be used to reduce
the blockwise rank to k̃. The first sums up all arising products in (2.15) and rounds
the result to rank k̃. As shown in Sect. 1.1.5, the result of the rounding can be con-
trolled relatively to the best approximation. The second algorithm gradually adds
the products to a rounded sum and is significantly faster but can result in arbitrarily
large errors for general matrices. The following divide-and-conquer algorithm for
the computation of the approximate update C := C + AB of C ∈H (TI×I , k̃) stems
from the blockwise matrix multiplication and is even faster.

Assume that A∈H (TI×J ,kA) and B∈H (TJ×K ,kB) are subdivided according to
their block cluster trees TI×J and TJ×K :

A =
[

A11 A12
A21 A22

]
, B =

[
B11 B12
B21 B22

]
.
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Then AB has the following block structure

AB =
[

A11B11 +A12B21 A11B12 +A12B22
A21B11 +A22B21 A21B12 +A22B22

]
.

If the target matrix C has sons in TI×K , then compute

Ci j := Ci j +Ai1B1 j +Ai2B2 j, i, j = 1,2,

each of which has approximately half the size of C := C + AB. In the case that
C is a leaf in TI×K , the sums Ai1B1 j + Ai2B2 j are rounded to rank-k̃ matrices Ri j,
i, j = 1,2, and [

R11 R12
R21 R22

]
is agglomerated to a single rank-k̃ matrix (see Sect. 1.1.6) before adding it to C
using one of the rounded additions. The complexity of the rounded multiplication
was shown to be of the order k2L2(TI)|I|+ k3|I| for I = J; see [132]. A parallel
version of the previous algorithm was presented in [166].

2.7.4 Multiplication of Hierarchical and Semi-Separable Matrices

As we have seen in Sect. 1.2, multiplying a (p,q)-semi-separable matrix S and a
general matrix A ∈ C

m×n can be done with O((p + q)mn) arithmetic operations. If
A is an H -matrix, then AS and SA can be computed with significantly less effort.
Since diagonal-plus-semi-separable matrices are hierarchical matrices, we could use
the hierarchical matrix multiplication algorithm from the previous section. We will
however present an algorithm which is significantly more efficient if one of the ma-
trices is semi-separable. Its complexity will actually be of the order of the hierarchi-
cal matrix-vector multiplication. The resulting algorithms will be used in Sect. 4.6
when updating the factors of the LU decomposition in Broyden’s method.

In the following lemma (see [24]), which is the basis for the efficient multiplica-
tion, we make use of the notation

s′ := {i ∈ I : i < mins} and s′′ := {i ∈ I : i > maxs}
for s⊂ I. Note that this lemma holds for arbitrary partitions P of the matrix indices
{1, . . . ,m}×{1, . . . ,n}.
Lemma 2.31. Let A ∈ C

m×n and let S ∈ C
n×n be a diagonal-plus-semi-separable

matrix with the notation from Definition 1.10. For t× s ∈ P it holds that

(AS)ts = AtsSss +ΞV H
s +ϒ ZH

s ,

where Ξ := Ats′Us′ ∈ C
t×p and ϒ := Ats′′Ws′′ ∈ C

t×q. Furthermore, if A ∈ C
n×m,

then
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(SA)ts = SttAts +Ut Ξ̂ H +Wtϒ̂ H ,

where Ξ̂ := AH
t ′′sVt ′′ ∈C

s×p and ϒ̂ := AH
t ′sZt ′ ∈C

s×q. Here, Ut denotes the restriction
of U to the rows t.

Proof. By � we denote the level of t× s in the block cluster tree TI×I . Let τ×σ ⊃
t× s be in the kth level of TI×I . By induction over k ≤ � we will prove that

Atσ Sσs = AtsSss +Ξ(σ)V H
s +ϒ (σ)ZH

s (2.17)

with vectors Ξ(σ) := Atσ∗Uσ∗ and ϒ (σ) = Atσ∗∗Wσ∗∗ , where σ∗ := {i ∈ σ : i <
mins}, σ∗∗ := {i ∈ σ : i > maxs}. The choice σ = I will then lead to the assertion.

For k = � we have that τ×σ = t× s. Therefore, we obtain

Atσ Sσs = AtsSss.

Assume that (2.17) is true for k+1≤ �. Let Aτσ and Sσσ be partitioned correspond-
ing to the tree TI×I

Aτσ =
[

Aτ1σ1 Aτ1σ2
Aτ2σ1 Aτ2σ2

]
and Sσσ =

[
Sσ1σ1 Uσ1V H

σ2
Wσ2ZH

σ1
Sσ2σ2

]
.

Then we have that

Atσ Sσs =
[

Aτ1σ1 Sσ1σ1 +Aτ1σ2Wσ2 ZH
σ1

Aτ1σ2 Sσ2σ2 +Aτ1σ1Uσ1V H
σ2

Aτ2σ1 Sσ1σ1 +Aτ2σ2Wσ2 ZH
σ1

Aτ2σ2 Sσ2σ2 +Aτ2σ1Uσ1V H
σ2

]
ts

.

If s⊂ σ1, then

Atσ Sσs = Atσ1Sσ1s +Atσ2Wσ2ZH
s = AtsSss +Ξ(σ1)V H

s +[ϒ (σ1)+Atσ2Wσ2 ]Z
H
s .

If, on the other hand, s⊂ σ2, then

Atσ Sσs = Atσ2Sσ2s +Atσ1Uσ1V H
s = AtsSss +[Ξ(σ2)+Atσ1Uσ1 ]V

H
s +ϒ (σ2)ZH

s

due to the induction assumption. The second part of the assertion is obtained by
similar arguments. ��

According to the previous lemma, each sub-block (AS)ts of AS is a rank-(p+q)
update of AtsSss. Let t1× s1, . . . ,tµ × sµ be the blocks in P such that minsi ≤mins j
for i≤ j. Then C := AS can be computed by Algorithm 2.5.

Ξ := 0 from C
I×p

for i = 1, . . . ,µ do
Ctisi := Atisi Ssisi +ΞtiV

H
si

Ξti := Ξti +AtisiUsi

ϒ := 0 from C
I×q

for i = µ, . . . ,1 do
Ctisi := Ctisi +ϒti Z

H
si

ϒti :=ϒti +AtisiWsi

Algorithm 2.5: H -matrix times semi-separable matrix.
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For the computation of SA the blocks have to be ordered with respect to their row
indices.

In order to be able to compute AS efficiently, we have to exploit that A is an
H -matrix, i.e., that for each block t× s ∈ P it holds that Ats = XY H with X ∈ C

t×k

and Y ∈ C
s×k each consisting of k columns. In this case we have

AtsUs = X(Y HUs)

and each product AtsUs appearing in Algorithm 2.5 can be done with pk(|t|+ |s|)
operations. Additionally, products AtsSss have to be computed for each block t ×
s ∈ P. Exploiting

AtsSss = X(SH
ssY )H ,

it is sufficient to compute the k×s matrix SH
ssY , which can be done with O((p+q)k|s|)

operations using Algorithm 1.1. The rank-p update of AtsSss with ΞtV H
s can be done

explicitly by storing the rank-(k + p) matrix

AtsSss +ΞtV H
s = [X ,Ξt ][SH

ssY,Vs]H ,

which requires copying p(|t|+ |s|) units of storage. The updates with ΞtV H
s and

ϒtZH
s lead to a blockwise rank of k + p + q, i.e., with A ∈ H (P,k) it holds that

AS,SA ∈H (P,k + p+q).
We will apply this multiplication to problems (see Sect. 4.6.2) where p and q

are constants. Hence, the computational complexity of each block t × s is of the
order k(|t|+ |s|), which is exactly the complexity that is required for each block
when multiplying an H (P,k)-matrix by a vector. The latter multiplication requires
O(kn logn) operations; cf. Sect. 2.2.

Remark 2.32. (a) For the update of the LU decomposition we will have to com-
pute the product of triangular hierarchical and triangular semi-separable matrices.
In this case the product will be in H (P,k + p) and H (P,k + q), respectively, if
the hierarchical factor is in H (P,k). It is obvious how to simplify and accelerate
Algorithm 2.5 for such kind of matrices; see Algorithms 2.6 and 2.7.

(b) The rank-p and rank-q updates will gradually increase the rank of the fac-
tors if they are stored explicitly. This can be avoided by truncation to rank-k; see
Sect. 1.1.4. The latter operation requires O(k2(|t|+ |s|)) operations for each block
t× s.

Let L = {t1× s1, . . . , tµ × sµ} be the blocks in P such that minsi ≥mins j for i≤ j.
ϒ := 0 from C

I×q

for i = 1, . . . ,µ do
Ctisi := Ltisi L

′
sisi

+ϒti Z
H
si

ϒti :=ϒti +LtisiWsi

Algorithm 2.6: H -matrix times lower triangular semi-separable matrix.
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Let L = {t1× s1, . . . , tµ × sµ} be the blocks in P such that min ti ≥min t j for i≤ j.
Ξ := 0 from C

I×p

for i = 1, . . . ,µ do
Ctisi := U ′

titiUtisi +Uti Ξ H
si

Ξsi := Ξsi +UH
tisi

Vti

Algorithm 2.7: Upper triangular semi-separable matrix times H -matrix.

2.8 Hierarchical Inversion

In this section we assume that each block Att , t ∈ TI , of A∈H (TI×I ,k) is invertible.
Positive definite matrices are an important example.

Two approaches to the computation of the H -matrix inverse have been investi-
gated in the literature. The first (see [132]) uses the Schulz iteration

Ci+1 = Ci(2I−ACi), i = 0,1,2, . . . ,

which arises from Newton’s method applied to F(X) := X−1−A = 0. This iteration
converges locally to A−1; see [235]. The following divide-and-conquer approach
(see [127]) has turned out to be significantly more efficient. It exploits the property
that each matrix A ∈H (TI×I ,k) is subdivided according to its block cluster tree:

A =
[

A11 A12
A21 A22

]
.

It is easy to see that for the exact inverse of A it holds that

A−1 =
[

A−1
11 +A−1

11 A12S−1A21A−1
11 −A−1

11 A12S−1

−S−1A21A−1
11 S−1

]
, (2.18)

where S denotes the Schur complement S := A22−A21A−1
11 A12 of A11 in A. For the

computation of A−1 the matrices A11 and S, which have approximately half the size
of A, have to be inverted. The H -matrix inverse C of A is computed by replacing
the multiplications and the additions appearing in (2.18) by the H -matrix versions.
We need a temporary matrix T ∈H (TI×I ,k), which together with C is initialized to
zero.
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procedure invertH(t,A,varC)
if t ∈L (TI) then Ctt := A−1

tt is the usual inverse.
else

let t1, t2 denote the sons of t.
invertH(t1,A,C).
Tt1t2 = Tt1t2 −Ct1t1 At1t2 .
Tt2t1 = Tt2t1 −At2t1Ct1t1 .
At2t2 = At2t2 +At2t1 Tt1t2 .
invertH(t2,A,C).
Ct1t2 = Ct1t2 +Tt1t2Ct2t2 .
Ct2t1 = Ct2t1 +Ct2t2 Tt2t1 .
Ct1t1 = Ct1t1 +Tt1t2Ct2t1 .

Algorithm 2.8: H -matrix inversion.

Calling invertH with parameters I, A, and C generates the desired approximation C
of A−1, while A is destroyed.

The complexity of the computation of the H -inverse is determined by the cost of
the H -matrix multiplication. For the following theorem it is assumed that each sum
of two rank-k matrices arising during the previous algorithm is rounded to rank k.
We remark that the feasibility of this assumption has to be checked for the respective
problem since otherwise the approximation error may become uncontrollable.

Theorem 2.33. The computation of the H -matrix inverse C ∈H (TI×I ,k) of A ∈
H (TI×I ,k) using Algorithm 2.8 requires O(k2L2(TI)|I|) operations.

If we prescribe the rounding precision εH , it is by no means obvious that the re-
quired blockwise rank k of the H -matrix inverse C is small. In order to prove this,
we will leave our algebraic point of view and exploit analytic properties which are
accessible for subclasses of matrices such as those arising from elliptic operators;
see Chap. 4.

The H -matrix inverse may be used for the data-sparse approximation of operator
valued functions. Let f : C→ C be analytic inside of a path Γ ⊂ C enveloping the
spectrum of an elliptic operator L . The operator f (L ) can be represented using
the Dunford-Cauchy integral

f (L ) =
1

2πi

∫
Γ

f (z)(zI−L )−1 dz

provided that this integral converges. Approximating the previous integral by ap-
propriate quadrature formula and treating the discrete resolvents by the H -matrix
inverse leads to a data-sparse approximation. Examples are the operator exponen-
tial exp(−tL ) arising from the solution of the heat equation and the operator co-
sine family cos(t

√
L ) arising from the wave equation; see [98, 96]. In addition,

data-sparse methods for the approximation of the Sylvester and the Riccati equation
including the matrix sign-function are investigated in [96, 97].
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2.8.0.1 Updates of the Inverse

Sometimes, many systems with coefficient matrices differing in only a small number
of entries have to be solved. This problem arises, for instance, as a consequence
of Newton’s method for the solution of nonlinear systems if the coefficients of the
operator change only locally. Assume that A is invertible such that 1+αeT

j A−1ei �= 0
with α ∈ R and the canonical vectors ei,e j ∈ R

n. Due to the Sherman-Morrison-
Woodbury formula (1.3) for the inverse of

Ã := A+αeieT
j

it holds that

Ã−1 = (A+αeieT
j )
−1 = A−1− α

1+αeT
j A−1ei

A−1eieT
j A−1.

Hence, Ã−1 and A−1 differ only by matrix of rank 1. In the case that A and Ã have
r different entries, the update will be of rank at most r. Using the H -matrix addi-
tion, we are able to compute an approximation C ∈H (TI×I ,k) of Ã−1 exploiting
the previously computed approximation of A−1. Obviously, this is much faster than
computing the H -matrix inverse of Ã from scratch.

2.9 Computing the H -Matrix LU Decomposition

Although the hierarchical inversion has almost linear complexity provided that the
required blockwise rank behaves well, the numerical effort for its computation is
still relatively high. The following hierarchical LU decomposition provides a sig-
nificantly more efficient alternative.

The first algorithm for the computation of hierarchical LU decompositions has
been proposed in [176]. This algorithm, however, was defined on a partition which
is too restrictive to treat problems of higher spatial dimension. The following algo-
rithm is the first method (see [21]) which can be applied to general H -matrices.
Once again, the required blockwise rank cannot be predicted without restricting the
class of matrices. For elliptic operators it will be possible to prove a logarithmic
dependence on |I|; cf. Sect. 4.3.

We have seen that approximate versions of the usual matrix operations like addi-
tion and multiplication can be defined on the set H (TI×I ,k) of hierarchical matrices.
The hierarchical LU decomposition can be computed using these accelerated oper-
ations during the block LU decomposition instead of the usual ones. The rounding
precision these operations are performed with will be denoted by εH .

To define the H -matrix LU decomposition, we exploit the hierarchical block
structure of a block Att , t ∈ TI \L (TI):
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Att =
[

At1t1 At1t2
At2t1 At2t2

]
=
[

Lt1t1
Lt2t1 Lt2t2

][
Ut1t1 Ut1t2

Ut2t2

]
,

where t1, t2 ∈ TI denote the sons of t in TI . Hence, the LU decomposition of a block
Att is reduced to the following four problems on the sons of t× t:

(i) Compute Lt1t1 and Ut1t1 from the LU decomposition Lt1t1Ut1t1 = At1t1 ;
(ii) Compute Ut1t2 from Lt1t1Ut1t2 = At1t2 ;

(iii) Compute Lt2t1 from Lt2t1Ut1t1 = At2t1 ;
(iv) Compute Lt2t2 and Ut2t2 from the LU decomposition Lt2t2Ut2t2 = At2t2−Lt2t1Ut1t2 .

If a block t×t ∈L (TI×I) is a leaf, the usual pivoted LU decomposition is employed.
For (i) and (iv) two LU decompositions of half the size have to be computed. In order
to solve (ii), i.e., solve a problem of the structure LttBts = Ats for Bts, where Ltt is
a lower triangular matrix and t × s ∈ TI×I , we use the following recursive block
forward substitution. If the block t× s is not a leaf in TI×I , from the subdivision of
the blocks Ats, Bts, and Ltt into their sub-blocks (t1, t2 and s1,s2 are again the sons
of t and s, respectively)[

Lt1t1
Lt2t1 Lt2t2

][
Bt1s1 Bt1s2
Bt2s1 Bt2s2

]
=
[

At1s1 At1s2
At2s1 At2s2

]

one observes that Bts can be found from the following equations

Lt1t1Bt1s1 = At1s1 ,

Lt1t1Bt1s2 = At1s2 ,

Lt2t2Bt2s1 = At2s1 −Lt2t1Bt1s1 ,

Lt2t2Bt2s2 = At2s2 −Lt2t1Bt1s2 ,

which are again of type (ii). If, on the other hand, t× s is a leaf, then the usual for-
ward substitution is applied. Similarly, one can solve (iii) by recursive block back-
ward substitution.

The complexity of the above recursions is determined by the complexity of the
hierarchical matrix multiplication, which can be estimated as O(k2L2(TI)|I|) for two
matrices from H (TI×I ,k). Each operation is carried out with precision εH . A result
[79] on the stability analysis of the block LU decomposition states that the product
LU is backward stable in the sense that

‖A−LU‖2 < c(|I|)εH (‖A‖2 +‖L‖2‖U‖2).

Provided that ‖L‖2‖U‖2 ≈ ‖A‖2, the relative accuracy of LU will hence be of or-
der εH . Employing the H -matrix arithmetic, it is therefore possible to generate an
approximate LU decomposition of a matrix A ∈H (TI×I ,k) to any prescribed accu-
racy with almost linear complexity whenever the blockwise rank is guaranteed to be
logarithmically bounded. A logarithmic dependence of k on |I| will, for instance, be
proved under quite general assumptions for finite element stiffness matrices arising
from the discretization of elliptic boundary value problems.
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It is known that the pointwise LU decomposition preserves the bandwidth and the
skyline structure of a matrix. This property is obviously inherited by the H -matrix
LU decomposition. In Sect. 4.5 we will exploit this in the context of nested dis-
section reorderings, which in particular allows to parallelize the LU factorization
algorithm.

In the case of positive definite matrices A it is possible to define an H -matrix
version of the Cholesky decomposition of a block Att , t ∈ TI \L (TI):

Att =
[

At1t1 At1t2
AH

t1t2 At2t2

]
=
[

Lt1t1
Lt2t1 Lt2t2

][
Lt1t1
Lt2t1 Lt2t2

]H

.

This factorization is recursively computed by

Lt1t1LH
t1t1 = At1t1 ,

Lt1t1LH
t2t1 = At1t2 ,

Lt2t2LH
t2t2 = At2t2 −Lt2t1LH

t2t1

using the usual Cholesky decomposition on the leaves of TI×I . The second equation
Lt1t1LH

t2t1 = At1t2 is solved for Lt2t1 in a way similar to how Ut1t2 was previously
obtained in the LU decomposition.

Once A ≈ LH UH has been decomposed, the solution of Ax = b can be found
by forward/backward substitution: LH y = b and UH x = y. An advantage of the
inverse of a matrix A is that A−1 only has to be multiplied by b when solving the
linear system Ax = b for x. The LU decomposition requires forward-/backward sub-
stitution, which in standard arithmetic has quadratic complexity. Since LH and UH

are H -matrices, yt , t ∈ TI \L (TI), can be computed recursively by solving the
following systems for yt1 and yt2

Lt1t1yt1 = bt1 and Lt2t2yt2 = bt2 −Lt2t1yt1 .

If t ∈L (TI) is a leaf, a usual triangular solver is used. The backward substitution
can be done analogously. These substitutions are exact and their complexity is de-
termined by the complexity of the hierarchical matrix-vector multiplication, which
is O(kL(TI)|I|) for multiplying an H (TI×I ,k)-matrix by a vector.

2.10 Hierarchical QR Decomposition

In addition to the hierarchical LU decomposition it seems straight forward to de-
fine a hierarchical QR decomposition of A ∈H (TI×I ,k), which may, for instance,
be used to solve eigenvalue problems with almost linear complexity. In [176] the
QR decomposition of H -matrices is computed using the Cholesky decomposition
LLH = B of B := AHA. The matrix Q is found by forward substitution from A = QLH .
Then Q is unitary because
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QHQ = L−1AHAL−H = L−1BL−H = I.

Since squaring a matrix should be avoided, we propose to use the following alterna-
tive recursion.

Assume that A or a diagonal sub-block of A is partitioned in the following way:

A =
[

A11 A12
A21 A22

]
.

Setting X := A21A−1
11 , it is obvious that I +XHX and I +XXH are Hermitian positive

definite and share the same spectra (without 1). Let the Cholesky factors L1 and L2
be computed from

I +XHX = L1LH
1 and I +XXH = L2LH

2 ,

then it follows that detL1 = detL2. The matrix

Q :=
[

L−1
1 L−1

1 XH

−L−1
2 X L−1

2

]
=
[

L−1
1

L−1
2

][
I XH

−X I

]

is unitary and satisfies

QA =
[

L−1
1 (A11 +XHA21) L−1

1 (A12 +XHA22)
0 L−1

2 (A22−XA12)

]

=
[

LH
1 A11 L−1

1 (A12 +XHA22)
0 L−1

2 S

]
, (2.19)

where S := A22−XA12 is the Schur complement of A11 in A. If one of the diagonal
blocks of QA is a leaf in the block cluster tree, then the usual QR decomposition
is applied to it. Otherwise, two appropriate transformations of half the size have to
be computed and applied. Instead of immediately applying the next transformation
to the upper right block of (2.19), it is more efficient to gradually apply the trans-
formations to each other before they are multiplied by this block. In this case, the
whole QR recursion is determined by the complexity of the H -matrix multiplica-
tion, which is of order k2L2(TI)|I|.

The matrix Q can be regarded as a block Givens rotation since det Q = 1, which
follows from

detQ = det
[

L−1
1 L−1

1 XH

0 L−1
2 (I +XXH)

]
= det

[
L−1

1 L−1
1 XH

0 LH
2

]
.

Since the computation of the factors L1 and L2 involves approximation errors,
Q will be only “approximately” unitary; i.e., there is an error matrix E ∈ C

I×I

such that
(Q+E)H(Q+E) = I.
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Since the loss of orthogonality of the columns of Q is amplified by a bad condition
number of A, Q can be improved by decomposing Q = Q′R′, which leads to A = Q′R̂
with the upper block triangular matrix R̂ := R′R.

In order to transform A to an upper triangular matrix, we have to apply a sequence
of approximately unitary matrices Q1, . . . ,QL, where L := L(TI)∼ log |I| denotes the
depth of TI . The following lemma states that the distance of the product Q1 · . . . ·QL
to a unitary matrix is of the order ε logL if the rounding precision is increased from
level to level as ε/�.

Lemma 2.34. Let 0 < ε < 1. Assume that Q�, � = 1, . . . ,L, are approximately unitary
in the sense that (Q� + E�)H(Q� + E�) = I for some matrices E� ∈ C

I×I satisfying
‖E�‖2 < ε/�. Then also the product QL · . . . ·Q1 is approximately unitary; i.e.,

(QL · . . . ·Q1 +E)H(QL · . . . ·Q1 +E) = I

for some E ∈ C
I×I satisfying ‖E‖2 ∼ ε logL.

Proof. The assertion is proved by induction over L. The case L = 1 is trivially true.
Assume that for Q := QL · . . . ·Q1 it holds that

(Q+E)H(Q+E) = I

for some E ∈ C
I×I satisfying ‖E‖2 ≤ ε

(
∑L

�=1 1/�
)

∏L
�=2(1+ ε

� ). Observe that

[QL+1Q+F]H [QL+1Q+F ] = [(QL+1 +EL+1)(Q+E)]H(QL+1 +EL+1)(Q+E) = I,

where F := (QL+1 + EL+1)E + EL+1(Q + E)−EL+1E. The norm of F can be esti-
mated as

‖F‖2 ≤ ‖E‖2 +‖EL+1‖2 +‖EL+1‖2‖E‖2

≤ ε

(
L

∑
�=1

1/�

)
L

∏
�=2

(1+
ε
�
)+

ε
L+1

+
ε2

L+1

(
L

∑
�=1

1/�

)
L

∏
�=2

(1+
ε
�
)

≤ ε

(
L+1

∑
�=1

1/�

)
L

∏
�=2

(1+
ε
�
)+

ε2

L+1

(
L+1

∑
�=1

1/�

)
L

∏
�=2

(1+
ε
�
)

= ε

(
L+1

∑
�=1

1/�

)
L+1

∏
�=2

(1+
ε
�
).

The assertion follows from ∏L
�=2(1+ ε

� )≤ exp(ε) and ∑L
�=1 1/�∼ logL. ��

Assume a logarithmic dependence of the required rank k on the prescribed accu-
racy. Then increasing the accuracy with the level � does not significantly increase
the rank due to k ∼ | logε/�| ∼ | logε|+ log�∼ | logε|+ log log |I|.
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2.11 H 2-Matrices and Fast Multipole Methods

The low-rank blocks of H -matrices can be chosen independently from each other.
By fixing a common basis for the column and the row vectors it is possible to further
reduce the complexity of data-sparse approximations.

Definition 2.35. Let TI be a cluster tree and let kt ∈ N, t ∈ TI , be given. A family
of matrices V (t) ∈ C

t×kt is called cluster basis for the cluster tree TI and the rank
distribution (kt)t∈TI .

Let cluster bases U := {U(t), t ∈ TI} and V := {V (s), s ∈ TJ} with associated
rank distributions (kU

t )t∈TI and (kV
s )s∈TJ be given. The following set of uniform

H -matrices (see [127]) is a subset of the set of H -matrices.

Definition 2.36. Let TI×J be a block cluster tree generated from the cluster trees TI
and TJ . Furthermore, let U and V be cluster bases for TI and TJ . A matrix A ∈C

I×J

satisfying

Ats = U(t)S(t,s)V (s)H for all admissible t× s ∈L (TI×J) (2.20)

and some S(t,s) ∈ C
kU

t ×kV
s is called uniform hierarchical matrix for U and V .

Condition (2.20) means that Ats is in the subspace

span{Ui(t)Vj(t)H , i = 1, . . . ,kU
t , j = 1, . . . ,kV

s },

where Ui and Vj denote the ith and the jth column of U and V , respectively. In con-
trast to H -matrices, uniform H -matrices of common cluster bases form a linear
subspace of C

I×J , which avoids rounding sums. Note that this subspace property
would also hold under the weaker condition that each of the two cluster bases de-
pends on t and s, i.e.,

Ats = U(t,s)S(t,s)V (t,s)H

instead of (2.20).
Let k = max{kU

t ,kV
s ; t ∈ TI , s ∈ TJ}. If many uniform H -matrices of common

cluster bases U and V are to be stored, U and V should be stored separately from
the coefficient matrices S(t,s). The storage requirements of the latter are of the order
k min{|I|, |J|}, which due to

∑
t∈TI

∑
t×s∈P

min{k2, |t|2} ≤ csp ∑
t∈TI

min{k2, |t|2}

can be seen from (1.15). Here, we have assumed that for clusters t,s from the same
level it holds that |t| ≈ |s|.

However, storing the cluster bases still requires k[|I|L(TI) + |J|L(TJ)] units of
storage due to Lemma 1.21. This situation can be improved by introducing a sec-
ond hierarchy. The following space of H 2-matrices (see [136]) consists of uniform
H -matrices of given cluster bases U and V which are nested.
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Definition 2.37. A cluster basis V is called nested if for each t ∈ T \L (T ) there
are transfer matrices Bt ′t ∈ C

kt′×kt such that

(V (t))t ′ = V (t ′)Bt ′t for all t ′ ∈ S(t).

Storing a nested cluster basis requires storing V (t) for all leaf clusters t ∈L (T )
and the transfer matrices Bt ′t , t ′ ∈ S(t), for all t ∈ T \L (TI), which can be done with
order k|I| units of storage due to (1.15); cf. [129].

Definition 2.38. An H 2-matrix is a uniform H -matrix with nested cluster bases.

While in [136] the Taylor expansion is used to show existence of H 2-matrix ap-
proximants, in [103] a practical procedure for their construction is proposed which
is based on polynomial interpolation. Since polynomials do not provide an optimal
approximation system, algebraic recompression techniques [44, 41] can be used to
improve the approximant. The complexity k|I| can also be achieved by the method
presented in Sect. 3.5, which uses the conceptionally easier uniform H -matrices.

2.11.0.2 Matrix-Vector Multiplication

The matrix-vector multiplication y := y+Ax of an H 2-matrix A by a vector x ∈C
J

can be done by the following three-phase algorithm; cf. [136].

1. Forward transform
In this first phase, transformed vectors x̂(s) := V (s)Hxs are computed for all
s ∈ TJ . Exploiting the nestedness of the cluster basis V , one has the following
recursive relation

x̂(s) = V (s)Hxs = ∑
s′∈S(s)

BH
s′sV (s′)Hxs′ = ∑

s′∈S(s)
BH

s′sx̂(s
′),

which has to be applied starting from the leaf vectors x̂(s) = V (s)Hxs, s ∈
L (TJ).

2. Far field interaction
In the second phase the products S(t,s)x̂(s) are computed and summed up over
all clusters in Rt := {s ∈ TJ : t× s ∈ P is admissible}:

ŷ(t) := ∑
s∈Rt

S(t,s)x̂(s), t ∈ TI .

3. Backward transform
In this third phase, the vectors ŷ(t) are transformed to the target vector y. The
nestedness of the cluster basis U provides the following recursion which de-
scends the cluster tree TI

(a) Compute ŷ(t ′) := ŷ(t ′)+Bt ′t ŷ(t) for all t ′ ∈ S(t);
(b) Compute yt := yt +U(t)ŷ(t) for all leaf clusters t ∈L (TI).
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4. Near field interaction
Compute yt := yt +Atsxs for all non-admissible blocks t× s ∈ P.

The previous matrix-vector multiplication is an algebraic generalization of the fast
multipole method; see [121] and the improved version [122]. The number of oper-
ations is of the order of the number of involved matrix entries and hence k[|I|+ |J|].
H 2-matrices will therefore improve the asymptotic complexity of H -matrices by
a single logarithmic factor due to the nestedness of the cluster bases. If variable
order techniques are used, i.e., the rank

k(�) = [α(L (TI)− �)+β ]γ

with parameters α,β , and γ is chosen depending on the level � of a block, then one
can guarantee linear complexity; cf. [136, 227, 184]. Variable order approximations,
however, are feasible only in very special situations.

In addition to the matrix-vector multiplication, H 2-matrices admit matrix opera-
tions such as matrix addition and matrix multiplication with different cluster bases;
see [42] for addition and multiplication algorithms of complexity k3|I|. For these
operations, however, the problem arises that the cluster bases required to hold the
results of addition and multiplication differ from the bases of the input matrices and
are usually unknown.

2.12 Using Hierarchical Matrices for Preconditioning

When investigating the complexity of algorithms for the solution of linear systems
arising from the discretization of a continuous problem, one considers a sequence
of systems

Anxn = bn, n→ ∞, (2.21)

where each An ∈ C
n×n is invertible. However, for the sake of readability the index

n is usually dropped whenever this dependency is obvious from the context. For the
solution of (2.21) either direct or iterative solvers can be used. The complexity of
direct solvers such as Gaussian elimination applied to fully populated linear sys-
tems is of cubic order and hence prohibitively large. There are improved variants
(cf. [78, 4, 230]) of Gaussian elimination if A is sparse. Due to fill-in, these methods
are efficient only in two spatial dimensions. The presented hierarchical LU decom-
position from Sect. 2.9 could in principle be used to compute an approximate LU
decomposition with almost linear complexity. H -matrices, however, can be mul-
tiplied by a vector with complexity kn logn and a much smaller (hidden) constant.
The iterative Krylov subspace methods (cf. [223]) such as the conjugate gradient
method (CG) [145] or the method of generalized minimal residuals (GMRes)
[224], which the matrix A enters only through the matrix-vector product, will hence
be faster provided that the number of iterations is small enough.
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It is well known that the convergence of Krylov subspace methods is determined
by spectral properties such as the distribution of eigenvalues if A is normal or the
numerical range in the general case. Depending on the mapping properties of the
underlying differential or integral operator A , its discretization A and hence also
its H -matrix approximant AH may be ill-conditioned. In addition, a large condi-
tion number can result from the coefficients of the operator or the discretization of
the geometry even for small n; see Sect. 3.6. Therefore, if (2.21) is to be solved
iteratively, one has to incorporate a preconditioner.

A left preconditioner is a regular and easily invertible matrix C such that C ≈
A−1

H in the sense that the distribution of eigenvalues of CAH leads to an improved
convergence of the respective iteration scheme, where instead of (2.21) one solves
the equivalent linear system

CAH x = Cb.

The convergence rate of Krylov subspace methods in the Hermitian case is deter-
mined by the spectral condition number of CAH . Hence, C has to be chosen such
that cond2(CAH ) ∼ 1. If AH is non-Hermitian, the aim of preconditioning is to
obtain a spectrum of CAH which is clustered away from the origin. When Krylov
subspace methods are used, it is not necessary to form the preconditioned matrix
CAH . Instead, vectors should be multiplied by AH and C consecutively. If C is
used as a right preconditioner, (2.21) is replaced by

AH Cx̃ = b.

In the latter case, the solution x can be obtained as x = Cx̃. In this section only
right preconditioners are considered. Left preconditioners can be constructed anal-
ogously.

Since H -matrices provide efficient approximations to the inverse and to the LU
decomposition, they are particularly suited for preconditioning. Although the results
of this section are proved for the approximate inverse, they are obviously also valid
if the approximate LU decomposition AH ≈ LH UH is used as C = (LH UH )−1.
The aim of this section is to establish a relation between the condition number of
AH C and the approximation accuracy ε of the inverse in the Hermitian case. For
non-Hermitian coefficient matrices we will present lower bounds for the distance
of a cluster of eigenvalues of AH C and the origin; cf. [22]. This relation will be
used to find out the required size of ε . It will be seen that a low-accuracy approxi-
mate inverse of AH is sufficient to guarantee a bounded number of preconditioned
iterations of appropriate iterative schemes. In addition, the derived condition will
guarantee required properties of the preconditioner such as invertibility and posi-
tivity. Moreover, the number of iterations will depend neither on the operator nor
on the computational domain but only on the accuracy ε . Numerical experiments
in Sect. 3.6 and Sect. 4.4 will demonstrate the effectiveness of the preconditioner
when it is applied to fully populated matrices arising from the discretization of in-
tegral operators and to sparse discretizations of partial differential operators.

In the first part of this section the case of Hermitian positive definite coefficient
matrices AH is treated, the second part concentrates on the non-Hermitian case.
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2.12.1 Hermitian Positive Definite Coefficient Matrices

Depending on the operator A , the approximation AH to the discrete operator A ∈
R

n×n is often Hermitian positive definite. If (2.21) is to be solved iteratively, the
preconditioned conjugate gradient method (PCG) is the method of choice. Its
convergence rate and hence the number of iterations required to obtain a prescribed
accuracy of the solution is determined by the distribution of eigenvalues of AH ; see
Theorem 2.40.

Typically, the condition number of A grows for an increasing number of un-
knowns n. The aim of this section is to present preconditioners C such that the
number of iterations for the preconditioned coefficient matrix AH C is bounded by
a constant. A bounded number of iterations, in turn, is guaranteed by an asymptoti-
cally well-conditioned matrix AH C.

Definition 2.39. Let {An}n∈N
be a sequence of Hermitian matrices. Assume that

there is a constant c > 0 such that

cond2(An)≤ c (2.22)

for all n ∈ N. Then {An}n∈N
is said to be asymptotically well-conditioned.

The following theorem (cf. [9]) describes the convergence of the conjugate gra-
dient method. The estimate is formulated in terms of the norm ‖x‖AH

:= ‖AH x‖2.

Theorem 2.40. Let the spectrum of AH C be decomposed in the following way:

σ(AH C) =
{

λ ′i , i = 1, . . . , p
}∪Λ ∪{λ ′′i , i = 1, . . . ,q

}
, Λ ⊂ [a,b].

Then for the error xk− x, k = 0, . . . ,n−1, of the iterate xk of PCG it holds that

‖xk− x‖AH
≤ 2(cond2(AH C)+1)p

(√
b/a−1√
b/a+1

)k−p−q

‖x0− x‖AH
.

Hence, if AH C is asymptotically well-conditioned, we may choose Λ = σ(AH C).
In this case, PCG converges linearly, and the number of iterations depends only on
the condition number of AH C and not on n.

Although asymptotically well-conditioned coefficient matrices lead to a bounded
number of iterations, this number might still be large since the constant in (2.22)
usually depends on the coefficients of the underlying operator A , the geometry, and
its discretization. This influence might be even more severe than the dependence on
n; see the numerical experiments in Sect. 3.6 and Sect. 4.4. As we shall see in the
next lemma, the condition

‖I−AH C‖2 ≤ ε < 1, (2.23)

in which ε does not depend on n, leads to an asymptotically well-conditioned
matrix AH C. Spectral equivalence of two matrices A and B does not require A to
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approximate B. The matrix 2B, for instance, has the same preconditioning effect
as B. However, if they approximate in a certain sense, any condition number in
the neighborhood of 1 can be achieved by decreasing the approximation error. Es-
pecially, this allows to guarantee problem-independent convergence rates, whereas
non-approximating preconditioners usually are only able to guarantee the bounded-
ness of the condition number.

Lemma 2.41. Assume that (2.23) holds. Then

cond2(AH C) = ‖AH C‖2‖(AH C)−1‖2 ≤ 1+ ε
1− ε

. (2.24)

Proof. The assertion follows from the triangle inequality

‖AH C‖2 ≤ ‖I‖2 +‖I−AH C‖2 ≤ 1+ ε

and from the Neumann series

‖(AH C)−1‖2 ≤
∞

∑
k=0
‖I−AH C‖k

2 =
1

1− ε
.

��
Note that (2.24) provides an explicit bound on the condition number. The choice
ε = 0.5, for instance, guarantees that cond2(AH C)≤ 3. In addition, condition (2.23)
guarantees that C is non-singular. To see this, let λ be an eigenvalue of AH C with
associated eigenvector z, ‖z‖2 = 1, then

|1−λ |= ‖(I−AH C)z‖2 ≤ ‖I−AH C‖2 ≤ ε < 1. (2.25)

Hence, with AH C also C is non-singular. In order to be able to apply PCG, C ad-
ditionally needs to be Hermitian positive definite. It is interesting to see that this is
already guaranteed by condition (2.23).

Lemma 2.42. Assume that AH is Hermitian positive definite. Then any Hermitian
matrix C satisfying (2.23) is positive definite, too.

Proof. According to the assumptions, the square root A1/2
H of AH is defined. Since

AH C is similar to the Hermitian matrix A1/2
H CA1/2

H , the eigenvalues of AH C are

real. Moreover, for the smallest eigenvalue of A1/2
H CA1/2

H it follows from (2.25) that

λmin(A
1/2
H CA1/2

H ) = λmin(AH C)≥ 1− ε.

Let x �= 0 and y = A−1/2
H x. Then y �= 0 and we have

xHCx = yHA1/2
H CA1/2

H y≥ (1− ε)‖y‖2
2 > 0,

which proves that C is positive definite. ��
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From the approximation by H -matrices usually error estimates of the form

‖AH −C−1‖2 ≤ ε‖AH ‖2 or ‖A−1
H −C‖2 ≤ ε‖A−1

H ‖2 (2.26)

instead of (2.23) are satisfied. In this case, the following lemma describes a sufficient
condition on ε .

Lemma 2.43. Assume that (2.26) holds with ε > 0 such that ε ′ := ε cond2(AH ) < 1.
Then

cond2(AH C)≤ 1+ ε ′

1− ε ′
.

Proof. Assume first that ‖AH −C−1‖2 ≤ ε‖AH ‖2. Since

‖I− (AH C)−1‖2 = ‖(AH −C−1)A−1
H ‖2 ≤ ε ‖AH ‖2‖A−1

H ‖2 = ε cond2(AH ),

one can apply the estimates of the proof of Lemma 2.41 with AH C replaced by
(AH C)−1.

If ‖A−1
H −C‖2 ≤ ε‖A−1

H ‖2, then

‖I−AH C‖2 = ‖AH (A−1
H −C)‖2 ≤ ε ‖AH ‖2‖A−1

H ‖2 = ε cond2(AH )

gives the assertion. ��
The stronger condition ε cond2(AH ) < 1 implies that ε has to go to zero if AH is
not well-conditioned. This, however, will not destroy the almost linear complexity
since it will be seen that the complexity of the H -matrix approximation depends
logarithmically on the accuracy ε .

2.12.1.1 Clusters of Eigenvalues

From Theorem 2.40 it can also be seen that few small or large eigenvalues λ ′i and
λ ′′i do not affect the rate of convergence. Therefore, the distribution of eigenval-
ues within the spectrum is even more important for the rate of convergence than
the condition number, which depends only on the minimum and maximum eigen-
value of AH C. A faster convergence of PCG can be obtained by a condition on the
distribution neglecting the size of the interval.

Definition 2.44. By γA(ε) we denote the number of eigenvalues of A ∈ R
n×n lying

outside a disc of radius ε > 0 centered at the origin. The eigenvalues of a sequence of
matrices {An}n∈N

are said to have a cluster at 0 if γAn(ε) is bounded independently
of n. The eigenvalues of {An}n∈N

are said to have a cluster at z ∈C if {An− zIn}n∈N

has a cluster at 0.

If AH and C are Hermitian positive definite and AH C has a cluster at 1, then
PCG converges super-linearly; i.e., for all sufficiently large n the residual in the kth
step is bounded by cqk for all 0 < q < 1. Why this super-linear convergence happens
is explained in [9].
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The following theorem states that for the existence of eigenvalue clusters the
approximation C of A−1

H does not have to be too accurate.

Theorem 2.45. Let {An}n∈N
⊂R

n×n be a bounded sequence, i.e., ‖An‖F ≤ c, where
c does not depend on n. Then both the singular values and the eigenvalues of
{An}n∈N

cluster at 0.

Proof. By νA(ε) we denote the number of singular values σi(A), i = 1, . . . ,n, of A
lying outside a disc of radius ε > 0 centered at the origin. Assume that νA(ε) >
c2/ε2. Then

c2 < νA(ε)ε2 ≤
n

∑
i=1

σ2
i (A) = ‖A‖2

F ,

which gives the contradiction. Hence, νA(ε)≤ c2/ε2.
In order to prove the same property for the eigenvalues, let A = QT QH be Schur’s

form with unitary Q and upper triangular matrix T with the eigenvalues of A on its
diagonal. The assertion follows from

‖A‖2
F = ‖T‖2

F ≥
n

∑
i=1
|λi(A)|2

and the same arguments as above. ��
Therefore, if for C it holds that

‖I−AH C‖F ≤ c

with a constant c > 0 which does not depend on n, then the eigenvalues of AH C
cluster at 1 and PCG converges super-linearly. Note that in order to guarantee that C
is positive definite, we can employ the stabilized rounded addition from Sect. 2.5.1
during the computations without any further assumption on c.

2.12.2 Non-Hermitian Coefficient Matrices

If A is not self-adjoint, then AH cannot be expected to be Hermitian. In this case,
not the spectral condition number of the coefficient matrix but the distance of a
cluster of eigenvalues to the origin usually determines the convergence rate of appro-
priate Krylov subspace methods such as GMRes, BiCGStab, and MinRes. Neverthe-
less, a low-accuracy approximate inverse will be sufficient to guarantee a bounded
number of iterations.

For the convergence of GMRes, for instance, the numerical range

F (AH C) :=
{

xHAH Cx : x ∈ C
n, ‖x‖2 = 1

}
of AH C is of particular importance. It is known (see [117]) that for the kth iterate
xk of GMRes applied to Ax = b it holds that
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‖b−AH xk‖2 ≤ 2
(

r
|z|
)k

‖b‖2

provided that F (AH C)⊂ Br(z), where Br(z) denotes the closed disc around z with
radius r. A similar behavior can be observed for other non-Hermitian Krylov sub-
space methods. Condition (2.23) implies that F (AH C) ⊂ Bε(1), which follows
from

|xHAH Cx−1|= |xH(AH C− I)x| ≤ ‖I−AH C‖2 ≤ ε for all x ∈ C
n, ‖x‖2 = 1.

Therefore, (2.23) also leads to a problem-independent convergence

‖b−AH xk‖2 ≤ 2εk‖b‖2 (2.27)

of GMRes.
In the following chapters these results will be used when solving problems arising

from the discretization of integral operators and boundary value problems.



Chapter 3
Approximation of Discrete Integral Operators

In the following chapters we turn to the major concern of this book, the efficient
numerical solution of elliptic boundary value problems

L u = f in Ω (or Ω c), (3.1a)
γ0u = gD on ΓD, (3.1b)
γ1u = gN on ΓN (3.1c)

on bounded Lipschitz domains Ω ⊂ R
d or its complement Ω c := R

d \Ω . The op-
erator L is a second order partial differential operator which may be scalar or a
system of m operators

(L u)k =−
d

∑
i, j=1

m

∑
�=1

∂i(ck�
i j ∂ j + γk�

i )u� +β k�
j ∂ ju� +δ k�u�, k = 1, . . . ,m, (3.2)

with coefficient functions ck�
i j , β k�

j , γk�
i , and δ k�, i, j = 1, . . . ,d, k, � = 1, . . . ,m. Be-

sides f , the Dirichlet data gD and the Neumann data gN are given on parts ΓD and ΓN
of the boundary ∂Ω =: Γ = Γ D∪Γ N . In (3.1), γ0 and γ1 denote the Dirichlet trace
and the conormal derivative

(γ1u)k :=
d

∑
i, j=1

m

∑
�=1

nick�
i j ∂ ju� on ΓN ,

where n(x) denotes the outer normal in the point x ∈ΓN . In addition to Dirichlet and
Neumann conditions, also conditions of Robin type γ1u− cγ0u = gR with given gR
on ΓR ⊂ Γ may appear.

The differential operator L is assumed to be uniformly elliptic in the sense that
the following Legendre-Hadamard condition (see [101]) holds

d

∑
i, j=1

m

∑
k,�=1

ck�
i j viwkv jw� ≥ λL ‖v‖2‖w‖2 for all v ∈ R

d , w ∈ R
m, (3.3)
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where ‖ ·‖ denotes the Euclidean norm and λL > 0 is a positive constant. Addition-
ally, we assume that

max
x∈Ω

|ck�
i j (x)| ≤ΛL , i, j = 1, . . . ,d, k, � = 1, . . . ,m.

Boundary value problems of type (3.1) are used to model problems arising in
many fields of science such as stationary heat transfer, the computation of electro-
magnetic fields, and ideal flows. The easiest example of operators L is the Lapla-
cian L =−∆ . An example for systems of boundary value problems are the Lamé
equations

−µ�∆u− (λ + µ)∇divu = f , (3.4)

which arise from linear isotropic elasticity. Here, �∆ is a diagonal d×d matrix having
the entries ∆ , and λ ,µ > 0 denote the Lamé constants. Operator (3.4) is in the class
of operators (3.2) with coefficients ck�

i j = µδi jδk� +(λ +µ)δikδ j�, where δk� denotes
the Kronecker symbol. Therefore,

d

∑
i, j=1

m

∑
k,�=1

ck�
i j viwkv jw� = µ‖v‖2‖w‖2 +(λ + µ)(v ·w)2 ≥ µ‖v‖2‖w‖2

such that the Lamé operator satisfies condition (3.3). Another example of systems
of partial differential operators is the operator

L := curlcurl −α∇div, α > 0, (3.5)

which arises from Maxwell’s equations. Since curlcurl =−�∆ +∇div, we obtain that

L =−�∆ +(1−α)∇div.

Hence, the curl-curl operator has a similar structure as the Lamé operator. As a
consequence, ck�

i j = δi jδk� +(α−1)δikδ j� gives

d

∑
i, j=1

m

∑
k,�=1

ck�
i j viwkv jw� = ‖v‖2‖w‖2 +(α−1)(v ·w)2.

If α ≥ 1, then the previous expression is obviously bounded by ‖v‖2‖w‖2 from
below. In the other case, 0 < α < 1, we observe that

‖v‖2‖w‖2 +(α−1)(v ·w)2 = α‖v‖2‖w‖2 +(1−α)[‖v‖2‖w‖2− (v ·w)2]

≥ α‖v‖2‖w‖2

due to the Cauchy-Schwarz inequality.
The components of the solution of (3.1) are searched in Sobolev spaces

W k,p(Ω) := {u ∈ Lp(Ω) : ∂ α u ∈ Lp(Ω) for all |α| ≤ k}, k ∈ N0, p ∈ N,
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where as usual by ∂ α we denote the weak derivative

∂ α =
(

∂
∂x1

)α1
(

∂
∂x2

)α2

. . .

(
∂

∂xd

)αd

with the multi-index α ∈ N0 and |α|= α1 + · · ·+αd . We will also make use of the
notations xα = xα1

1 · . . . · xαd
d and α! = α1! · . . . ·αd!. The set W k,p

0 (Ω) is defined as
the closure of the set

C∞
0 (Ω) := {u ∈C∞(Ω) : supp u⊂Ω}

in W k,p(Ω) with respect to the norm

‖u‖W k,p(Ω) :=

(
∑
|α|≤k

‖∂ α u‖p
Lp(Ω)

)1/p

.

Here, supp u := {x ∈Ω : u(x) �= 0} denotes the support of u in Ω . For p = 2 we
obtain the Hilbert spaces Hk(Ω) :=W k,2(Ω) and Hk

0 (Ω) :=W k,2
0 (Ω) with the scalar

product

(u,v)Hk(Ω) := ∑
|α|≤k

∫
Ω

∂ α u∂ α vdx.

The Sobolev space H−k(Ω) of negative order is defined as the dual space of Hk
0(Ω).

Sobolev spaces Hs(Γ ), s∈R, on the boundary can be defined using parametriza-
tions of Γ . The definition of Hs(Γ ), |s| ≤ k, therefore requires that the boundary Γ
is in Ck−1,1. For a part Γ0 ⊂ Γ of the boundary Γ one can introduce Sobolev spaces
Hs(Γ0) and H̃s(Γ0), s≥ 0, by

Hs(Γ0) := {u|Γ0 : u ∈ Hs(Γ )} and H̃s(Γ0) := {u|Γ0 : u ∈ Hs(Γ ), supp u⊂ Γ 0}

with the norm

‖u‖Hs(Γ0) := inf{‖ũ‖Hs(Γ ) : ũ ∈ Hs(Γ ), ũ|Γ0 = u}.

Negative Sobolev spaces on the part Γ0 of the boundary are defined again by duality

H−s(Γ0) := [H̃s(Γ0)]′ and H̃−s(Γ0) := [Hs(Γ0)]′.

For further properties of Sobolev spaces the reader is referred to [2].
Since (3.1) usually cannot be solved analytically, it is discretized by finite dif-

ference, finite element or finite volume methods; see [126]. The latter methods are
particularly useful if the computational domain Ω is bounded and the operator L
has nonsmooth coefficients. If exterior boundary value problems are to be solved,
then the reformulation of the boundary value problem (3.1) as an integral equation
on the boundary of Ω has several advantages. Boundary integral formulations do not
require the discretization of unbounded domains as volume methods do. Although
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a careful choice of artificial, absorbing boundary conditions can reduce the size of
the computational domain, the finite element method may suffer from grid disper-
sion errors leading to spurious solutions. In addition, the generation of meshes for
boundaries is much easier than meshing a volume. Due to the reduced spatial di-
mension, the number of degrees of freedom of boundary element discretizations is
significantly smaller than the number of degrees of freedom in volume discretiza-
tions. A reformulation of (3.1) as a boundary integral equation, however, is possible
only if f = 0 and if the coefficients of the operator are constant or at least sufficiently
smooth. Piecewise constant coefficients can be handled by substructuring methods
(see [243] for an overview) among which are the recently introduced BETI meth-
ods [174]. The advantages of both finite element (FE) and boundary element (BE)
methods can be exploited by coupling them on unbounded domains; see [70].

While in Chap. 4 hierarchical matrices are applied to finite element discretizations,
in this chapter we concentrate on the fast numerical treatment of boundary integral
or more generally non-local operators. In Sect. 3.1 a brief overview of boundary
element methods will be given in order to gain insight into the properties that can
be exploited by efficient schemes. Due to the non-locality, discretizations of such
operators are usually fully populated matrices such that at least n2 operations are
necessary to compute the matrix entries, which require n2 units of storage. Here
and in the rest of this book, n denotes the number of degrees of freedom. The latter
property was a long-thought disadvantage of integral methods compared with the
sparse structure of finite element matrices, for instance.

In order to avoid dense matrices, different approaches have been introduced. For
rotational invariant geometries, the arising matrices are likely to have Toeplitz struc-
ture, which can be exploited (cf. [210]) by algorithms based on the fast Fourier trans-
form. However, such structures are not present in general; for the approximation by
a sum of circulant and low-rank matrices see [33]. The pre-corrected FFT method
[204] appropriately modifies the discrete operator such that the grid is replaced by
a regular one, on which translational invariant kernels lead to Toeplitz matrices.

Fast methods which can be applied in a quite general setting usually rely on
approximation. Since the discrete solution cannot be expected to be more ac-
curate than the discretization error, we can admit additional errors which are
of the same order. Existing approximate methods can be subdivided into two
classes. If the underlying geometry can be described by a small number of smooth
maps, wavelet techniques can be used for compressing the discrete operators; see
[40, 3, 73, 255, 232, 256, 171]. Instead of the usual ansatz and trial functions
these methods employ wavelet basis functions for the discretization of the inte-
gral operator. Although the latter approach leads to sparse and asymptotically well-
conditioned coefficient matrices, the efficient computation of the remaining entries
is still subject of current research. Improvements of the applicability of wavelets to
unstructured grids and complicated geometries have been reported in [251, 142].

The second class of approximate methods exploits the local existence of degen-
erate approximants to the kernel function κ of the integral operator; i.e.,
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κ(x,y)≈
k

∑
�=1

u�(x)v�(y), (3.6)

where k is a small number. This idea originating from the Barnes-Hut algorithm
[14] was refined in the fast multipole method (FMM) [215, 121, 118, 122] and the
panel clustering algorithm [138, 226, 139]. For an overview on many papers on
the fast multipole method see [192]. A generalization of the fast multipole method
to asymptotically smooth kernel functions is proposed in [51, 50, 103]. Instead of
spherical harmonics, the more flexible algebraic polynomials are used. In Sect. 3.2 it
will be proved that the kernel functions arising from boundary integral formulations
of (3.1) is asymptotically smooth provided that the Legendre-Hadamard condition
(3.3) is satisfied. This will be done by proving a Caccioppoli-type estimate for the
arising kernel functions. A similar result will be proved also for the biharmonic
operator, which is a forth order elliptic partial differential operator.

Section 3.3 is devoted to the construction of degenerate kernel approximants.
Asymptotically smooth kernel functions are shown to admit approximations of
type (3.6) on pairs of domains satisfying the admissibility condition (1.9) from
Example 1.13. We will present the standard construction, which is based on poly-
nomial interpolation, and a second technique which is not based on any specific
system of interpolation but uses restrictions of the kernel function for its approx-
imation. Note that kernel approximation methods can also be applied to integral
operators which do not stem from the reformulation of boundary value problems.
The kernel function of many integral operators such as the Gauß transform possess
properties which makes them well-suited for these methods. Further examples will
be given in Sect. 3.3.

The mentioned methods provide an efficient (approximate) representation of the
discrete operator for multiplying it by a vector with logarithmic-linear complexity.
Hence, they are well-suited for iterative solvers such as Krylov subspace methods.
In recent years, (3.6) has been regarded more from an algebraic point of view. On
the discrete level, property (3.6) means that admissible blocks of the discrete op-
erator can be approximated by matrices of low rank; cf. Sect. 3.3. This gave rise to
the mosaic-skeleton method [252, 111, 110] and to hierarchical matrices [127, 133].
We have already pointed out in Sect. 2.11 that H 2-matrices [136] are an algebraic
generalization of the fast multipole method which in particular can handle poly-
nomial based fast multipole methods; see [130]. Using H 2-matrices with variable
order techniques (cf. [227, 250, 184]), it is possible to treat discrete integral oper-
ators with exactly linear complexity. Variable order approximations can, however,
be applied only in very special situations. Existence results and numerical exper-
iments (see [227, 136, 184, 250]) concentrate on pseudo-differential operators of
order zero. Throughout this book we will therefore use H -matrices for the efficient
treatment of the arising matrices.

Based on the results of Sect. 3.3, in Sect. 3.4 we present an efficient and easy to
use method, the adaptive cross approximation (ACA) algorithm [17, 32, 26], which
aims at the construction of low-rank approximants from few of the original entries
of a discrete integral operator instead of approximating its kernel function. Since the
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convergence will be proved for asymptotically smooth functions, this method can be
applied in particular to the integral formulation of any elliptic boundary value prob-
lem. The parallelization of this technique will be considered too. It will be proved
that ACA provides quasi-optimal results in the sense that, up to constants, the ap-
proximation error is smaller than in any other system of approximation including
polynomials and spherical harmonics which multipole methods are based on. We
report the results of applying this technique to the Laplacian on complicated do-
mains and to problems from elasticity. In Sect. 3.5 we present a method which is
based on recompression of the approximation obtained by ACA. Note this recom-
pression technique differs significantly from the algebraic technique presented in
Sect. 2.6. The latter method is able to improve constants in the asymptotic complex-
ity, while the former allows to obtain the asymptotic complexity of H 2-matrix and
preserves the convenient properties of ACA.

The application of ACA to realistic and challenging problems will be considered
in Sect. 3.6. Once an efficient representation of a discrete integral operator has been
constructed, it often appears as the coefficient matrix of a linear system. The solution
is usually done by an iterative Krylov method, the efficiency of which is determined
by spectral properties such as the distribution of the eigenvalues in the normal case
and the numerical range of the coefficient matrix. Since the spectrum of most of
the arising discrete operators is unbounded, preconditioning is necessary. For this
purpose, approximate LU decompositions (see Sect. 2.9) can be computed, which
can serve as preconditioners. A major practical advantage of such preconditioners
is that they can be computed directly from the coefficient matrix by a black-box
procedure.

Instead of constructing efficient methods which are based on applying the dis-
crete operator to a vector in an efficient way, in [66, 151, 178] fast direct methods
have been proposed in two spatial dimensions. Although the hierarchical LU de-
composition could be employed as a direct solver also in general dimensions, we
will use it for preconditioning purposes only. The usage as a direct solver, however,
should be preferred in situations involving multiple right-hand sides.

3.1 Boundary Integral Formulations

Assume that gD ∈H1/2(ΓD) and gN ∈H−1/2(ΓN). Then the solution u of (3.1) can be
expected to be uniquely determined by the conditions on the boundary Γ provided
that the Dirichlet part has positive measure. Pure Neumann problems can also be
treated if additional constraints are imposed. Under these conditions the boundary
value problem (3.1) with f = 0 can be reformulated as integral equations on the
boundary Γ ; cf. [229, 65, 182, 242, 228]. For simplicity, we restrict ourselves to the
leading part of the operator L ; i.e., we consider operators

(L u)k =−
d

∑
i, j=1

m

∑
�=1

∂i(ck�
i j ∂ j)u�, k = 1, . . . ,m.
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Assume that for L a singularity function S, i.e., an m×m matrix of functions
satisfying

L S = δ Im in R
d ,

can be found. Here, δ denotes Dirac’s δ . The existence of S can be guaranteed at
least for operators L with constant coefficients; cf. [164]. Since S will appear as
part of the kernel function of the resulting integral operators, it is advantageous to
know S explicitly. Singularity functions for many operators can be found in [170].

The boundary element method is applied to various partial differential operators
such as the Lamé equations and the Helmholtz operator −∆ −ω2, ω ∈ R, arising
from acoustics. The reformulation of the different types of boundary value problems
as boundary integral equations is based on common principles; cf. [71]. For simplic-
ity we explain briefly how the boundary integral equations are derived if L = −∆
is the Laplacian. In this case, the conormal derivative γ1 coincides with the normal
derivative ∂ν . The respective integral equations for the Lamé operator can be found
in (3.74).

Making use of Green’s representation formula (cf. [182])

±u(x) = (V t)(x)− (K u)(x), x ∈Ω (x ∈Ω c), (3.7)

the solution u of (3.1) can be represented in Ω or its exterior Ω c by the Dirichlet
data u(x) and the Neumann data t(x) := ∂ν u(x) for x ∈ Γ . In (3.7), V denotes the
single-layer potential operator

(V w)(y) :=
∫

Γ
S(x− y)w(x)dsx, y ∈ R

d ,

acting on w on the boundary Γ =ΓD∪ΓN . K is the double-layer potential operator

(K w)(y) :=
∫

Γ
w(x)∂νx S(x− y)dsx, y ∈ R

d .

Here,

S(x) =

⎧⎪⎨
⎪⎩
− 1

2 |x|, d = 1,

− 1
2π ln‖x‖, d = 2,

1
(d−1)ω ′d

‖x‖2−d , d ≥ 3
(3.8)

denotes the singularity function of the Laplacian and ω ′d is the surface measure of
the unit sphere in R

d .
Applying the trace operators γ0 and γ1 to the representation formula (3.7) together

with the jump relations

∂ν(V w)(y) → (K ′w)(y0)± 1
2

w(y0),

(K w)(y) → (K w)(y0)∓ 1
2

w(y0)
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for y→ y0 ∈ Γ , y ∈ Ω (y ∈ Ω c), yields the following system of boundary integral
equations on Γ [

γ0u
γ1u

]
=
[± 1

2I −K V
D ± 1

2I +K ′

][
γ0u
γ1u

]
(3.9)

in which
(K ′w)(y) :=

∫
Γ

w(x)∂νyS(x− y)dsx, y ∈ Γ ,

denotes the adjoint of K and D is the hypersingular operator which results from
applying the negative Neumann trace γ1 to the double-layer potential operator. It is
known (see, for instance, [182]) that V : H̃−1/2(ΓD)→ H1/2(ΓD) is continuous and
H̃−1/2(ΓD)-coercive; i.e.,

〈V w,w〉L2(ΓD) ≥ cV ‖w‖2
H̃−1/2(ΓD) for all w ∈ H̃−1/2(ΓD). (3.10)

Furthermore, D : H̃1/2(ΓN)→H−1/2(ΓN) is continuous and H̃1/2(ΓN)-coercive; i.e.,

〈Dw,w〉L2(ΓN) ≥ cD‖w‖2
H̃1/2(ΓN) for all w ∈ H̃1/2(ΓN) (3.11)

provided that ΓD has positive measure. The operator K : H1/2(Γ )→ H1/2(Γ ) is
continuous; i.e.,

〈K v,w〉L2(Γ ) ≤ cK ‖v‖H1/2(Γ )‖w‖H1/2(Γ ) for all v,w ∈ H1/2(Γ ). (3.12)

Since u is known only on ΓD and t is known only on ΓN , we have to complete
the Cauchy data [γ0u,γ1u]. Let g̃D and g̃N denote the canonical extensions of gD and
gN to Γ . Setting ũ := u− g̃D and t̃ := t− g̃N , we have to compute ũ ∈ H̃1/2(ΓN) and
t̃ ∈ H̃−1/2(ΓD). Since ũ = 0 on ΓD and t̃ = 0 on ΓN , from (3.9) we obtain

−V t̃ +K ũ = V g̃N −
(

1
2
I +K

)
g̃D on ΓD, (3.13a)

K ′t̃ +D ũ =
(

1
2
I −K ′

)
g̃N −D g̃D on ΓN (3.13b)

for the inner boundary value problem. The previous system of integral equations is
referred to as the symmetric boundary integral formulation of the mixed bound-
ary value problem (3.1); see [236, 70, 237]. It is uniquely solvable for non-vanishing
Dirichlet boundaries ΓD; cf. [182].

Remark 3.1. For the approximation by degenerate functions it will be important that
the kernel functions κ of the arising integral operators A : V →V ′ of the form

(A v)(y) :=
∫

Γ
κ(x,y)v(x)dsx (3.14)

consist of normal derivatives of the singularity function S.
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After approximating the manifold Γ by possibly curved triangles and quadri-
laterals (d = 3) or segments (d = 2), each operator λI + A appearing in (3.13)
is discretized as λM + A, where the mass matrix M and the stiffness matrix A de-
pend on the respective discretization method being used. Let ϕ j, j ∈ J, be a basis
of the finite-dimensional ansatz space Vh ⊂ V ; i.e., the solution uh is sought of the
form uh = ∑ j∈J u jϕ j. In addition to piecewise linears also piecewise constant basis
functions are commonly used together with one of the following three discretization
methods.

(i) Galerkin method: Let Wh ⊂ V ′ be a finite-dimensional trial space with asso-
ciated basis ψi, i ∈ I. (λI +A )uh = g is tested in variational form∫

Γ
λuhψi +(A uh)ψi ds =

∫
Γ

gψi ds, i ∈ I.

In this case, mi j = (ϕ j,ψi)L2(Γ ) and

ai j =
∫

Γ

∫
Γ

κ(x,y)ψi(y)ϕ j(x)dsx dsy, i ∈ I, j ∈ J.

(ii) Collocation method: The boundary integral equation is tested at collocation
points yi ∈ Γ , i ∈ I. Then mi j = ϕ j(yi) and

ai j =
∫

Γ
κ(x,yi)ϕ j(x)dsx, i ∈ I, j ∈ J.

(iii) Nyström method: In addition to testing the equation at collocation points
yi ∈ Γ , i ∈ I, the integral in (3.14) is replaced by a quadrature rule Q( f ) =
∑i∈I ωi f (y′i) with weights ωi ∈R and nodes y′i ∈Γ such that ϕ j(y′i) = δi j. Then
mi j = ϕ j(yi) and

ai j = ω jκ(y′j,yi), i ∈ I, j ∈ J.

Note that the evaluation of the Coulomb potential

∑
j∈J

q j

|x− y j|

of point sources q j located at points y j, j ∈ J, can be regarded as the matrix-
vector multiplication of a Nyström matrix with the vector q := (q j) j=1,...,n.

In all three cases, M is sparse and A is a fully populated matrix. Since M does not
produce any numerical difficulties, we will concentrate on A. The entries of M can
be added to the non-admissible blocks of an approximant of A, because M vanishes
on admissible blocks. For the discretization A of operators A it may happen that
|I| �= |J|. This is, for instance, the case if in the Galerkin method the ansatz space
consists of piecewise linears and for the trial space piecewise constants are used.

Although the above discretization methods have principle differences, they can be
treated in a common way when approximating the resulting matrices by data-sparse
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methods. If t ⊂ I and s⊂ J, we define the following linear operators Λ1,t : L2(Γ )→
R

t , Λ2,s : L2(Γ )→ R
s. For i ∈ t and j ∈ s let

(Λ1,t f )i =
∫

Γ f (x)ψi(x)dsx, (Λ2,s f ) j =
∫

Γ f (x)ϕ j(x)dsx Galerkin method,

(Λ1,t f )i = f (yi), (Λ2,s f ) j =
∫

Γ f (x)ϕ j(x)dsx collocation method,

(Λ1,t f )i = f (yi), (Λ2,s f ) j = ω j f (y′j) Nyström method.

With this notation, each block Ats of the stiffness matrix A ∈ R
I×J takes the form

Ats = Λ1,tA Λ ∗
2,s, (3.15)

where Λ ∗
2,s : R

s → L2(Γ ) is the adjoint of Λ2,s : L2(Γ )→ R
s defined by

(Λ ∗
2,sz, f )L2(Γ ) = zT (Λ2,s f ) for all z ∈ R

s, f ∈ L2(Γ ).

Additionally, we define the supports of Λ : L2(Γ )→ R
t by

supp Λ = Γ \G,

where G is the largest open set such that Λϕ = 0 for all ϕ satisfying supp ϕ ⊂ G.
With this definition we set

Yi := supp Λ1,i, i ∈ I, Xj := supp Λ2, j, j ∈ J.

The operators Λ1,i and Λ2, j project A onto one-dimensional subspaces. For the
purpose of data-sparse approximation the following localization effect of Λ1,i and
Λ2, j is even more important. The latter operators guarantee that for computing the
entry ai j the kernel function κ is evaluated on Xj×Yi. Hence, for the sub-block Ats
we have to evaluate κ on Xs :=

⋃
j∈s Xj and Yt :=

⋃
i∈t Yi. For collocation methods,

for instance, this means that κ is evaluated on the supports Xj = {y j} and Yi =
supp ψi of Λ2, j and Λ1,i. The localizing effect is obvious for Λ2, j. The latter property
for Λ1,i results from the fact that FE basis functions ψi are locally supported. In the
following we will therefore refer to Λ1,i and Λ2, j as localizers.

As an example for the application of discretization methods to (3.13) we con-
sider the case that the Galerkin method is used. The partially known Neumann
data is searched of the form th := ∑n′

i=1 tiψi, where ψi are piecewise constants such
that Wh := span{ψi, i = 1, . . . ,n′} ⊂H−1/2(Γ ). Furthermore, let Vh := span{ϕ j, j =
1, . . . ,n} be made of piecewise linears. The discrete variational formulation of (3.13)
leads to the following algebraic system of equations for the unknown coefficients
u ∈ R

nD and t ∈ R
n′N of uh and th[−V K

KT D

][
t
u

]
=
[

V − 1
2 M−K

1
2 M−KT −D

][
g̃N
g̃D

]
=:
[

fN
fD

]
. (3.16)

The entries of the above matrices are
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Vk� = (V ψ�,ψk)L2 , Kk j = (K ϕ j,ψk)L2 , Di j = (Dϕ j,ϕi)L2 ,

where k, � = 1, . . . ,n′N and i, j = 1, . . . ,nD.
The convergence analysis of the above discretization methods is a generalization

of the finite element analysis; cf. [259, 260]. Let (ũ, t̃) ∈ H2(ΓN)×H1(ΓD), be the
solution of (3.13). In the described setting the convergence of uh and th against ũ and
t̃ can be completely analyzed for h→ 0. Using Céa’s lemma it can be shown that

‖ũ−uh‖2
H1/2(ΓN) +‖t̃− th‖2

H−1/2(ΓD) ≤ ch3
(
‖ũ‖2

H2(ΓN) +‖t̃‖2
H1(ΓD)

)
.

Hence, the discrete solution (uh, th) convergences for decreasing mesh size h → 0
against the continuous solution (ũ, t̃) of (3.13); cf. [182]. Green’s representation
formula (3.7) can be used to generate an approximation of u from the computed
approximate Cauchy data (uh, th).

3.2 Asymptotic Smoothness of Kernel Functions

In this section we will lay theoretical ground to the efficient treatment of systems of
partial differential operators

(L u)k =−
d

∑
i, j=1

m

∑
�=1

∂i(ck�
i j ∂ j)u� +δuk, k = 1, . . . ,m, (3.17)

with constant coefficients ck�
i j and δ satisfying the Legendre-Hadamard condition

(3.3). We will prove that the associated singularity functions are asymptotically
smooth.

Definition 3.2. A function κ : Ω ×R
d →R satisfying κ(x, ·) ∈C∞(Rd \{x}) for all

x ∈ Ω is called asymptotically smooth in Ω with respect to y if constants c and γ
can be found such that for all x ∈Ω and all α ∈ N

d
0

|∂ α
y κ(x,y)| ≤ cp!γ p |κ(x,y)|

‖x− y‖p for all y ∈ R
d \{x}, (3.18)

where p = |α|.
Instead of (3.18) sometimes (see, for instance, [49]) the condition

|∂ α
y κ(x,y)| ≤ cp!γ p‖x− y‖−s−p for all x �= y (3.19)

on the derivatives of κ is used with some s ∈R. In the wavelet community the latter
condition is referred to as the Calderón-Zygmund property. Note that conditions
(3.18) and (3.19) are equivalent if κ has an algebraic singularity for x = y. Condition
(3.18), however, better accounts for logarithmic singularities as they often appear for
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d = 2. For instance, the singularity function S(x) = ‖x‖2 log‖x‖ of the biharmonic
operator ∆ 2 (cf. [58]) satisfies (3.18) as we shall see, but it satisfies the alternative
condition (3.19) only from the third derivative on.

Let F : L2(Ω)→ L2(Ω) denote the Fourier transform defined by

(Fv)(x) =
1

(2π)d/2

∫
Rd

e−ix·yv(y)dy,

which is normalized such that F∗ = F−1. From F[∂ α u](ξ ) = ξ α(2πi)|α|Fu(ξ ), it
follows that

−∂ick�
i j ∂ ju� =−F∗F(∂ick�

i j ∂ ju�) = (2π)2F∗(ck�
i j ξiξ jFu�)

and using (3.3) for u ∈ [H1
0 (Ω)]m together with ‖Fu‖L2(Ω) = ‖u‖L2(Ω) one has

d

∑
i, j=1

m

∑
k,�=1

∫
Ω

ck�
i j ∂iuk∂ ju� dx = (2π)2

d

∑
i, j=1

m

∑
k,�=1

∫
Ω

ck�
i j ξiξ jFukFu� dx (3.20a)

≥ (2π)2λL

d

∑
i=1

m

∑
�=1

∫
Ω
|ξiFu�|2 dx (3.20b)

= λL

d

∑
i=1

m

∑
�=1

∫
Ω
|F(∂iu�)|2 dx (3.20c)

= λL

d

∑
i=1

m

∑
�=1
‖∂iu�‖2

L2 = λL ‖J(u)‖2
L2 , (3.20d)

where J(u) ∈ R
m×d denotes the Jacobian of u.

The previous estimate does not hold for variable coefficients ck�
i j . In this case,

either one has to consider operators (L u)k = −∑d
i, j=1 ∑m

�=1 ck�
i j ∂i∂ ju + δuk instead

of the divergence form (3.17) or the stronger condition

d

∑
i, j=1

m

∑
k,�=1

ck�
i j vikv j� ≥ λL ‖v‖2 for all v ∈ R

dm (3.21)

has to be imposed instead of the Legendre-Hadamard condition (3.3). It is easily
verified that the curl-curl operator (3.5) satisfies (3.21) only for α ≥ 1.

In order to prove asymptotic smoothness, we first derive the following
Caccioppoli-type inequality with the usual technique, which uses cut-off functions.
This equation embodies the so-called interior regularity of elliptic problems. Let
D⊂ R

d be a domain having an intersection with Ω that has positive measure.

Lemma 3.3. Assume that u ∈ [H1(D)]m is a weak solution of L u = 0 in D∩Ω and
u = 0 in D\Ω . Then for any compact set K ⊂ D it holds that

‖J(u)‖L2(K) ≤
cL

σ
‖u‖L2(D),
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where

cL =

√
8d2m

ΛL

λL

(
1+2dm

ΛL

λL

)
+2

σ2

λL
|δ | and σ = dist(K,∂D).

Proof. Let η ∈C1(D) satisfy 0 ≤ η ≤ 1, η = 1 in K, η = 0 in a neighborhood of
∂D and |∂iη | ≤ 2/σ , i = 1, . . . ,d, in D. With u ∈ [H1(Ω)]m it follows that η2u ∈
[H1

0 (D∩Ω)]m. From

∂i(η2uk)∂ ju� = ∂i(ηuk)∂ j(ηu�)+uk∂iη∂ j(ηu�)−u�∂i(ηuk)∂ jη−uku�∂iη∂ jη

we obtain using
∫

D η2uk(L u)k dx = 0 that for any ε > 0

d

∑
i, j=1

m

∑
k,�=1

∫
Ω

ck�
i j ∂i(ηuk)∂ j(ηu�)dx+δη2uku�

≤ΛL

d

∑
i, j=1

m

∑
k,�=1

∫
Ω
|uk||u�||∂iη ||∂ jη |+2|uk||∂iη ||∂ j(ηu�)|dx

≤ 4ΛL
d
σ

d

∑
j=1

m

∑
k,�=1

∫
Ω

1
σ
|uk||u�|+ |uk||∂ j(ηu�)|dx

≤ 4ΛL
d
σ

(
m

d
σ
‖u‖2

L2 +
d

∑
j=1

m

∑
k,�=1

(∫
Ω
|uk|2 dx

)1/2(∫
Ω
|∂ j(ηu�)|2 dx

)1/2
)

≤ 2ΛL
dm
σ

(
2

d
σ
‖u‖2

L2 +
d
ε

m

∑
k=1

∫
Ω
|uk|2 dx+ ε

d

∑
j=1

m

∑
�=1

∫
Ω
|∂ j(ηu�)|2 dx

)

= 2ΛL
d2m
σ2

(
2+

σ
ε

)
‖u‖2

L2(Ω) +2ΛL
dm
σ

ε
∫

Ω
‖J(ηu)‖2

F dx,

where we have used that 2ab≤ a2/ε + εb2 for all a,b ∈ R. From (3.20) we obtain

λL

∫
D
‖J(ηu)‖2

F dx≤
(

2
d2mΛL

σ2

(
2+

σ
ε

)
+ |δ |

)
‖u‖2

L2(D)

+2
dmΛL

σ
ε
∫

D
‖J(ηu)‖2

F dx.

This leads to

‖J(u)‖2
L2(K) ≤ ‖J(ηu)‖2

L2(D) ≤
1

σ2
2d2mΛL (2+σ/ε)+σ2|δ |

λL −2dmΛL ε/σ
‖u‖2

L2(D).

Choosing ε = λL σ/(4dmΛL ) gives the desired result. ��
Remark 3.4. From the previous proof it can be seen that non-negative δ do not enter
the constant cL .
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In order to derive pointwise estimates, we need the following estimate for u sat-
isfying L u = 0 in Br(x)⊂ R

d and k ∈ N

‖u‖Hk(Bρ (x)) ≤ c(k,ρ,r)‖u‖L2(Br(x)) for all 0 < ρ < r, (3.22)

where c depends on the coefficients of L . Estimate (3.22) can be derived by ap-
plying Lemma 3.3 iteratively on a sequence of balls Br�(x), � = 1, . . . ,k. Due to the
Sobolev embedding theorem, (3.22) states that L -harmonic functions are locally
C∞. In particular, (3.22) gives for the choice k = d +1

sup
Bρ (x)

|u| ≤ c‖u‖Hd+1(Bρ (x)) ≤ c̃(ρ,r)‖u‖L2(Br(x)).

Using a rescaling argument, we obtain for x ∈Ω and 0≤ r ≤ dist(x,∂Ω)

sup
Bρ (x)

|u| ≤ cRr−d/2‖u‖L2(Br(x)), 0 < ρ < r, (3.23)

with cR > 0 independent of ρ and r.
Asymptotic smoothness of the entries of S is a prerequisite of wavelet com-

pression methods and kernel approximations based on interpolation. Additionally,
it will be seen that the convergence of the ACA algorithm (see Sect. 3.4) can be
proved for discrete integral operators with this type of kernel functions. Asymp-
totic smoothness is usually checked for each singularity matrix under investigation.
The following lemma states that the entries of the singularity function of opera-
tors (3.17) always have this property. Its proof relies on the Caccioppoli inequal-
ity (see Lemma 3.3), which will be applied to Ω = R

d . We already know that
S(x−·) ∈C∞(D) is L -harmonic in each domain D⊂ R

d \{x}.
Lemma 3.5. The entries of the singularity matrix S(x− y) of L are asymptotically
smooth in R

d with respect to y.

Proof. Let x∈R
d be arbitrary but fixed. For y∈R

d \{x} let R = ‖x−y‖/2. Assume
that a function u is L -harmonic in Br(y), 0 < r < R. Choosing 0 < ρ < r and
ρ ′ := (r +ρ)/2, we obtain from (3.23) and Lemma 3.3 that

sup
z∈Bρ (y)

|∂ziu(z)|2 ≤ c2
R

ρ ′d
∫

Bρ ′ (y)
|∂ziu(z)|2 dz≤ c2

Rc2
L

ρ ′d(r−ρ ′)2

∫
Br(y)

|u(z)|2 dz (3.24a)

≤ 2d+2 ωdrd

(r +ρ)d
c2

Rc2
L

(r−ρ)2 sup
z∈Br(y)

|u(z)|2. (3.24b)

Here, ωd denotes the volume of the unit ball in R
d .

Let α ∈ N
d
0 be a multi-index and p = |α|. We define a nested sequence of balls

Bk = {z ∈ R
d : ‖z− y‖< Rk/(p+1)}, k = 1, . . . , p+1,
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centered at y. Then Bk ⊂ BR(y) ⊂ R
d \ {x} and dist(Bk,∂Bk+1) = R/(p + 1). Esti-

mate (3.24) for ρ = Rk/(p+1) and r = R(k +1)/(p+1) reads

sup
z∈Bk

|∂ziu(z)| ≤ 2d/2+1
(

k +1
2k +1

)d/2 cRcL
√

ωd

R
(p+1) sup

z∈Bk+1

|u(z)|

= c′L
p+1

R

(
2k +2
2k +1

)d/2

sup
z∈Bk+1

|u(z)|, k = 1, . . . , p,

where c′L := 2cRcL
√

ωd . Applying the previous estimate consecutively to the p
partial derivatives of the function Si j(x, ·), which together with each of its derivatives
∂ α

y Si j(x− y) is L -harmonic in BR(y)⊂ R
d for arbitrary α ∈ N

d
0, we end up with

sup
z∈B1

|∂ α
z Si j(x− z)| ≤ (p+1)d/4

(
c′L (p+1)

R

)p

sup
z∈Bp+1

|Si j(x− z)|

since ∏p
k=1

2k+2
2k+1 ≤

√
p+1. Using (p+1)p ≤ epp and Stirling’s approximation

√
2π p

( p
e

)p
< p!,

we obtain

|∂ α
y Si j(x− y)| ≤ e√

2π
2d/4 p!

(
2

d−2
8

c′L e
R

)p

sup
z∈BR(y)

|Si j(x− z)|

due to p ≤ 2p/2. Since Si j(x−·) is harmonic on BR(y), Harnack’s inequality gives
supz∈BR(y) |Si j(x− z)| ≤ cH |Si j(x− y)| and hence the assertion. ��

The previous lemma guarantees that the singularity function S of any elliptic
operator is asymptotically smooth. As a consequence, the kernel function of the
double-layer operator

κ(x,y) := ∂νx S(x− y) =
1

4π
∂νx‖x− y‖−1 =

1
4π

νx · (y− x)
‖x− y‖3

with the unit outer normal νx in x ∈ Γ of the Laplacian in R
3 is asymptotically

smooth on Γ with respect to y. The hypersingular operator contains normal deriva-
tives with respect to both variables such that the associated kernel function cannot
be expected to be asymptotically smooth with respect to y if the boundary Γ is non-
smooth. The action of the hypersingular operator, however, is usually reduced to
the single- and double-layer operators via integration by parts; cf. [180, 190] in the
case of the Laplacian and [167, 141] for the Lamé equations; see (3.77). Using such
alternative representations, the kernel of the hypersingular operator can be deemed
to be asymptotically smooth.

Example 3.6. In [52] the singularity function
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S(x) :=
e−c‖x‖

‖x‖ , Rec > 0,

of the operator −∆ +c2, c ∈C, which appears, for instance, in eddy current simu-
lations, is shown to be asymptotically smooth with

|∂ α
y S(x− y)| ≤ p!(

√
1+ tan2 β +2)p

‖x− y‖p+1 , p = |α|. (3.25)

Here, β is defined by tanβ := Imc
Rec .

The singularity function

S(x) :=
eiω‖x‖

‖x‖ , ω ∈ R, i :=
√−1,

of the Helmholtz operator−∆−ω2, i.e., the limit Rec→ 0, is not covered by this es-
timate since the constant in (3.25) becomes unbounded. Its asymptotic smoothness,
however, can be seen from Lemma 3.5. Notice that the constant γ grows linearly
with the wave number ω . Due to Remark 3.4, the non-negative constant ω2 in the
Yukawa operator −∆ +ω2 does not enter γ . This observation reflects the fact that
the positive term ω2 shifts the non-negative spectrum of −∆ to the positive, while
−ω2 leads to oscillations of the solution.

3.2.1 The Biharmonic Equation

A Caccioppoli-type inequality can be derived for many other problems (see [31] for
regularizations of the curl-curl operator) including nonlinear ones and differential
operators of higher order such as the biharmonic operator ∆ 2. The biharmonic
equation

∆ 2u = 0

is used to model the deflections arising in two-dimensional rectangular orthotropic
symmetric laminate plates. The plate can be subjected to external perpendicular
force and one is interested in the resulting deflections. Various boundary conditions
can be applied to the problem.

Lemma 3.7. Assume u∈H2(Ω) such that ∆ 2u = 0 in D∩Ω with u = 0 and ∇u = 0
on D\Ω . Then for any compact set K ⊂ D it holds that

‖∇u‖2
L2(K) +σ2‖∆u‖2

L2(K) ≤
c

σ2 ‖u‖2
L2(D),

where σ = dist(K,∂D).

Proof. Let η ∈C2(D) satisfy 0≤ η ≤ 1, η = 1 in K, η = 0 in a neighborhood of ∂D
and ‖∇pη‖≤ c/σ p for 0≤ p≤ 3. With u∈H2(Ω) it follows that η2u∈H2

0 (D∩Ω).
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From

|∆(η2u)|2 = ∆u∆(η4u)+u2|∆η2|2 +4u∆η2∇u ·∇η2

+4|∇u ·∇η2|2−2u∆u‖∇η2‖2

and

1
4
|∇u ·∇η2|2 = div[u∇η(∇η ·∇(η2u))]−‖∇η‖2u∇u ·∇η2−u‖∇η‖2∆(η2u)

−2u∆η∇(η2u) ·∇η

it follows that∫
D
|∆(η2u)|2 dx = ‖u∆η2‖2

L2 +
∫

D
(4∆η2−16‖∇η‖2)u∇u ·∇η2

−2
∫

D
u∆u‖∇η2‖2 dx−16

∫
D

u‖∇η‖2∆(η2u)dx

−32
∫

D
u∆η∇(η2u) ·∇η dx

due to
∫

D ∆u∆(η4u)dx = 0 and due to the vanishing of the integrals over the diver-
gence term. Furthermore,

u∆u‖∇η2‖2 = div[u‖∇η2‖2∇u]−‖∇η2‖2‖∇u‖2−2u∆η2∇u ·∇η2

and

1
4
‖∇η2‖2‖∇u‖2 = div[u∇(η2u)‖∇η‖2]−u‖∇η‖2∆(η2u)−‖∇η‖2u∇u ·∇η2

−2u∆η∇(η2u) ·∇η

lead to∫
D
|∆(η2u)|2 dx = ‖u∆η2‖2

L2 +8
∫

D
(∆η2−3‖∇η‖2)u∇u ·∇η2

−24
∫

D
u‖∇η‖2∆(η2u)dx−48

∫
D

u∆η∇(η2u) ·∇η dx.

As the last step, we use the identity 2u∇u · v = div[|u|2v]− |u|2∇v for all v ∈ R
d ,

which gives∫
D
|∆(η2u)|2 dx = ‖u∆η2‖2

L2 −4
∫

D
∇[(2η∆η−‖∇η‖2)∇η2]|u|2 dx

−24
∫

D
u‖∇η‖2∆(η2u)dx−48

∫
D

u∆η∇(η2u) ·∇η dx.

Due to the Cauchy-Schwarz inequality together with
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‖u‖∇η‖2‖L2‖∆(η2u)‖L2 ≤ 1
ε
‖u‖∇η‖2‖2

L2 + ε‖∆(η2u)‖2
L2

≤ c4

εσ4 ‖u‖2
L2 + ε‖∆(η2u)‖2

L2

and

‖u∆η‖L2‖∇(η2u) ·∇η‖L2 ≤ 1
ε
‖u∆η‖2

L2 + ε‖∇(η2u) ·∇η‖2
L2

≤ c2

εσ4 ‖u‖2
L2 +

c2ε
σ2 ‖∇(η2u)‖2

L2

for arbitrary ε > 0 we have

∫
D
|∆(η2u)|2 dx≤ c′

σ4 ‖u‖2
L2 +24ε‖∆(η2u)‖2

L2 +48ε
c2

σ2 ‖∇(η2u)‖2
L2 ,

where c′ depends on c and is bounded for ε → 0. Using the Poincaré inequality
‖∇(η2u)‖L2 ≤ cP/σ‖∆(η2u)‖L2 , we arrive at[

1−24ε
(

1+2
c2

Pc2

σ4

)]∫
D
|∆(η2u)|2 dx≤ c′

σ4 ‖u‖2
L2 .

With the choice

ε =
1
48

(
1+2

c2
Pc2

σ4

)−1

the assertion follows from

1
σ2 ‖∇u‖2

L2(K) +‖∆u‖2
L2(K) ≤

1
σ2 ‖∇(η2u)‖2

L2(D) +‖∆(η2u)‖2
L2(D)

≤ (c2
P +1)‖∆(η2u)‖2

L2(D) ≤
2(c2

P +1)c′

σ4 ‖u‖2
L2(D).

��
The asymptotic smoothness of the arising kernel functions will be used in the

following section to show existence of degenerate kernel approximations.

3.3 Approximation by Degenerate Kernels

In this section we consider matrices A ∈ R
I×J with sub-blocks Ats of the form

Ats = Λ1,tA Λ ∗
2,s, (3.26)

which arise (cf. Sect. 3.1) from the discretization of integral operators
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(A v)(y) =
∫

Ω
κ(x,y)v(x)dµx, y ∈Ω . (3.27)

Here, Ω ⊂ R
d denotes the domain of integration and µ is an associated measure. If

Ω is a (d−1)-dimensional manifold in R
d , for instance, then µ denotes the surface

measure. Note that strongly singular kernels are not excluded. However, then the
integral in (3.27) has to be defined by an appropriate regularization.

The aim of this section is to show that the kernel function κ of A can be ap-
proximated under reasonable assumptions, such as the asymptotic smoothness, by a
small sum of functions with separated variables; see the introductory Example 1.12.

Definition 3.8. Let D1,D2⊂R
d be two domains. A kernel function κ : D1×D2→R

is called degenerate if k∈N and functions u� : D1→R and v� : D2→R, � = 1, . . . ,k,
exist such that

κ(x,y) =
k

∑
�=1

u�(x)v�(y), x ∈ D1, y ∈ D2.

The number k is called degree of degeneracy.

Before we turn to the construction of degenerate approximants, we point out
their importance for the existence of low-rank approximants to the matrix A. Due
to the representation (3.26) with localizers Λ1,t and Λ2,s, for a sub-block t × s of
the discrete operator A the kernel function κ is evaluated only on the product of the
supports Xs and Yt of Λ2,s and Λ1,t . Assume that κ is degenerate on Xs×Yt . Later
on, we will find conditions on t and s for this assumption to hold. Let

a� = Λ1,t v� ∈ R
t and b� = Λ2,su� ∈ R

s, � = 1, . . . ,k.

For z ∈ R
s we have

bT
� z = (u�,Λ ∗

2,sz)L2(Xs).

Since for y ∈ Yt

(A Λ ∗
2,sz)(y) =

∫
Xs

κ(x,y)(Λ ∗
2,sz)(x)dµx =

∫
Xs

k

∑
�=1

u�(x)v�(y)(Λ ∗
2,sz)(x)dµx

=
k

∑
�=1

v�(y)
∫

Xs

u�(x)(Λ ∗
2,sz)(x)dµx =

k

∑
�=1

v�(y)bT
� z,

we obtain for the sub-block Ats of A

Ats = Λ1,tA Λ ∗
2,s = Λ1,t

k

∑
�=1

v�bT
� =

k

∑
�=1

(Λ1,t v�)bT
� =

k

∑
�=1

a�bT
� . (3.28)

The rank of Ats is obviously bounded by k. Therefore, degenerate kernels lead to
low-rank matrices if t and s are large enough compared with k; i.e., if k(|t|+ |s|) <
|t||s|. Note that the contrary, i.e., that a small rank k implies a degenerate kernel
function of degree k, is not true in general. A block’s rank is also affected by the
geometry and by the discretization.
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Example 3.9. We consider functions f (x,y) which for each x are polynomial in y of
order at most k, i.e., f (x, ·) ∈Π d

k . Then, f is degenerate on R
d×R

d of degree

dim Π d
k = |

{
α ∈ N

d
0 : |α| ≤ k

}
|=

k

∑
�=0

(
�+d−1

�

)
=
(

k +d
d

)
≤ (k +1)d .

The restriction f (x, ·)|H of f (x, ·) to the hyperplane H := {(x,0) : x ∈ R
d−1} is de-

generate of degree at most (k+1)d−1 since f (x, ·)|H is a (d−1)-variate polynomial
of degree at most k. The boundary Γ ⊂ R

d arising from practical applications often
consists of hyperplanes, on which a lower degree of degeneracy thus is sufficient.
Note that a reduction of the degree cannot be expected for any hypersurface.

In most applications, the kernel function κ is not degenerate. Besides, a degener-
ate kernel function would imply the compactness of the operator A . The degeneracy
of κ cannot even be expected on subdomains. However, many kernel functions in-
cluding asymptotically smooth kernels can be approximated locally by degenerate
ones.

As a starting point we present degenerate approximations of kernels together with
the corresponding error estimates for problems that are usually treated by boundary
integral methods. In the following three examples we assume that x,y ∈ R

d with
‖x‖> ‖y‖. Furthermore, we will use the notation x̂ = x/‖x‖ for x �= 0.

Example 3.10 (Coulomb potential). The singularity function of the Laplacian −∆
is the Coulomb potential shown in (3.8). For d = 3 one can easily prove the error
estimate ∣∣∣∣ 1

‖x− y‖ −κp(x,y)
∣∣∣∣≤ 1

‖x‖−‖y‖
(‖y‖
‖x‖
)p

, (3.29)

where

κp(x,y) =
p−1

∑
�=0

1
2�+1

‖y‖�
‖x‖�+1 P�(x̂ · ŷ)

is the multipole expansion. The degeneracy becomes visible by the addition theo-
rem of spherical harmonics

P�(x̂ · ŷ) =
4π

2�+1 ∑
|m|≤�

Y m
� (x̂)Y−m

� (ŷ) (3.30)

with the spherical harmonics Y m
� of order � and degree m, |m| ≤ �, and the �th Legen-

dre polynomial P�.

Example 3.11 (Helmholtz kernel). The singularity function of the Helmholtz opera-
tor −∆ −ω2, ω ∈ R, in d spatial dimensions is

S(x) =
i
4

(
ω

2π‖x‖
)d/2−1

H(1)
d/2−1(ω‖x‖),
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where H(1)
� denotes the �th Hankel function of the first kind. The most important

cases are

S(x) =

{
i
4 H(1)

0 (ω‖x‖), d = 2,
1

4π
eiω‖x‖
‖x‖ , d = 3.

The next two error estimates are taken from [109]. We first consider the two-
dimensional case. For d = 2 it holds that∣∣∣H(1)

0 (ω‖x− y‖)−κp(x,y)
∣∣∣≤ c

eω‖x‖√
ω‖x‖ p

(‖y‖
‖x‖
)p

, (3.31)

where

κp(x,y) =
p−1

∑
�=0

H(1)
� (ω‖x‖)J�(ω‖y‖)T�(x̂ · ŷ).

Here, J� and T� denote the Bessel function and the Chebyshev polynomial of �th
order. The separation of the variables x and y can be achieved by taking into account
that T� is a polynomial of order �.

A similar estimate is valid in three spatial dimensions:∣∣∣∣∣e
iω‖x−y‖

‖x− y‖ −κp(x,y)

∣∣∣∣∣≤ c
eω‖x‖

‖x‖ p2
(‖y‖
‖x‖
)p

, (3.32)

where

κp(x,y) = iπ
p−1

∑
�=0

(
�+

1
2

) H(1)
�+ 1

2
(ω‖x‖)√‖x‖

J�+ 1
2
(ω‖y‖)√‖y‖ P�(x̂ · ŷ).

The degeneracy follows from (3.30). Compared with the approximation of the ker-
nel function of the Laplacian, the error estimates suffer from possibly high wave
numbers ω .

Example 3.12 (Lamé kernel). The singularity function of the operator associated
with the Lamé equations (3.4) is the d×d, d ≥ 2, matrix

S(x) =
λ +3µ

2µ(λ +2µ)

[
S∆ (x)Id +

λ + µ
ωd(λ +3µ)

xxT

‖x‖d

]
,

where S∆ is the singularity function of the Laplacian, Id ∈ R
d×d is the identity and

ωd denotes the volume of the unit sphere in R
d . Since S is closely related with S∆ ,

techniques from the approximation of S∆ can be used to approximate S; cf. [143].

Similar techniques can be applied to the singularity function of the curl-curl op-
erator.

Example 3.13 (curl-curl operator). The singularity function of the curl-curl operator
(3.5) is the d×d, d ≥ 2, matrix
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S(x) =
α +1

2α
S∆ (x)Id +

α−1
8πα

xxT

‖x‖d ,

where S∆ again denotes the singularity function of the Laplacian.

The previous four examples show that the respective kernel can be approximated
at points x and y satisfying ‖x‖ > ‖y‖. Let ξD2 be the Chebyshev center of a set
D2⊂R

d , i.e., the center of the ball with minimum radius ρD2 containing D2. In order
to guarantee that the latter condition holds for all x stemming from a set D1 ⊂R

d in
the coordinate system with origin ξD2 , we have to require

η dist(ξD2 ,D1)≥ ρD2 , (3.33)

where we have added a parameter 0 < η < 1 in order to obtain uniform convergence
of the order η p in the error estimates (3.29), (3.31), and (3.32).

If the matrix block Ats is to be approximated by a low-rank matrix, the following
condition on t× s

η dist(ξYt ,Xs)≥ ρYt (3.34)

has to be imposed. Condition (3.34) satisfies the requirements of an admissibility
condition and can hence be used for generating an admissible block structure as
described in Chap. 1. Using the degenerate kernel approximant on Xs×Yt , a low-
rank matrix approximant is defined by (3.28). This principle is always exploited
by methods approximating the kernel. Degenerate kernel approximations are con-
structed using analytic arguments and then are related to low-rank matrices by the
above technique. As we have seen in Example 3.9, it seems more natural to gener-
ate the low-rank approximant directly from the matrix entries. An algorithm for this
purpose will be presented in Sect. 3.4. The following approximation results, how-
ever, will be important for the convergence analysis of the method from Sect. 3.4.

The admissibility condition (3.34) does not depend on the respective kernel. In
fact it will be seen in moment that it guarantees exponential convergence for all
kernels stemming from elliptic problems. However, the contrary is not true. Expo-
nentially convergent kernel approximants may exist although condition (3.34) is not
satisfied; see, for instance, the so-called weak admissibility condition from [134].

The following example, which arises from the Gauß transform

(G v)(x) =
∫

Rd
e−‖x−y‖2/σ v(y)dy, σ > 0,

shows that also other admissibility conditions may be required. Notice that in con-
trast to the previous examples the kernel function of G is not singular at all.

Example 3.14 (Gauß kernel). The following example is not connected with any el-
liptic differential operator. However, it can be shown that for all ‖y‖∞≤ r/

√
2, r < 1,

it holds that (see [16])

|e−‖x−y‖2 −κp(x,y)| ≤ (1− r)−d
d−1

∑
�=0

(
d
�

)
(1− rp)�

(
rp
√

p!

)d−�

,
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where

κp(x,y) = ∑
‖α‖∞<p

1
α!

e−‖x‖
2

d

∏
i=1

Hαi(x)y
αi

and Hk is the kth Hermite polynomial. The latter expansion is used in the fast Gauß
transform; cf. [119, 120].

The above error estimate shows that

|e−‖x−y‖2 −κp(x,y)| ≤ cη p

for x ∈ D1, y ∈ D2 provided that

ρ‖·‖∞
D2

≤ η

for some parameter 0 < η <
√

2.
In [208] the Taylor expansion is used for the construction of the degenerate kernel

approximation.

Instead of presenting a suitable degenerate approximation for each given kernel,
in the following two paragraphs we will construct degenerate kernels by approxima-
tion methods which can be equally applied to any asymptotically smooth function.

3.3.1 Degenerate Kernels through Taylor Expansion

Let κ : D1×D2 → R be analytic with respect to its second argument y and let ξD2
denote the Chebyshev center of D2. Then κ has a Taylor expansion

κ(x,y) = ∑
|α|<p

1
α!

∂ α
y κ(x,ξD2)(y−ξD2)

α +Rp(x,y),

where
Rp(x,y) := ∑

|α|≥p

1
α!

∂ α
y κ(x,ξD2)(y−ξD2)

α

denotes the remainder of the expansion, which converges to zero for p → ∞. The
rate of convergence, however, can be arbitrarily bad. Note that

Tp[κ](x,y) := ∑
|α|<p

1
α!

∂ α
y κ(x,ξD2)(y−ξD2)

α

is a degenerate kernel approximation. Since Tp[κ](x, ·)∈Π d
p−1, the degree of degen-

eracy is the dimension of the space of d-variate polynomials of order at most p−1

k = dim Π d
p−1 ≤ pd ;
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see Example 3.9. In order to be able to guarantee a specific complexity, i.e., to spec-
ify how p depends on the accuracy ε of the approximation, we have to make sure
that the expansion converges fast enough. An exponential convergence is desirable
and would lead to a logarithmic dependence of p on ε .

In the rest of this section we assume that the kernel function of the integral op-
erator (3.27) is asymptotically smooth with respect to y; see Definition 3.2. From
Remark 3.1 and Lemma 3.5 we know that the kernel functions of boundary integral
formulations of elliptic boundary value problems possess this property. The impor-
tance of asymptotic smoothness is that it leads to exponential convergence of the
Taylor series if D1 and D2 are far enough away from each other.

Lemma 3.15. Assume that (3.33) holds with η > 0 satisfying γ
√

dη < 1. If κ is
asymptotically smooth on the convex set D2 with respect to y, then it holds that

|κ(x,y)−Tp[κ](x,y)| ≤ c
(γ
√

dη)p

1− γ
√

dη
|κ(x,ξD2)|

for all x ∈ D1 and y ∈ D2. Here, ξD2 denotes the Chebyshev center of D2.

Proof. For the remainder Rp it holds that

|Rp(x,y)| ≤ ∑
|α|≥p

1
α!
|∂ α

y κ(x,ξD2)||(y−ξD2)
α |

≤ c |κ(x,ξD2)| ∑
|α|≥p

γ |α||α|!
α!‖x−ξD2‖|α|

|(y−ξD2)
α |

= c |κ(x,ξD2)|
∞

∑
�=p

(
γ

‖x−ξD2‖
)�

∑
|α|=�

(
�

α

)
|(y−ξD2)

α |

≤ c |κ(x,ξD2)|
∞

∑
�=p

(
γ
√

d
‖y−ξD2‖
‖x−ξD2‖

)�

≤ c |κ(x,ξD2)|
∞

∑
�=p

(γ
√

dη)�

≤ c
(γ
√

dη)p

1− γ
√

dη
|κ(x,ξD2)|

due to ∑|α|=�

( �
α
)|ξ α |= (∑d

i=1 |ξi|)� ≤ d�/2‖ξ‖� for all ξ ∈ R
d . ��

The previous lemma shows that the Taylor expansion of asymptotically smooth
kernels converges exponentially with convergence rate γ

√
dη < 1. Thus, p∼ | logε|

is required to achieve a given approximation accuracy ε > 0. For the degree k of
degeneracy of Tp[κ] it follows that

k ∼ pd ∼ | logε|d .
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Notice that for the asymptotically smooth Coulomb potential κ(x,y) := ‖x− y‖−1

a degeneracy k ∼ | logε|3 is required if d = 3. If the multipole expansion from
Example 3.10 is used instead, k ∼ | logε|2 will be enough to guarantee an error
of the same order ε . Hence, the quality of the Taylor expansion, i.e., the quality
of algebraic polynomials, is worse than the multipole expansion for the Coulomb
potential.

Note that if κ is asymptotically smooth only with respect to the first argument
x, then ρD2 has to be replaced by ρD1 in (3.33). If κ is asymptotically smooth with
respect to both variables, then the symmetric condition

min{ρD1 ,ρD2} ≤ η dist(D1,D2) (3.35)

is sufficient.

3.3.2 Degenerate Kernels through Interpolation

In the preceding section we have seen that asymptotically smooth kernels can be
approximated on a pair of domains satisfying (3.33). Since truncated Taylor expan-
sions involve the computation of derivatives, this way of constructing degenerate
kernel approximations has only theoretical meaning. For practical purposes the con-
struction should rely on other approximations such as interpolation, which requires
only the evaluation of the kernel function. In addition, interpolation will provide us
with refined error estimates.

3.3.2.1 Interpolation on Tensor Product Grids

In this paragraph we concentrate on interpolation nodes on a tensor product grid

yα = (y(1)
α1 , . . . ,y(d)

αd ) ∈ D2, α ∈ N
d
0 , ‖α‖∞ < p, (3.36)

where y(ν)
i ∈ [aν ,bν ], i = 0, . . . , p−1, are pairwise distinct for each ν = 1, . . . ,d and

D2 := ∏d
ν=1[aν ,bν ].

We first consider the approximation of univariate functions by polynomials. In
the following lemma, which is due to Melenk (cf. [184]), the approximation er-
ror f − q, q ∈ Πp−1, is estimated with respect to the maximum norm ‖ f‖∞,M :=
supx∈M | f (x)|.
Lemma 3.16. Assume that f ∈C∞[a,b] is asymptotically smooth in the sense that

‖ f (p)‖∞,[a,b] ≤ c f p!γ p
f for all p ∈ N0.

Then
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min
q∈Πp−1

‖ f −q‖∞,[a,b] ≤ 4ec f (1+ γ f (b−a))p
(

1+
2

γ f (b−a)

)−p

.

Let y1, . . . ,yp ∈ [a,b] be pairwise distinct points and f ∈C[a,b]. By the previous
lemma we can estimate the interpolation error ‖ f−Ip f‖∞,[a,b] where the polynomial
Ip f ∈Πp−1 defined by

(Ip f )(y) =
p−1

∑
i=0

f (yi)Li(y), Li(y) :=
p−1

∏
j=0
j �=i

y− y j

yi− y j
,

interpolates f in yi, i = 0, . . . , p−1. Since Ip is a linear projection onto Πp−1, from

f −Ip f = f −q+Ip(q− f ) for all q ∈Πp−1

we obtain
‖ f −Ip f‖∞,[a,b] ≤ (1+‖Ip‖) min

q∈Πp−1
‖ f −q‖∞,[a,b], (3.37)

where
‖Ip‖ := max

{‖Ip f‖∞,[a,b]/‖ f‖∞,[a,b] : f ∈C[a,b]
}

denotes the Lebesgue constant, which is invariant under affine transformations of
variables. Equation (3.37) shows that approximation by the interpolation polynomial
is quasi-optimal.

In the next lemma the error ‖κ(x, ·)−Iy,pκ(x, ·)‖∞,D2 of the approximation by
interpolation is estimated for d = 1.

Lemma 3.17. Let D1,D2 ⊂ R such that D2 is a closed interval and D1 ∩D2 = ∅.
Let κ be asymptotically smooth with respect to y. Then for all x ∈ D1 it holds that

‖κ(x, ·)−Iy,pκ(x, ·)‖∞,D2 ≤ c̄
(

1+
2dist(x,D2)
γ diamD2

)−p

‖κ(x, ·)‖∞,D2 , (3.38)

c̄ := 4ecp(1+‖Ip‖)
(

1+ γ diamD2
dist(x,D2)

)
.

Proof. Lemma 3.16 together with (3.37) applied to f := κ(x, ·) gives the following
estimate on the interpolation error

‖κ(x, ·)−Iy,pκ(x, ·)‖∞,D2 ≤ (1+‖Ip‖)4ec f (1+γ f diamD2)p
(

1+
2

γ f diamD2

)−p

.

Replacing c f by csupy∈D2
|κ(x,y)| and γ f by γ/dist(x,D2) leads to the assertion.

��
Hence, the interpolation error decays exponentially for all x ∈ D1 if

diamD2 ≤ η dist(D1,D2)
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for any η > 0. Note that the well-known expression for the interpolation error

f (y)− (Ip f )(y) =
f (p)(ξ )

p!

p−1

∏
i=0

(y− yi)

for some ξ ∈ conv{y,y0, . . . ,yp−1} instead of Lemma 3.16 would have led to expo-
nential convergence only if 0 < η < 1/γ . An upper bound on η was also required
by all previous constructions such as the Taylor expansion.

It remains to find a bound for ‖Ip‖ by choosing the interpolation nodes. If the
Chebyshev nodes

t j :=
a+b

2
+

b−a
2
· cos

(
2 j +1

2p
π
)

, j = 0, . . . , p−1, (3.39)

are used for interpolation, then the Lebesgue constant can be shown (cf. [234]) to
depend only logarithmically on p

‖Ip‖ ≤ 1+
2
π

log p, (3.40)

which is asymptotically optimal. Later in this book we will exploit that the interpo-
lation can be rewritten in the form (see [234])

(Ip f )(y) =
p−1

∑
i=0

ciTi

(
2

y−a
b−a

−1
)

, (3.41)

where

c0 :=
1
p

p−1

∑
j=0

f (t j) and ci :=
2
p

p−1

∑
j=0

f (t j)cos i
2 j +1

2p
π, i = 1, . . . , p−1. (3.42)

Here, Tp(t) := cos(parccos(t)) denotes the pth Chebychev polynomial.
These properties of the univariate interpolation can be exploited for interpolating

multivariate functions f : D2 → R if we use the tensor product nodes from (3.36)
and the tensor product polynomials

Ip f := I
(1)
p · · ·I(d)

p f ∈Π d
(p−1)d , (3.43)

where I
(ν)
p f denotes the univariate interpolation operator applied to the ν th argu-

ment of f . Note that Iy,pκ is a degenerate kernel of degree pd since

Iy,pκ(x,y) = ∑
‖α‖∞<p

κ(x, tα)Lα(y),

where Lα(y(1), . . . ,y(d)) := ∏d
ν=1 Lαν (y(ν)) ∈ Π d

(p−1)d is the product of univariate
Lagrange polynomials Lαν . For the interpolation error we obtain from
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‖ f −Ip f‖∞ ≤ ‖ f −I
(1)
p f‖∞ +‖I(1)

p ( f −I
(2)
p · · ·I(d)

p f )‖∞

≤ ‖ f −I
(1)
p f‖∞ +‖I(1)

p ( f −I
(2)
p f )‖∞ + . . .

. . .+‖I(1)
p · · ·I(d−1)

p ( f −I
(d)
p f )‖∞

that

‖ f −Ip f‖∞ ≤
d

∑
i=1
‖ f −I

(i)
p f‖∞

i−1

∏
ν=1
‖I(ν)

p ‖. (3.44)

Theorem 3.18. Let D1 ⊂ R
d and D2 = ∏d

ν=1[aν ,bν ] such that

η dist(D1,D2)≥ max
ν=1,...,d

bν −aν ,

holds for an η > 0 satisfying cγη < 1. Let κ(x,y) be asymptotically smooth with
respect to y. Then for all x ∈ D1 and y ∈ D2 it holds that

|κ(x,y)−Iy,pκ(x,y)| ≤ c̃ p
(

1+
2
π

log p
)d( γη

2+ γη

)p

|κ(x,y)|.

Proof. Applying (3.44) to f (z) := κ(x,y(1), . . . ,y(ν−1),z,y(ν+1), . . . ,y(n)), (3.40) and
Lemma 3.17 yield for y(ν) ∈ [aν ,bν ]

| f (y(ν))−Ip f (y(ν))| ≤ ĉ p
(

1+
2
π

log p
)d( γη

2+ γη

)p d

∑
ν=1
‖ f‖∞,[a(ν),b(ν)],

where ĉ := 8ec(1+γη). Let z0 ∈ [a(ν),b(ν)] be chosen such that | f (z0)|=‖ f‖∞,[aν,bν ].
Then for some z̃ ∈ [aν ,bν ] we have

| f (y(ν))− f (z0)|= |(y(ν)− z0) f ′(z̃)| ≤ cγ
bν −aν
‖x− ỹ‖ | f (z̃)| ≤ cγη | f (z0)|,

where ỹ = (y(1), . . . ,y(ν−1), z̃,y(ν+1), . . . ,y(n)). The assertion follows from

‖ f‖∞,[aν ,bν ] ≤ (1− cγη)−1| f (y(ν))|= |κ(x,y)|.

��

3.3.2.2 Interpolation on Arbitrary Nodes

The interpolation on tensor grids requires the kernel to be defined in a box. If the
domain of integration Ω in (3.27) is a boundary and if its normal appears in the ker-
nel as it does in case of the double-layer potential operator, then tensor product grids
become inconvenient. In this case, we are better off using interpolation on arbitrary
nodes. In addition, leaving the tensor interpolation approach behind, arbitrary nodes
will lead to a reduction of the degree of degeneracy.
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Let yα ∈R
d , α ∈N

d
0, |α|< p, be pairwise distinct points. In contrast to univariate

interpolation, the interpolation in R
d , d ≥ 2, may happen to be not unique. The

nodes must not lie on a hypersurface of degree p− 1, or equivalently, there is no
polynomial in Π d

p−1 which vanishes in all of the points. However, the set of points
for which Lagrange interpolation is not unique has measure zero and the existence
of interpolation polynomials is always guaranteed. Hence, we may safely assume
that the interpolation is unique, i.e., that

W := (yβ
α)α,β ∈ R

k×k, k = dimΠ d
p−1,

is invertible. Note that the uniqueness of interpolation on tensor product grids is
inherited from univariate interpolation due to the special configuration of the nodes.

Using the Lagrange polynomials

Lα(y) :=
detWα(y)

detW
∈Π d

p−1, |α|< p,

where Wα(y) denotes the matrix which arises from W by replacing row α by the
vector (yβ )|β |<p. The interpolation polynomial has the representation

(Ip f )(y) = ∑
|α|<p

f (yα)Lα(y).

The following theorem is due to Sauer and Xu. It describes an upper bound for
the error E( f ) := f −I f of multivariate Lagrangian polynomial interpolation. We
use the notation of [225].

Theorem 3.19. Let the Lagrange interpolation in the points x0, . . . ,xn be unique.
For f ∈Cn+1(Rd) it holds that

|En+1( f )(x)| ≤ ∑
µ∈Λn

1
(n+1)!

|P[n]
µn (x)πµ(xµ)|‖D

x−x(n)
µn

Dn
xµ f‖∞, x ∈ R

d , (3.45)

where it suffices to take the maximum over the convex hull of {x0, . . . ,xn,x}.
Hence, for the approximant κp(x, ·) := Ipκ(x, ·) of κ we have

κp(x,y) = ∑
|α|<p

κ(x,yα)Lα(y),

which is a degenerate kernel function of degree dim Π d
p−1. For d = 2 we have that

dim Π d
p−1 = p(p+1)/2, whereas the degree of degeneracy of tensor product inter-

polations was p2 for the same order of accuracy η p.
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3.3.3 Another Kind of Approximation

The above constructions are mainly based on the approximation of κ(x, ·) by alge-
braic polynomials. Due to the smoothness of κ , exponential error estimates could be
obtained on pairs of domains (D1,D2) which are far enough away from each other.
However, the class of polynomials may not reflect the properties of κ in an optimal
way. For instance, we have noticed that for the approximation of the Coulomb poten-
tial the multipole expansion is better suited than the Taylor expansion or polynomial
interpolation.

In this section an approximation technique will be presented which is not based
on any specific system of functions. Instead, restrictions of κ will be used as an
approximation basis. This approach provides quasi-optimal approximation in the
sense that, up to constants, the quality of the presented approximation is better than
the quality of any given system Ξ := {ξ1, . . . ,ξk} of functions; i.e.,

Ek ≤ c inf
Ξ

sup
x∈D1

inf
p∈spanΞ

‖κ(x, ·)− p‖∞,D2 ,

where Ek denotes the error associated with the presented approximation at a degree
of degeneracy k.

To explain the principle idea of the approximation, consider the function

κ̃(x,y) :=
κ(x,y0)κ(x0,y)

κ(x0,y0)

with fixed x0 ∈ D1, y0 ∈ D2 close to x and y, respectively. The expression for κ̃
is only meaningful if κ(x0,y0) �= 0. The degree of degeneracy of κ̃ is one and it
holds that

κ̃(x0,y) = κ(x0,y) for all y ∈ D2,

κ̃(x,y0) = κ(x,y0) for all x ∈ D1.

Hence, κ̃ interpolates κ on whole domains. Note that a degenerate kernel approxi-
mation of degree one which is based on polynomials does achieve interpolation only
in a single point in general. The error |κ(x,y)− κ̃(x,y)| of the approximation can be
related to known error estimates by the relation

|κ(x,y)− κ̃(x,y)|= |κ(x,y)− κ(x,y0)κ(x0,y)
κ(x0,y0)

|

= |κ(x,y)−κ(x,y0)− κ(x,y0)
κ(x0,y0)

(κ(x0,y)−κ(x0,y0))|

≤ |κ(x,y)−κ(x,y0)|+ |κ(x,y0)|
|κ(x0,y0)| |κ(x0,y)−κ(x0,y0)|.

Assume that |κ(x,y0)| ≤ |κ(x0,y0)| for all x ∈ D1, then
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|κ(x,y)− κ̃(x,y)| ≤ 2max
z∈D1

|κ(z,y)−κ(z,y0)|.

The expression of the right-hand side is of the order η due to the interpolation results
from the previous sections.

Since we are not satisfied with first order approximation, we will generate a se-
quence of degenerate kernels which will be shown to converge exponentially to κ .
For convenience let

κ(x, [y]k) =

⎡
⎢⎣κ(x,y j1)

...
κ(x,y jk)

⎤
⎥⎦ ∈ R

k and κ([x]k,y) =

⎡
⎢⎣κ(xi1 ,y)

...
κ(xik ,y)

⎤
⎥⎦ ∈ R

k

with points xi� ∈D1 and y j� ∈D2, � = 1, . . . ,k. With this notation, we will construct
degenerate approximations of the form

κ(x,y) = κ(x, [y]k)TW−1
k κ([x]k,y)+ rk(x,y), (3.46)

where we define the k× k matrix Wk by

Wk =

⎡
⎢⎣κ(xi1 ,y j1) . . . κ(xi1 ,y jk)

...
...

κ(xik ,y j1) . . . κ(xik ,y jk)

⎤
⎥⎦ .

These results will be used in the next section to derive an iterative algorithm for
the approximation of matrices generated by low-rank matrices without knowing the
rank of the approximation in advance.

Let us first turn to the analytic problem of approximating a general asymptot-
ically smooth kernel by a degenerate kernel. In [17] sequences {sk}, {rk} for the
approximation of κ have been defined by the following rule

r0(x,y) = κ(x,y), s0(x,y) = 0,

and for k = 0,1, . . .

rk+1(x,y) = rk(x,y)− γk+1 rk(x,y jk+1)rk(xik+1 ,y) (3.47a)
sk+1(x,y) = sk(x,y)+ γk+1 rk(x,y jk+1)rk(xik+1 ,y) (3.47b)

where γk+1 =
(
rk(xik+1 ,y jk+1)

)−1 and xik+1 and y jk+1 are chosen in each step so that
rk(xik+1 ,y jk+1) �= 0. The above approximation by sk was reinvented under the name
“Geddes series expansion” in [63].

Notice that the functions rk accumulate zeros. Thus sk gradually interpolates κ .

Lemma 3.20. For 1≤ �≤ k it holds that rk(x,y j�) = 0 for all x∈D1 and rk(xi� ,y) = 0
for all y ∈ D2.

Proof. The lemma holds for � = k since
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rk(x,y jk) = rk−1(x,y jk)− γkrk−1(x,y jk)rk−1(xik ,y jk) = 0.

We will prove the rest by induction from k− 1 to k. We just saw that the lemma is
true for k = 1. Assume it holds for k−1, then we have rk−1(x,yi�) = 0 for all x ∈D1
and all 1≤ � < k. Hence, from (3.47)

rk(x,y j�) = rk−1(x,y j�)− γkrk−1(x,y jk)rk−1(xik ,y j�) = 0.

Interchanging the roles of x and y, we also obtain that rk(xi� ,y) = 0 for 1 ≤ � ≤ k
and all y ∈ D2. ��

Let W (�)
k (x) ∈ R

k×k be the matrix which arises from replacing the �th row of

Wk by the vector κ(x, [y]k). For the determinant of W (�)
k (x) the following recursive

relation can be shown.

Lemma 3.21. For 1≤ � < k

detW (�)
k (x) = rk−1(xik ,y jk)detW (�)

k−1(x)− rk−1(x,y jk)detW (�)
k−1(xik)

holds and

detW (1)
1 (x) = r0(x,y j1),

detW (k)
k (x) = rk−1(x,y jk)detWk−1, k > 1.

Especially,
detWk = r0(xi1 ,y j1) · . . . · rk−1(xik ,y jk).

Proof. From (3.47) it is easy to see that there are coefficients α(k−1)
i , i = 1, . . . ,k−1,

so that for all x ∈ D1

rk−1(x,y jk) = κ(x,y jk)−
k−1

∑
ν=1

α(k−1)
ν κ(x,y jν ).

Thus, it is possible to replace each entry κ(·,y jk) in the last column of W (�)
k (x) by

rk−1(·,y jk) and obtain W̃ (�)
k (x) without changing the determinant. Since from the

previous lemma one has rk−1(xiν ,y jk) = 0, 1≤ ν < k, only the �th and the kth entry
of the last column of W̃ (�)

k (x) do not vanish. Laplace’s theorem yields the assertion.
��

The previous lemma guarantees that Wk is non-singular provided that each
rk−1(xik ,y jk) �= 0. We are now able to show that the decomposition of κ into sk
and rk is of type (3.46).

Lemma 3.22. For the generated sequences sk and rk, k ≥ 0, it holds that

sk(x,y)+ rk(x,y) = κ(x,y),
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where for k ≥ 1
sk(x,y) = κ(x, [y]k)TW−1

k κ([x]k,y).

Proof. The lemma is obviously true for k = 1. We continue by induction. From the
definition of rk and sk we can see that

sk(x,y)+ rk(x,y) = sk−1(x,y)+ rk−1(x,y),

which according to the induction coincides with κ(x,y). For the sake of brevity
we set

ak = W−1
k−1 κ([x]k−1,y jk) and bk = W−T

k−1 κ(xik , [y]k−1).

Since due to the induction

sk(x,y) = sk−1(x,y)+ γk rk−1(x,y jk)rk−1(xik ,y)

=
[

κ(x, [y]k−1)
κ(x,y jk)

]T [W−1
k−1 + γkakbT

k −γkak
−γkbT

k γk

][
κ([x]k−1,y)

κ(xik ,y)

]

and

Wk

[
W−1

k−1 + γkakbT
k −γkak

−γkbT
k γk

]
= Ik,

we obtain the representation

sk(x,y) = κ(x, [y]k)TW−1
k κ([x]k,y)

also for sk. ��
Remark 3.23. Using Cramer’s rule we see that

(
W−1

k κ([x]k,y)
)
�
=

detV (�)
k (y)

detWk
, � = 1, . . . ,k, (3.48)

where V (�)
k (y) is the matrix which arises from Wk by replacing the �th column by

κ([x]k,y). Hence, we obtain

sk(x,y) =
k

∑
�=1

detV (�)
k (y)

detWk
κ(x,y j�). (3.49)

Observe that

L�(y) :=
detV (�)

k (y)
detWk

∈ span{κ(xiν ,y), ν = 1, . . . ,k}

satisfies Lµ(y jν ) = δµν , 1≤ µ ,ν ≤ k, and is therefore the �th Lagrange function for
the interpolation system {κ(xiν ,y), ν = 1, . . . ,k}. The representation (3.49) hence
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shows that sk is the uniquely defined interpolant of κ at the nodes yj� in the span of
the functions κ(xi� ,y), � = 1, . . . ,k.

3.3.3.1 Error Analysis

In what follows it will be shown that the remainder rk can be estimated by the re-
mainder of the best approximation in any system Ξ = {ξ1, . . . ,ξk} of functions. The
mentioned approximation by polynomials is an example. Further examples are the
approximation by spherical harmonics or the sinc interpolation; cf. [247, 134].
For the uniqueness of interpolation in this system we assume that the matrix
(ξµ(y jν ))µ,ν is non-singular.

Denote by

‖IΞ
k ‖ := max{‖IΞ

k f‖∞,D2/‖ f‖∞,D2 : f ∈C(D2)}

the Lebesgue constant of the interpolation operator IΞ
k defined by

IΞ
k f :=

k

∑
�=1

f (y j�)L
Ξ
�

with LΞ
� , � = 1, . . . ,k, being the Lagrange functions for ξ� and y j� , � = 1, . . . ,k. Since

f −IΞ
k f = f − p+IΞ

k (p− f ) for all p ∈ spanΞ ,

it follows that, up to constants, the interpolation error EΞ
k ( f ) := f −IΞ

k f is bounded
by the error of the best approximation

‖EΞ
k ( f )‖∞,D2 ≤ (1+‖IΞ

k ‖) inf
p∈spanΞ

‖ f − p‖∞,D2 . (3.50)

Defining κx : D2 → R by κx(y) := κ(x,y) for y ∈ D2 and fixed x ∈ D1, it is hence
enough to estimate rk by the error EΞ

k (κx) of the interpolation in Ξ if we want to
estimate rk by the best approximation error in Ξ .

Lemma 3.24. For x ∈ D1 and y ∈ D2 it holds that

rk(x,y) = EΞ
k (κx)(y)−

k

∑
�=1

detW (�)
k (x)

detWk
EΞ

k (κxi�
)(y).

Proof. Let

LΞ (y) =

⎡
⎢⎣LΞ

1 (y)
...

LΞ
k (y)

⎤
⎥⎦

be the vector of the Lagrange functions LΞ
� , � = 1, . . . ,k, to the points y j1 , . . . ,y jk .

Using Lemma 3.22 gives
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rk(x,y) = κ(x,y)−κ(x, [y]k)TW−1
k κ([x]k,y)

= κ(x,y)−κ(x, [y]k)T LΞ (y)−κ(x, [y]k)TW−1
k

(
κ([x]k,y)−WkLΞ (y)

)
= EΞ

k (κx)(y)−
k

∑
�=1

(
κ(x, [y]k)TW−1

k

)
�
EΞ

k (κxi�
)(y).

The assertion follows from (3.48). ��
We are able to control the approximation error by making assumptions on the

choice of the points xi1 , . . . ,xik . Assume that our choice of points xi1 , . . . ,xik leads to
a submatrix Wk whose determinant cannot be increased by interchanging one row
by any vector κ(x, [y]k), x ∈ D1, i.e.,

|detWk| ≥ |detW (�)
k (x)|, 1≤ �≤ k, x ∈ D1. (3.51)

These matrices of maximum volume play an important role in interpolation theory;
cf. [94]. From the previous lemma we obtain

|rk(x,y)| ≤ (k +1) sup
z∈{x,xi1 ,...,xik}

|EΞ
k (κz)(y)|. (3.52)

Instead of choosing the points xi1 , . . . ,xik according to condition (3.51), which is
difficult to check in practice, we may choose xik in each step so that rk−1(xik ,yik)
is the maximum element in modulus. From Lemma 3.21 we see that this is the
best possible choice with respect to maximum determinants if we keep all other
previously chosen elements fixed. The following lemma states that with this choice
of points (3.51) can be satisfied with an additional factor.

Lemma 3.25. Assume in each step we choose xik so that

|rk−1(xik ,y jk)| ≥ |rk−1(x,y jk)| for all x ∈ D1.

Then for 1≤ �≤ k it holds that

sup
x∈D1

|detW (�)
k (x)|

|detWk| ≤ 2k−�.

Proof. Using Lemma 3.21 gives for 1≤ � < k

detW (�)
k (x)

detWk
=

detW (�)
k−1(x)

detWk−1
− rk−1(x,y jk)

rk−1(xik ,y jk)
detW (�)

k−1(xik)
detWk−1

and
detW (k)

k (x)
detWk

=
rk−1(x,y jk)

rk−1(xik ,y jk)
.

Thus, we obtain for 1≤ � < k
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sup
x∈D1

|detW (�)
k (x)|

|detWk| ≤ 2 sup
x∈D1

|detW (�)
k−1(x)|

|detWk−1|

from what the assertion follows. ��
As a consequence of the previous lemma, instead of (3.52) we find

|rk(x,y)| ≤ 2k sup
z∈{x,xi1,...,xik}

|EΞ
k (κz)(y)| (3.53a)

≤ 2k(1+‖IΞ
k ‖) sup

z∈{x,xi1,...,xik}
inf

p∈spanΞ
‖κ(z, ·)− p‖∞,D2 . (3.53b)

due to (3.50). This estimate implies that the presented approximation scheme
gives quasi-optimal results since, up to constants, the approximation error rk is
smaller than the approximation error associated with any system of functions
Ξ = {ξ1, . . . ,ξk}. Note that both approximations lead to the same degree of de-
generacy. We remark that the exponentially growing factor 2k is a worst-case esti-
mate. The same factor will appear in the adaptive cross approximation method from
Sect. 3.4, which is the algebraic analogue of the presented approximation. There,
this factor can be related to the growth factor appearing in the LU decomposition
with partial pivoting, which is known to be hardly observable in practice.

Since we are only interested in kernel approximation as a means to construct
matrix approximants, in the following section we return to the algebraic problem.

3.3.4 Matrix Approximation Error

Assume that the block b = t× s satisfies an admissibility condition, which guaran-
tees the existence of a degenerate kernel approximation κ̃ on the Cartesian product
of D1 = Xs and D2 = Yt . Using (3.28), the kernel approximant κ̃ can be used to
define the low-rank approximant Ãts = Λ1,t ˜A Λ ∗

2,s to the matrix block Ats defined in
(3.26). Here, ˜A denotes the operator

( ˜A v)(y) :=
∫

Ω
κ̃(x,y)v(x)dµx.

The next theorem answers the question how the size of an approximation error κ− κ̃
propagates to the size of the matrix error Ats− Ãts. We may confine ourselves to
admissible blocks b, since non-admissible blocks are represented without approxi-
mation. In order to be able to control the influence of the discretization on the size
of the matrix entries, we assume that there are constants cΛ1 ,cΛ2 > 0, which usually
depend on the grid size, such that

‖Λ1,tu‖2 ≤ cΛ1‖u‖L2(Yt ) and ‖Λ2,sv‖2 ≤ cΛ2‖v‖L2(Xs)

for all u ∈ L2(Yt), v ∈ L2(Xs).
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Theorem 3.26. Let b = t× s, t ⊂ I and s⊂ J. Assume that

|κ(x,y)− κ̃(x,y)| ≤ ε for all x ∈ Xs, y ∈ Yt .

Then, in the case of Galerkin matrices

|ai j− ãi j| ≤ ε‖ψi‖L1‖ϕ j‖L1 , i ∈ t, j ∈ s,

‖Ab− Ãb‖F ≤ εcΛ1cΛ2 [µ(Xs)µ(Yt)]1/2,

in the case of collocation matrices

|ai j− ãi j| ≤ ε‖ϕ j‖L1 , i ∈ t, j ∈ s,

‖Ab− Ãb‖F ≤ εcΛ2 [|t|µ(Xs)]1/2

and in the case of Nyström matrices

|ai j− ãi j| ≤ ε, i ∈ t, j ∈ s,

‖Ab− Ãb‖F ≤
√
|t||s|ε.

Proof. For i ∈ t and j ∈ s we find for the entries of Galerkin matrices

|ai j− ãi j|= |
∫

Xs

∫
Yt

[κ(x,y)− κ̃(x,y)]ψi(y)ϕ j(x)dµy dµx|

≤
∫

Xs

∫
Yt

|κ(x,y)− κ̃(x,y)||ψi(y)||ϕ j(x)|dµy dµx

≤ ε‖ψi‖L1‖ϕ j‖L1 .

In the case of collocation methods we obtain

|ai j− ãi j|= |
∫

Xs

[κ(x,yi)− κ̃(x,yi)]ϕ j(x)dµx|

≤
∫

Xs

|κ(x,yi)− κ̃(x,yi)||ϕ j(x)|dµx ≤ ε‖ϕ j‖L1 .

The entrywise estimate in the case of Nyström matrices is trivial.
We turn to the Frobenius norm estimates. In the case of Galerkin matrices we

define the linear operator Λ : L2(Xs×Yt)→ R
t×s by

(Λ f )i j =
∫

Xs

∫
Yt

f (x,y)ψi(y)ϕ j(x)dµy dµx, i ∈ t, j ∈ s

From
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‖Λ f‖2
F = ∑

i∈t
∑
j∈s

[∫
Xs

(∫
Yt

f (x,y)ψi(y)dµy

)
ϕ j(x)dµx

]2

≤ cΛ2

∫
Xs

∑
i∈t

(∫
Yt

f (x,y)ψi(y)dµy

)2

dµx

≤ cΛ1 cΛ2

∫
Xs

∫
Yt

| f (x,y)|2 dµy dµx = cΛ1 cΛ2‖ f‖2
L2(Xs×Yt )

it follows that ‖Λ‖F←L2 ≤ c1c2. We deduce that

‖Ab− Ãb‖2
F = ‖Λ(κ− κ̃)‖2

F ≤ ‖Λ‖2
F←L2‖κ− κ̃‖2

L2(Xs×Yt )
≤ (εc1c2)2µ(Xs)µ(Yt).

For collocation matrices we find

‖Ab− Ãb‖2
F = ∑

i∈t
‖Λ2,s[κ(·,yi)− κ̃(·,yi)]‖2

2

≤ c2
Λ2 ∑

i∈t
‖κ(·,yi)− κ̃(·,yi)‖2

L2(Xs)
≤ c2

Λ2
|t|ε2µ(Xs).

��
The previous theorem provides error estimates for the entries and the Frobenius

norm on each block of a partition. Estimates for the spectral norm can be obtained
from ‖Ab‖2≤‖Ab‖F for all b∈P. According to Remark 1.6, a kernel function which
can be approximated by an exponentially convergent degenerate kernel on Xs×Yt
therefore leads to an exponential decay of the singular values of the block Ats.

Usually, global error estimates are more relevant than blockwise estimates. The
blockwise error with respect to the Frobenius norm is carried over to the global
estimate, while for the error in the spectral norm we have the following theorem.
Note that the application of Theorem 2.16 leads to worse estimates.

Theorem 3.27. Assume that

|κ(x,y)− κ̃(x,y)| ≤ ε for all x ∈ Xs, y ∈ Yt .

Then for Galerkin matrices it holds that

‖A− Ã‖2 ≤ εcΛ1 cΛ2 νµ(Ω)

and in the case of collocation matrices one has

‖A− Ã‖2 ≤ εcΛ2 [ν |I|µ(Ω)]1/2,

where ν is defined in (1.20).

Proof. According to the previous theorem we have for all u ∈ R
J and all v ∈ R

I
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|(v,(A− Ã)u)|= | ∑
t×s∈P

(vt ,(Ats− Ãts)us)| ≤ ∑
t×s∈P

|(vt ,(Ats− Ãts)us)|

≤ ∑
t×s∈P

εcΛ1cΛ2 [µ(Xs)µ(Yt)]1/2‖vt‖2‖us‖2

≤ εcΛ1cΛ2

(
∑

t×s∈P
µ(Xs)µ(Yt)

)1/2(
∑

t×s∈P
‖vt‖2

2‖us‖2
2

)1/2

≤ εcΛ1cΛ2 νµ(Ω)

(
∑

t×s∈P
‖vt‖2

2‖us‖2
2

)1/2

.

The previous estimate follows from ∑t×s∈P ‖us‖2
2‖vt‖2

2 = ‖u‖2
2‖v‖2

2 and

∑
t×s∈P

µ(Xs)µ(Yt)≤
(

∑
j∈J

µ(Xj)

)(
∑
i∈I

µ(Yi)

)
≤ ν2µ2(Ω),

which is due to (1.20). The estimate for collocation matrices can be obtained analo-
gously. ��

3.3.4.1 Accuracy of the Solution

The aim of numerical methods is to obtain an (approximate) solution. Up to now,
we have only considered the approximation error of the matrix resulting from kernel
approximation. In this paragraph we will estimate the impact of matrix approxima-
tion errors on the discrete solution uh of Auh = fh. For this purpose, we assume
that the bilinear form a(v,w) := (A v,w)L2(Ω) with A : V → V ′ is continuous and
coercive; i.e.,

|a(v,w)| ≤ α‖v‖V‖w‖V and a(v,v)≥ β‖v‖2
V

for all v,w ∈V ⊂ L2(Ω) with positive constants α , β .
Let Vh := span{ϕ1, . . . ,ϕn} with ‖ϕi‖L2 = 1, i = 1, . . . ,n, approximate V in the

sense that
inf

vh∈Vh
‖v− vh‖V ≤ hr‖v‖W for all v ∈W, (3.54)

where W ⊂ V is a space of higher regularity than V . We assume that ‖ · ‖L2(Ω) ≤
‖ ·‖V ≤ ‖ ·‖W . Let A ∈ R

n×n with the entries

ai j = (A ϕ j,ϕi)L2

be a Galerkin discretization of A . Each element uh ∈Vh has the representation

uh =
n

∑
i=1

uiϕi.

Under appropriate assumptions on Vh there is a constant cVh > 0 such that
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‖u‖2 ≤ cVh‖uh‖L2(Ω),

for all u ∈ R
n with components ui, i = 1, . . . ,n. This kind of estimate holds, for

instance, if the elements of Vh are piecewise linears and if the underlying geometry
is quasi-uniform; cf. [126, Thm. 8.8.1]. Let Ã ∈ R

n×n approximate A such that

‖A− Ã‖2 ≤ ε (3.55)

and define the perturbed bilinear form

ã(vh,wh) :=
n

∑
i, j=1

ãi jwiv j.

Lemma 3.28. The bilinear form ã is continuous and coercive on Vh×Vh with con-
stants α̃ := α + c2

Vh
ε and β̃ := β − c2

Vh
ε if ε < β/c2

Vh
.

Proof. From

|a(vh,wh)− ã(vh,wh)|= |wT (A− Ã)v| ≤ ‖A− Ã‖2‖v‖2‖w‖2 ≤ c2
Vh

ε‖vh‖V‖wh‖V

it follows that

|ã(vh,wh)| ≤ |a(vh,wh)|+ |a(vh,wh)− ã(vh,wh)| ≤ (α + c2
Vh

ε)‖vh‖V‖wh‖V

and |ã(vh,vh)| ≥ |a(vh,vh)|− |a(vh,vh)− ã(vh,vh)| ≥ (β − c2
Vh

ε)‖vh‖2
V . ��

The previous lemma states that the approximation has to be accurate enough in
order to guarantee coercivity, which for symmetric bilinear forms is equivalent to Ã
being positive definite. We remark that the methods from Sect. 2.5.1 can be used to
preserve positivity also for arbitrary bad approximations.

The following theorem describes the influence of matrix approximation errors on
the accuracy of the discrete solution.

Theorem 3.29. Let u ∈W be the solution of a(u,v) = l(v) for all v ∈ V and let
ũh ∈Vh be the solution of ã(ũh,vh) = l(vh) for all vh ∈Vh. Then

‖u− ũh‖V ≤ β̃−1
{[

α̃ + β̃ + c2
Vh

ε
]

hr + c2
Vh

ε
}
‖u‖W .

Proof. The assertion follows from Lemma 3.28 and the first Strang lemma (cf. [69])

‖u− ũh‖V ≤ inf
vh∈Vh

{[
1+

α̃
β̃

]
‖u− vh‖V + β̃−1 sup

wh∈Vh

|a(vh,wh)− ã(vh,wh)|
‖vh‖V‖wh‖V

‖vh‖V

}

≤ β̃−1
[
β̃ + α̃ + c2

Vh
ε
]

inf
vh∈Vh

‖u− vh‖V + β̃−1c2
Vh

ε‖u‖V

≤ β̃−1
[
β̃ + α̃ + c2

Vh
ε
]

hr‖u‖W + β̃−1c2
Vh

ε‖u‖W ,

where we have used (3.54). ��
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The previous theorem shows that the additional approximation error which re-
sults from matrix approximation cannot be noticed as long as ε is of the order of the
finite element error hr. It is therefore enough to prove matrix norm estimates (3.55)
for instance with respect to the spectral norm or the Frobenius norm.

The construction of degenerate kernel approximants leads to low-rank matrices
and the analytic error translates into an algebraic error by Theorem 3.27. Hence, the
required rank for a prescribed matrix error can be calculated from a-priori estimates
such as (3.29), (3.38), (3.45), and (3.53). Remark 3.9, however, shows that the ac-
tual rank might be much smaller. In the following section we will therefore tackle
the problem of constructing low-rank approximants from the matrix entries directly
without approximating the kernel function.

3.4 Adaptive Cross Approximation (ACA)

We have seen that the construction of low-rank approximants based on degenerate
kernel approximation might lead to non-optimal results. Although this problem can
be overcome by recompressing the approximant with the procedure from Sect. 2.6,
there are several other disadvantages. The construction of degenerate kernels for the
Lamé kernel is already cumbersome, but it might be even more complicated if, for
instance, problems from anisotropic elasticity are to be solved efficiently. Even if
it is possible to find a degenerate kernel approximant, its quality remains in ques-
tion. With the adaptive cross approximation (ACA) algorithm from this section
we present a completely different approach; see [17, 32, 26]. In contrast to other
methods like fast multipole, panel clustering, etc., the low-rank approximant is not
generated by approximating the kernel function of the integral operator. Instead, we
will directly find a low-rank approximant from few of the original matrix entries of
admissible blocks. Note that it is not necessary to build the whole matrix before-
hand. The respective matrix entries can be computed on demand. Working on the
matrix entries has the advantage that the rank of the approximation can be chosen
adaptively while kernel approximation requires an a-priori choice, which is usually
too large. The property that only original matrix entries are used is of great practical
importance, because usually much effort has gone into efficient and reliable com-
puter codes for their computation. The usage of kernel approximants, in contrast,
requires a complete recoding.

The singular value decomposition would find the lowest rank that is required for
a given accuracy. However, its computational complexity makes it unattractive for
large-scale computations. ACA can be regarded as an efficient replacement which
is tailored to kernels that are asymptotically smooth with respect to at least one
variable. Note that the kernel function κ itself is not required, only the information
that κ is in this class of functions is important. Numerical experiments show that
ACA can often be successfully applied although the kernel does not satisfy this
assumption.
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The construction of efficient algebraic methods for the treatment of discrete in-
tegral operators is an active field of research. To name a few methods known from
electromagnetic simulation, these include the multilevel matrix decomposition al-
gorithm (MLMDA) [186], IES3 [152, 108], and the single-level IE-QR algorithm
[198]. MLMDA was found to be efficient only for planar objects in R

3; cf. [209].
The rank-revealing process of IES3 is done through a so-called “statistically deter-
mined rank-map”, which is constructed using the kernel function. While IE-QR is
a rank-revealing QR decomposition, it will be seen that ACA is a rank-revealing
LU decomposition which compared with IE-QR does not require the computation-
ally expensive Gram-Schmidt orthogonalization process; see [263] for a compari-
son of the latter two methods. For the application of ACA to various problems see
[168, 169, 248, 172, 52, 140, 197, 34, 246, 245].

3.4.1 The Algorithm

We assume that a partition has been generated as in Chap. 1. Blocks b ∈ P which
do not satisfy (3.35) are generated and stored without approximation. Therefore,
this case is not treated here. All other blocks b ∈ P satisfy (3.35) and can be treated
independently from each other. Therefore, in the rest of this section we focus on a
single block A ∈ R

m×n.
The idea of the algorithm is as follows. Starting from R0 := A, find a nonzero

pivot in Rk, say (ik, jk), and subtract a scaled outer product of the ikth row and the
jkth column:

Rk+1 := Rk− [(Rk)ik jk ]
−1(Rk)1:m, jk(Rk)ik,1:n, (3.56)

where we use the notations (Rk)i,1:n and (Rk)1:m, j for the ith row and the jth column
of Rk, respectively. It will turn out that jk should be chosen the maximum element
in modulus of the ikth row; i.e.,

|(Rk−1)ik jk |= max
j=1,...,n

|(Rk−1)ik j|. (3.57)

The choice of ik will be treated in Sect. 3.4.3. Notice that the above recursion (3.56)
is the algebraic version of the construction (3.47) of the sequence rk.

Example 3.30. We apply two steps of equation (3.56) to the following matrix R0.
The bold entries are the chosen pivots.

R0 =

⎡
⎢⎢⎢⎢⎣

0.431 0.354 0.582 0.417 0.455
0.491 0.396 0.674 0.449 0.427
0.446 0.358 0.583 0.413 0.441
0.380 0.328 0.557 0.372 0.349
0.412 0.340 0.516 0.375 0.370

⎤
⎥⎥⎥⎥⎦

i1=1
j1=3−→

1
0.582

⎡
⎢⎢⎢⎢⎣

0.582
0.674
0.583
0.557
0.516

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

0.431
0.354
0.582
0.417
0.455

⎤
⎥⎥⎥⎥⎦

T

,
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R1 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
−0.008 −0.014 0 −0.033 −0.100
0.014 0.003 0 −0.004 −0.014
−0.032 −0.011 0 −0.026 −0.087
0.029 0.025 0 0.005 −0.034

⎤
⎥⎥⎥⎥⎦

i2=2
j2=5−→

1
−0.1

⎡
⎢⎢⎢⎢⎣

0
−0.100
−0.014
−0.087
−0.034

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
−0.008
−0.014

0
−0.033
−0.100

⎤
⎥⎥⎥⎥⎦

T

,

R2 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 0

0.016 0.005 0 0.000 0
−0.02 0.001 0 0.002 0
0.032 0.030 0 0.017 0

⎤
⎥⎥⎥⎥⎦

i3=3
j3=1−→

1
0.016

⎡
⎢⎢⎢⎢⎣

0
0

0.016
−0.02
0.032

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

0.016
0.005

0
0.000

0

⎤
⎥⎥⎥⎥⎦

T

Apparently, the size of the entries decreases from step to step.

Since in the kth step only the entries in the jkth column and the ikth row of
Rk are used to compute Rk+1, there is no need to build the whole matrix Rk. In
particular this means that only few of the original entries of A have to be computed.
Taking advantage of this, the following algorithm is an efficient reformulation of
(3.56). Note that the vectors uk and ṽk coincide with (Rk−1)1:m, jk and (Rk−1)T

ik,1:n,
respectively.

Let k = 1; Z = ∅;
repeat

find ik as described in Sect. 3.4.3
ṽk := aik ,1:n

for � = 1, . . . ,k−1 do ṽk := ṽk− (u�)ik v�

Z := Z∪{ik}
if ṽk does not vanish then

jk := argmax j=1,...,n|(ṽk) j|; vk := (ṽk)−1
jk

ṽk

uk := a1:m, jk
for � = 1, . . . ,k−1 do uk := uk− (v�) jk u�.
k := k +1

endif
until the stopping criterion (3.58) is fulfilled or Z = {1, . . . ,m}
Algorithm 3.1: Adaptive Cross Approximation (ACA).

The vanishing rows of the Rk’s are collected in the set Z. If the ikth row of Rk is
nonzero and hence is used as vk, it is also added to Z since the ikth row of Rk+1 will
vanish. The matrix Sk := ∑k

�=1 u�vT
� will be used as an approximation of A = Sk +Rk.

Obviously, the rank of Sk is bounded by k. Although ACA already provides a good
approximant (see Fig. 3.2) it may be worth reducing the required rank by the re-
compression procedure from Sect. 2.6. The method proposed in Sect. 3.5 recom-
presses the approximation generated by ACA such that the overall complexity of
H 2-matrices can be achieved. Note that it is obvious how Algorithm 3.1 has to be
modified if it is applied to complex matrices.

Let ε > 0 be given. The following condition on k

‖uk+1‖2 ‖vk+1‖2 ≤ ε(1−η)
1+ ε

‖Sk‖F (3.58)
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can be used as a stopping criterion. Assume that ‖Rk+1‖F ≤ η‖Rk‖F with η from
(3.35), then

‖Rk‖F ≤ ‖Rk+1‖F +‖uk+1vT
k+1‖F ≤ η‖Rk‖F +‖uk+1‖2 ‖vk+1‖2.

Hence,

‖Rk‖F ≤ 1
1−η

‖uk+1‖2 ‖vk+1‖2 ≤ ε
1+ ε

‖Sk‖F ≤ ε
1+ ε

(‖A‖F +‖Rk‖F).

From the previous estimate we obtain ‖Rk‖F ≤ ε‖A‖F ; i.e., condition (3.58) guar-
antees a relative approximation error ε . Hence, the rank required to guarantee a
prescribed accuracy can be found adaptively.

Due to (1.4), the Frobenius norm of Sk can be computed with O(k2(m + n))
complexity. Therefore, the amount of numerical work required by Algorithm 3.1 is
of the order |Z|2(m+n).

Remark 3.31. If the costs for generating the matrix entries dominate the algebraic
transformations of Algorithm 3.1, then its complexity scales like |Z|(m+n).

3.4.2 Error Analysis

In order to estimate the efficiency of ACA, we have to find a bound for the norm
of the remainder Rk. The analysis in the case of the Nyström method was done in
[17], collocation matrices were treated in [18, 32]. The proofs rely on the fact that
collocation and Nyström matrices arise from evaluating functions at given points.
Therefore, interpolation results were applied. For Galerkin matrices an analogous
result was doubtful due to the variational character of the formulation. In the fol-
lowing section we will present a short unified proof which also covers the case of
Galerkin matrices; see [26]. For the convergence analysis we will assume that the
kernel function κ is asymptotically smooth with respect to y, which can be guaran-
teed for elliptic problems due to Remark 3.1 and Lemma 3.5.

Without loss of generality we assume in the rest of this section that for the pivotal
indices i� and j� it holds that i� = j� = �, � = 1, . . . ,k. Then A has the decomposition

A =
[

A11 A12
A21 A22

]
, A11 ∈ R

k×k, (3.59)

where only the matrix blocks A11, A12, and A21 have been used in Algorithm 3.1.
Note that the (large) block A22 ∈ R

(m−k)×(n−k) has never been touched. Since the
determinant of A11 is the product of the pivots, A11 is invertible and we can express
the remainder Rk of the approximation in terms of the original matrix A.

Lemma 3.32. For Rk it holds that
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Rk = A−
[

A11
A21

]
A−1

11
[
A11 A12

]
=
[

0 0
0 Ck

]
,

where Ck := A22−A21A−1
11 A12 is the Schur complement of A11 in A.

Proof. The assertion is obvious for k = 1. Assume that it holds for k and let A be
decomposed in the following way

A =

⎡
⎣A11 w B

vT α yT

C x D

⎤
⎦ , A11 ∈ R

k×k,

with vectors x∈R
m−k−1, y∈R

n−k−1, v,w∈R
k, and α ∈R. From (3.56) we see that

Rk+1 = A−
⎡
⎣A11 w

vT α
C x

⎤
⎦[A−1

11 + γA−1
11 wvT A−1

11 −γA−1
11 w

−γvT A−1
11 γ

][
A11 w B
vT α yT

]
,

where γ = (α−vT A−1
11 w)−1 and α−vT A−1

11 w is the pivot, which is chosen nonzero.
Since [

A11 w
vT α

]−1

=
[

A−1
11 + γA−1

11 wvT A−1
11 −γA−1

11 w
−γvT A−1

11 γ

]
,

we obtain the desired result. The second part of the assertion is obvious. ��
From Algorithm 3.1 it can be seen that the number k′ := |Z| of zero columns in Rk

may be larger than k; i.e., k′ ≥ k. This happens if in the �th step the algorithm comes
across a zero vector ṽ� and has to continue with another row. Without loss of gener-
ality we assume that the indices corresponding to a zero row met in Algorithm 3.1
are {k+1, . . . ,k′}. Let A21 and A22 from (3.59) be decomposed in the following way

A21 =
[

Â21
Ǎ21

]
, A22 =

[
Â22
Ǎ22

]
, Â21 ∈ R

(k′−k)×k, Â22 ∈ R
(k′−k)×(n−k).

It is remarkable that although the approximant Sk has rank at most k, not k but k′
will determine the accuracy of the approximation as can be seen from the following
lemma, which will be used to estimate the norm of the Schur complement and hence
the norm of the remainder Rk. This observation is also of practical importance. Since
a zero row is not lost for the approximation accuracy, the problem of finding a
nonzero pivot will not lead to the computation of the whole matrix.

Lemma 3.33. Let X ∈ R
(m−k)×k′ be arbitrary, then

Ck =
{

A22−X
[

A12
Â22

]}
−
{

A21−X
[

A11
Â21

]}
A−1

11 A12. (3.60)

Proof. It is easy to check that a zero row in R� will remain zero in Rk, k≥ �. Hence,
(Rk)i,1:n = 0, i = k +1, . . . ,k′. From Lemma 3.32 it follows that
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Â22 = Â21A−1
11 A12.

Adding and subtracting

X
[

A12
Â22

]
= X

[
A11
Â21

]
A−1

11 A12

to and from Ck we end up with what we were after. ��
The expressions from (3.60) appearing in curly braces will be estimated by relat-

ing them to interpolation errors. What remains for an estimate of Ck, is a bound on
the size of the coefficients (A−1

11 A12)i j. By Cramer’s rule it holds that

(A−1
11 A12)i j =

det(a1, . . . ,ai−1,a′j,ai+1, . . . ,ak)
detA11

,

where a�, � = 1, . . . ,k, are the columns of A11 and a′j is the jth column of A12. The
coefficients (A−1

11 A12)i j in (3.60) should be as small as possible for a small norm of
Ck. The optimal choice of the pivots would be a submatrix A11 having maximum
determinant in modulus. The method of pseudo-skeletons (cf. [252, 111, 110]) is
based on this pivoting strategy. To find such a submatrix in A with reasonable effort,
however, seems to be impossible. The pivoting strategy used in Algorithm 3.1 gives
the following bound on the size of the entries in A−1

11 A12. The proof can be done
analogously to the proof of Lemma 3.25.

Lemma 3.34. Assume that in each step jk is chosen so that (3.57) is satisfied. Then
for i = 1, . . . ,k and j = 1, . . . ,n− k it holds that

|det(a1, . . . ,ai−1,a′j,ai+1, . . . ,ak)| ≤ 2k−i|detA11|.

We are now ready to estimate the remainder Rk. For this purpose, the entries of
Rk will be estimated by the approximation error

FΞ
ts := max

j∈s
inf

p∈spanΞ
‖A Λ ∗

2, j− p‖∞,Yt (3.61)

in an arbitrary system of functions Ξ := {ξ1, . . . ,ξk′} with ξ1 = 1. Note that A Λ ∗
2, j

is an asymptotically smooth function due to supp Λ ∗
2, j = Xj. In Sect. 3.3 we have

presented systems Ξ together with their approximation errors. In the next theo-
rem the approximation error associated with Algorithm 3.1 applied to collocation
and Nyström matrices, i.e., the case Λ1,i f = f (yi), is estimated. In Theorem 3.37
Galerkin matrices will be considered.

For the following theorem we assume as in Sect. 3.3.3 the unisolvency of the
system Ξ in the nodes yi, i = 1, . . . ,k′; i.e., the Vandermonde determinant does not
vanish

det [ξ j(yi)]i, j=1,...,k′ �= 0. (3.62)

This condition will be satisfied by the choice of rows ik in Sect. 3.4.3.
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Theorem 3.35. Let Λ1,i f = f (yi), i = 1, . . . ,m. Then for i = 1, . . . ,m and j = 1, . . . ,n
it holds that

|(Rk)i j| ≤ 2k(1+‖IΞ
k′ ‖)FΞ

ts , (3.63)

where FΞ
ts is defined in (3.61).

Proof. For the entries of the (m− k)× (n− k) matrix A22−X
[

A12
Â22

]
it holds that

(A22−X
[

A12
Â22

]
)i j = A Λ ∗

2, j(yi)−
k′

∑
�=1

LΞ
� (yi)A Λ ∗

2, j(y�),

where we have chosen Xi� = LΞ
� (yi). Similar to (3.50) we have

|A Λ ∗
2, j(yi)−

k′

∑
�=1

LΞ
� (yi)A Λ ∗

2, j(y�)| ≤ (1+‖IΞ
k′ ‖) inf

p∈spanΞ
‖A Λ ∗

2, j− p‖∞,Yt .

The same kind of estimate holds for the entries of A21−X
[

A11
Â21

]
. Therefore, from

Lemma 3.34 we obtain

|(Rk)i j| ≤ 2k(1+‖IΞ
k′ ‖)max

j∈s
inf

p∈spanΞ
‖A Λ ∗

2, j− p‖∞,Yt .

��
Galerkin matrices need a different treatment. For the localizers Λ1,i, i = 1, . . . ,k′,

corresponding to the first k′ rows in A we assume the following generalization
of (3.62)

det [Λ1,iξ j]i, j=1,...,k′ �= 0, (3.64)

which will be guaranteed by the choice of pivoting rows ik in Sect. 3.4.3.
The localizers Λ1,i in the case of Galerkin matrices read

Λ1,i f =
∫

Ω
f (y)ψi(y)dµy, i = 1, . . . ,m. (3.65)

In the following lemma we will construct functions ∑k′
�=1 c(i)

� ψ�/‖ψ�‖L1 for each ψi
such that some kind of vanishing moments property

∫
Ω

(
ψi

‖ψi‖L1
−

k′

∑
�=1

c(i)
�

ψ�

‖ψ�‖L1

)
q = 0 for all q ∈ spanΞ (3.66)

holds.

Lemma 3.36. Assume that condition (3.64) holds. Then for each i∈{1, . . . ,m} there
are uniquely determined coefficients c(i)

� , � = 1, . . . ,k′, such that (3.66) holds.
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Proof. For each q ∈ spanΞ there are coefficients α j, j = 1, . . . ,k′, such that

q =
k′

∑
j=1

α jξ j. (3.67)

Since the matrix (Λ1,iξ j)i j is non-singular, the linear system

k′

∑
�=1

c(i)
�

Λ1,�ξ j

‖ψ�‖L1
=

Λ1,iξ j

‖ψi‖L1
, j = 1, . . . ,k′,

is uniquely solvable with respect to c(i)
� , � = 1, . . . ,k′, for each i ∈ {1, . . . ,m}. The

assertion follows from (3.67) and the linearity of the operators Λ1,i. ��

The coefficients c(i)
� from the previous lemma depend on the shape of the grid,

but they do depend neither on the kernel function κ nor on the size of the finite
elements. The following theorem treats the case of Galerkin matrices.

Theorem 3.37. Let Λ1,i be defined as in (3.65). Then for i = 1, . . . ,m and j = 1, . . . ,n
it holds that

|(Rk)i j| ≤ 2k(1+‖IΞ
k′ ‖)
(

1+
k′

∑
�=1
|c(i)

� |
)
‖ψi‖L1 FΞ

ts . (3.68)

Proof. Since IΞ
k′A Λ ∗

2, j ∈ spanΞ , according to Lemma 3.36 there are coefficients

c(i)
� such that

∫
Ω

IΞ
k′A Λ ∗

2, j(y)
ψi(y)
‖ψi‖L1

dµy =
k′

∑
�=1

c(i)
�

∫
Ω

IΞ
k′A Λ ∗

2, j(y)
ψ�(y)
‖ψ�‖L1

dµy.

Let X ∈ R
(m−k)×k′ be the matrix with entries

Xi� :=
‖ψi‖L1

‖ψ�‖L1
c(i)
� , i = 1, . . . ,m− k, � = 1, . . . ,k′.

Then for the entries of the (m− k)× (n− k) matrix A22−X
[

A12
Â22

]
it holds that
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(A22−X
[

A12
Â22

]
)i j

=
∫

Ω
A Λ ∗

2, j(y)ψi(y)dµy−
k′

∑
�=1

c(i)
�

‖ψi‖L1

‖ψ�‖L1

∫
Ω

A Λ ∗
2, j(y)ψ�(y)dµy

=
∫

Ω
(I −IΞ

k′)A Λ ∗
2, j(y)ψi(y)dµy

−
k′

∑
�=1

c(i)
�

‖ψi‖L1

‖ψ�‖L1

∫
Ω

(I −IΞ
k′)A Λ ∗

2, j(y)ψ�(y)dµy

=
∫

Ω
EΞ

k′ [A Λ ∗
2, j](y)ψi(y)dµy−

k′

∑
�=1

c(i)
�

‖ψi‖L1

‖ψ�‖L1

∫
Ω

EΞ
k′ [A Λ ∗

2, j](y)ψ�(y)dµy,

where EΞ
k′ [ f ] := f −IΞ

k′ f . From (3.50) we have∫
Γ
|EΞ

k′ [A Λ ∗
2, j](y)| |ψi(y)|dµy ≤ (1+‖IΞ

k′ ‖)‖ψi‖L1 inf
p∈Ξ
‖A Λ ∗

2, j− p‖∞,Yt .

The same kind of estimate holds for A21−X
[

A11
Â21

]
. From Lemma 3.34 we obtain

|(Rk)i j| ≤ 2k(1+‖IΞ
k′ ‖)
(

1+
k′

∑
�=1
|c(i)

� |
)
‖ψi‖L1 max

j∈s
inf
p∈Ξ
‖A Λ ∗

2, j− p‖∞,Yt .

��
The similarity of Algorithm 3.1 and the LU factorization can be seen from the

following representation

Rk = (I− γkRk−1ekeT
k )Rk−1 = LkRk−1

with the m×m matrix Lk defined by

Lk =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
. . .

1
0

− (Rk−1)k+1,k
(Rk−1)kk

1
...

. . .

− (Rk−1)mk
(Rk−1)kk

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

which differs from a Gauß matrix only in the position (k,k). It is known that during
the LU decomposition the so-called growth of entries may happen; cf. [106]. Note
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that this is reflected by the factor 2k in (3.63) and (3.68). However, this growth is
also known to be rarely observable in practice.

3.4.3 The Right Choice of Rows

We have seen that the choice of columns jk from condition (3.57) is important for the
boundedness of the coefficient A−1

11 A12 in the error estimate. The choice of the rows
ik will guarantee condition (3.62) or more generally (3.64), which the interpolation
in the system Ξ relies on. Satisfying this condition is indispensable as can be seen
from the following example.

Example 3.38. The evaluation of the double-layer potential in R
3

(K ϕ j)(y) =
1

4π

∫
Γ

νx · (y− x)
‖x− y‖3 ϕ j(x)dsx

at yi, where ϕ j are defined on the left cluster and yi are located on the right cluster
of Fig. 3.1, leads to a reducible matrix A having the structure

A =
[

0 A12
A21 0

]
.

The zero block in the first block row of A is caused by the interaction of domain
D1 with D3 and the other block by the interaction of domain D2 with D4 lying on
a common plane, respectively. If ACA is applied to A with a starting pivot from the
rows and columns of A12, then the next nonzero pivot can only be found within A12.
Hence, the algorithm stays within A12 and the stopping criterion is not able to notice
the untouched entries of A21.

The reason for this is that the interpolation points yik are exclusively chosen from
the plane described by D3 if ACA is applied to A12. As a consequence, the Vander-
monde determinant will vanish for this choice of interpolation points and the error
estimate (3.63) does not hold for points yi ∈D4. However, it remains valid for points
yi ∈ D3 since the interpolation problem then reduces to a problem in R

2 for which
(3.62) can be guaranteed by an appropriate choice of yik ∈ D3.

The example above underlines the importance of the row choice, namely condi-
tion (3.64) in the convergence analysis of ACA. Assuming that ACA works without
this condition may lead to a certain confusion; see [43].

We present two methods, one of which should be used to circumvent the men-
tioned difficulty. The first is an easy and obvious heuristic which seems to work
reliably. The second method explicitly guarantees (3.64) such that ACA will con-
verge as predicted by our analysis.
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Fig. 3.1 Two clusters leading to a reducible matrix block.

A heuristic way of choosing the pivots

For each row and each column of A we introduce a counter which reflects the num-
ber of successful approximations applied to the respective row or column. An ap-
proximation is considered as successful for row i if |(uk)i| is of the order of the
estimated error ‖Rk−1‖F . The counter of the column j is increased if |(vk) j| has the
size of ‖Rk−1‖F . With these counters one can easily detect those rows and columns
for which the error estimator is not reliable. Pivoting to the latter rows and columns
approximates the unattended rows and columns.

A rigorous choice of pivots

Although the problem described in Example 3.38 can be overcome by the mentioned
trick, for a rigorous analysis that works in a general setting we have to guarantee that
(3.64) is satisfied by the choice of pivots. The first row i1 can be arbitrarily chosen,
because we have assumed that ξ1(x) = 1. Assume that i1, . . . , ik ∈ {1, . . . ,m} and
j′1, . . . , j′k ∈ {1, . . . ,n} have already been found such that (3.64) holds, i.e., that the
Vandermonde matrix Wk ∈ R

k×k having the entries

(Wk)µν = Λ1,iµ ξ j′ν , µ ,ν = 1, . . . ,k,

is non-singular. Note that the indices j′k may differ from the indices jk used in
the previous section. The new pivot (ik+1, j′k+1) has to guarantee that Wk+1 is non-
singular, too.

Assume that the normalized LU decomposition of the k×k matrix Wk = LkUk has
been computed. Let j′k+1 be the next column which has not yet been investigated.
Then

detWk+1 =
[
c− (U−T

k a)T (L−1
k b)

]
detWk,

where
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Wk+1 =
[
Wk b
aT c

]
and a = [Λ1,ik+1ξ j′� ]�=1,...,k, b = [Λ1,i�ξ j′k+1

]�=1,...,k, and c = Λ1,ik+1ξ j′k+1
. Hence, any

index ik+1 satisfying (U−T
k a)T (L−1

k b) �= c can be chosen as the new pivot. For stabil-
ity, however, it is wise to choose ik+1 such that |c− (U−T

k a)T (L−1
k b)| is maximized.

Testing a new row ik+1 requires k2 operations. Since possibly all remaining m− k
rows have to be tested, finding ik+1 requires k2(m− k) operations. The LU decom-
position of Wk+1 is then given by

Wk+1 =
[

Lk 0
aTU−1

k 1

][
Uk L−1

k b
0 c− (U−T

k a)T (L−1
k b)

]
.

It may happen that columns of Λ1,iξ j are linearly dependent. If Λ1,i f = f (yi) with
points yi, i = 1, . . . ,m, then this is equivalent to all points yi lying on a hypersurface
H := {x∈R

d : P(x) = 0}, where P∈ spanΞ . In such a situation, for certain columns
no ik+1 ∈ {1, . . . ,m} can be found such that (U−T

k a)T (L−1
k b) �= c. In this case let

j′k+1 be the first column which allows to choose ik+1 such that (U−T
k a)T (L−1

k b) �= c.
Note that the number of investigated columns is bounded by the number of columns
required in the case of linear independent columns. This can be seen from

spanΞ = spanΞ ′ on H,

where Ξ ′ := {ξ j′1 , . . . ,ξ j′
k′
}. The previous equation shows that k′ columns give the

same error FΞ ′
ts as all k. The same arguments hold if Λ1,i f =

∫
Ω f ψi dµ .

Example 3.39. Let d = 2 and Ξ = {1,x1,x2,x2
1,x1x2,x2

2, . . .}. If all points yi are lo-
cated on the x-axis, then j′1 = 1, j′2 = 2, j′3 = 4 and so on. Hence, this pivoting
strategy will detect the reduced dimensionality of the problem and will implicitly
use Ξ ′ := {1,x1,x2

1, . . .}.
As a result of the above procedure, we obtain two sequences i� and j′�, � =

1, . . . ,k′, such that (3.64) is satisfied; i.e.,

det [Λ1,iµ ξ j′ν ]1≤µ,ν≤k′ �= 0.

Example 3.40. We return to the problem from Example 3.38. Assume that three
pivots have been chosen from D3. If i4 is chosen from the same set, then one easily
checks that

det [ξ j(yi�)]1≤�, j≤4 = 0,

where ξ1(x) = 1, ξ2(x) = x1, ξ3(x) = x2, and ξ4(x) = x3. There is however yi4 ∈ D4
which satisfies det [ξ j(yi�)]1≤�, j≤4 �= 0. Hence, ACA will automatically choose the
forth pivot from the row indices of the block A22.

Note that the above pivoting criterion requires only geometrical information and
information about Λ1,i, i.e, whether a collocation or a Galerkin method is employed.
The kernel function, however, is still not required. The method from [43] is based
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on explicit kernel approximation using the construction from Sect. 3.3.3. As a con-
sequence, this method cannot use the original matrix entries.

The choice of the initial row

We have seen that the first row i1 can be arbitrarily chosen. The efficiency of ACA
can however be improved by the following choice. Due to the Definition 3.2 of
asymptotic smoothness, each kernel function κ(x,y) is almost linear with respect to
y on Xs×Yt . Hence, it seems desirable to minimize the expression

max
y∈Yt

|κ(x,y)−κ(x,z)|= max
y∈Yt

|
∫ z

y
∂yκ(x,ξ )dξ | ≤ cmax

y∈Yt
‖y− z‖

appearing in the remainder after the first step of ACA. The minimum of the upper
bound maxy∈Yt ‖y− z‖ is attained for the Chebyshev center z = ξYt of Yt . Since the
Chebyshev center of a polygonal set is quite expensive to compute, we use the cen-
troid mt of Yt instead. Hence, from these arguments it seems promising to choose i1
so that the center zi1 of Yi1 is closest to mt .

In Fig. 3.2 we compare this strategy with the “old” strategy in which i1 is cho-
sen so that zi1 is closest to the centroid of Xs. The matrix which these methods
are applied to arises from evaluating ‖x− y‖−1 at two sets of points having a dis-
tance which is large compared with their diameters. In addition, Fig. 3.2 shows
the accuracy of approximations obtained from the multipole expansion (see Exam-
ple 3.10) and from the singular value decomposition. The first k singular triplets give
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Fig. 3.2 Accuracy of different approximants.

provably (cf. Theorem 1.7) the best accuracy among all rank-k approximants. The
influence of the new strategy on the quality of the approximation can be realized
in the first four steps, which are often sufficient to obtain a reasonable accuracy. In
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this part the new version gives almost optimal approximation. For all other steps the
old and the new version behave almost the same. The quality of the approximant
generated from the multipole expansion is significantly worse.

Alternative pivoting strategies

In [115] an alternative pivoting strategy for ACA is proposed which uses an initially
chosen reference cross for choosing the pivots ik and jk. Notice this so-called ACA+
method is not able to handle the problem from Example 3.38 in general. In Fig. 3.3
we compare the quality of the approximation obtained by ACA+ and ACA. Since
the convergence of ACA+ depends on the chosen reference cross and since there is
no rule to choose it, we show the results for two randomly chosen reference crosses.
The respective results are labeled “ACA+ 1” and “ACA+ 2”. While the errors of
“ACA+ 1” almost coincide with those of ACA, the convergence of “ACA+ 2” is not
as “smooth”. For instance, the rank-8 approximation leads to an error that is as large
as the error of the rank-3 approximation. The previous observation is a hurdle to an
efficient estimation of the error using (3.58).
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Fig. 3.3 Comparison of ACA and ACA+.

3.4.4 Overall Complexity

Finally, we will estimate the overall cost of generating the H -matrix approximant
to A ∈R

I×J with |I| ∼ |J|. For this purpose we will derive a bound on the blockwise
rank if an accuracy ε > 0 for the approximation error
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‖A−AH ‖F < ε‖A‖F

is prescribed. Due to the properties of the Frobenius norm, the previous estimate is
implied by the condition

‖Ab−Sk‖F < ε‖Ab‖F (3.69)

on each block b = t× s ∈ P, where AH ∈H (TI×J,k) is defined by (AH )b = Sk if
b is admissible and (AH )b = Ab else.

Since the error estimates (3.63) and (3.68) depend on the choice of the approxi-
mation system Ξ , we cannot reveal the constants appearing in these estimates. Since
they will enter the overall complexity through the logarithm anyhow, it will be as-
sumed that they are bounded independently of |t|, |s|, and k. For the convergence
speed of ACA we can apply the results of Sect. 3.3 to the expression in (3.61).
There it was proved that an asymptotically smooth kernel κ on a pair of domains
satisfying (3.35) can be approximated by polynomials of order p with accuracy η p.
We remark, however, that depending on the kernel and on the computational domain
usually a faster convergence can be expected. For computational domains Ω that are
(d−1)-dimensional manifolds one has for instance that k = dim Π d−1

p ∼ pd−1. For
simplicity we therefore assume that for each admissible block Ab ∈R

t×s the approx-
imant Sk, k = dim Π d

p ∼ pd , satisfies

‖Ab−Sk‖F ≤ cη p‖Ab‖F .

If a block does not satisfy (3.35), then its original entries are stored. For

p≥ log1/η c/ε

we obtain that (3.69) is valid. Since k ∼ pd and since the complexity on each block
t× s is of the order k2(|t|+ |s|), the overall complexity for generating the approxi-
mant AH ∈H (TI×J ,k) is n logn| logε|2d , where n := |I| ∼ |J|; see (1.36). The com-
plexities for storing AH and multiplying it by a vector, once it has been generated,
result from the complexity of H -matrices in Chap. 2 and are both n logn| logε|d .

3.4.5 Numerical Experiments

In order to show that the proposed techniques work reliably and efficient, in the
following numerical experiments we will apply ACA to complex and nonsmooth
geometries. Furthermore, the results of applying ACA to the Helmholtz equation
will be reported. As a third numerical example, we consider mixed boundary value
problems of the Lamé equations.
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3.4.5.1 Complex Geometries

From Example 3.38 it could be seen that ACA may run into trouble if not enough
attention is paid to the choice of pivoting rows. This problem was caused by
the normal ν to Γ appearing in the kernel of the double-layer integral operator
and nonsmooth boundaries. In order to show that a thorough implementation (see
Sect. 3.4.3) of ACA can handle nonsmooth geometries, we consider the Dirichlet
boundary value problem

−∆u = 0 in Ω ,

u = g on Γ ,

where Γ is the surface shown in Fig. 3.4, which is by courtesy of Fraunhofer ITWM,
Kaiserslautern. From (3.13) we obtain the following boundary integral equation for

Fig. 3.4 Surface mesh of a foam with n = 494616 degrees of freedom.

the unknown function t := ∂ν u:

V t = (
1
2
I +K )g on Γ .

A Galerkin discretization with piecewise linears ϕ j, j = 1, . . . ,n, and piecewise con-
stants ψi, i = 1, . . . ,n′, leads to the following linear system of equations

V x = b, b = (
1
2

M +K)g̃, (3.70)

where for i = 1, . . . ,n′ and j = 1, . . . ,n
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Vi j = (V ψ j,ψi)L2(Γ ), Ki j = (K ϕ j,ψi)L2(Γ ), and Mi j = (ϕ j,ψi)L2(Γ ).

Furthermore, g̃ ∈ R
n is the vector minimizing

‖g−
n

∑
j=1

g̃ jϕ j‖L2(Γ ).

The solution x of (3.70) defines an approximation th := ∑n′
i=1 xiψi of t.

In the first set of numerical tests we approximate the matrices V and K of the
single and double-layer operator using ACA (see Algorithm 3.1) with relative accu-
racy ε = 110−4. Additionally, the techniques from Sect. 2.6 are used to improve the
compression rate. In all tests a minimal blocksize nmin = 15 was chosen.

Since V is coercive, its Galerkin stiffness matrix V is symmetric positive definite.
Hence, in contrast to the H -matrix approximant KH to K, we may generate only
the upper triangular part of the approximant VH to V . The positivity is preserved un-
der sufficiently small perturbations such as the approximation error caused by ACA.
Table 3.1 shows the time needed for building VH and its memory consumption for
two discretizations of Γ and different admissibility parameters η . Additionally, the
ratio of the amount of storage required by the compressed and the standard represen-
tation can be found in the columns labeled “ratio”. Table 3.2 contains the respective
values for KH . We observe that increasing the number of degrees of freedom by

Table 3.1 Approximation results for V and ε = 110−4.

n = 28968 n = 115872
η time MB ratio time MB ratio

0.8 316s 259 8.1% 1 567s 1 264 2.5%
1.0 253s 204 6.4% 1 251s 995 1.9%
1.2 217s 173 5.4% 1 208s 967 1.9%
1.4 208s 162 5.1% 2 812s 2 513 4.9%

Table 3.2 Approximation results for K and ε = 110−4.

n = 28968 n = 115872
η time MB ratio time MB ratio

0.8 2 334s 543 17.4% 11 651s 2 789 5.5%
1.0 1 943s 443 14.2% 9 517s 2 264 4.4%
1.2 1 711s 386 12.3% 8 788s 2 119 4.2%
1.4 2 001s 475 15.2% 21 260s 6 222 12.2%

a factor of 4 leads to an almost five times larger amount of storage. The required
CPU time behaves similarly. The optimal choice for η seems to be 1.2. For the
computation of the singular integrals we used O. Steinbach’s semi-analytic quadra-
ture routines OSTBEM. Comparing the ratios of the required amount of storage and
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the CPU time, one observes that the computation of each entry of the double-layer
matrix requires about 3.5 times more CPU time than the single-layer entries require.
This is due to the fact that for the approximation of g piecewise linears are used.

The CPU time for recompressing VH to the same accuracy ε = 110−4 with the
algebraic technique from Sect. 2.6 and the memory consumption of the resulting
approximant are presented in Table 3.3. Apparently, the recompression technique

Table 3.3 Coarsening VH with ε = 110−4.

n = 28968 n = 115872
η time MB ratio time MB ratio

0.8 25s 152 4.7% 116s 758 1.5%
1.0 19s 152 4.7% 83s 758 1.5%
1.2 13s 152 4.7% 53s 876 1.7%
1.4 10s 155 4.9% 48s 2 411 4.7%

significantly reduces the storage requirements for small η , i.e., for fine partitions.
The partition for η = 1.2 seems to be almost optimal such that the recompression
does not lead to significant improvements. The choice η = 1.4 results in a par-
tition which is too coarse for the recompression procedure to have its effects. Its
application, however, is useful in any case, because the computational effort can be
neglected compared with the construction of the matrix.

In the following tests we compare the accuracy of the computed solution t̃h with

t(x) := ∂νx S(x− y0) =
1

4π
νx · (y0− x)
‖x− y0‖3 ,

which is the Neumann data of the exact solution u(x) = S(x−y0) for the right-hand
side gD(x) := S(x− y0), x ∈ Γ . The point y0 is chosen outside of Ω . Hence, we are
able to compute the approximate L2-error(

∑
i=1,...,n

µ(πi) |t(mi)− ti)|2
)1/2

as measure for the error of the solution. Here, mi denotes the centroid of the ith
triangle πi. The results for various approximation accuracies ε and the two dis-
cretizations of the boundary from Fig. 3.4 are presented in Table 3.4. For these tests
η = 1.2 was chosen. The approximation accuracy ε has to be chosen relatively high
in order to be able to observe the convergence of th against t. One of the reasons
for this is that the different discretizations of Γ are not just refinements of an initial
discretization, the topology of the discretizations may even differ. Hence, it happens
that the accuracy of t̃h even deteriorates on the finer grid for larger ε .

In the previous table we have presented only the accuracy of the solution. Its
preconditioned iterative or fast direct solution will be considered in Sect. 3.6.
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Table 3.4 Solution error ‖t− t̃h‖2 for different ε .

ε n = 28968 n = 115872
110−4 3.210−2 6.710−2
110−5 3.310−3 4.810−3
110−6 2.410−3 1.510−3

3.4.5.2 Helmholtz’ Equation

Boundary integral formulations can be derived and are particularly useful for
Helmholtz’ equation

−∆u−ω2u = 0 in Ω c,

u = 1 on ∂Ω ,

where Ω ⊂R
d is a bounded domain and Ω c = R

d \Ω ; see [45, 55]. From Lemma 3.5
it can be seen that the singularity function of the Helmholtz operator −∆ −ω2 is
asymptotically smooth such that ACA is applicable. However, the constant γ appear-
ing in the definition of asymptotic smoothness (3.18) (and thus in the error estimates
of all degenerate kernel approximations and also of ACA) contains the factor

cL =
(
72 ·73+2ω2(diamΩ)2)1/2

due to Lemma 3.3 and Lemma 3.5, which shows that the required rank k scales
linearly with respect to ω for large wave numbers ω . Additionally, the mesh size h
has to be chosen such that ωh� 1 when discretizing ∂Ω ; see for instance [102]. As
a consequence, k ∼ h−1 ∼ n1/(d−1) and methods based on low-rank approximants
will not be able to achieve logarithmic-linear complexity for large ω . H -matrices
will therefore have complexity nd/(d−1); see also [216, 217] for multipole algorithms
of complexity n3/2 and n4/3. In the Table 3.5 we compare the required rank for a
prescribed accuracy ε = 110−4 of ACA applied to an admissible sub-block with
the low-rank approximant resulting from the SVD for increasing wave numbers ω .
Apparently, ACA gives an almost optimal approximation, while the optimum rank

Table 3.5 Low-rank approximation for increasing wave numbers.

SVD ACA
ω matrix size k time k time
20 8×16 8 0.00s 8 0.00s
25 15×31 10 0.00s 13 0.00s
50 125×250 19 0.05s 26 0.00s

100 1000×2000 37 32.51s 42 0.05s
200 8000×16000 – – 84 2.13s
400 64000×128000 – – 175 100.82s
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revealed by the SVD grows linearly with ω . If we want to guarantee that ωh ∼
1, then the matrix dimensions m = (ω/10)3 and n = 2m will grow cubically with
respect to ω . As a consequence, the SVD, which requires to compute the whole
matrix beforehand, cannot be applied for ω ≥ 200 due to memory limitations. As a
conclusion, low-rank techniques will not lead to optimal complexity. ACA provides
an easy and efficient means to compute an optimal approximation in the class of
low-rank methods. Recently, new multilevel techniques (see [217, 88, 207, 74, 5,
12]) have been introduced, which achieve the desired logarithmic-linear asymptotic
complexity.

3.4.5.3 Problems from Linear Elasticity

In the rest of this section we apply ACA to boundary element matrices arising from
linear elasticity in three spatial dimensions. The panel clustering method has been
applied to the Lamé equations in [143], fast multipole methods where used in [194].

We consider an elastic body Ω ⊂ R
3 with Lipschitz boundary Γ . Suppose that

a displacement of the body gD is given on ΓD ⊂ Γ and some force gN is applied to
ΓN ⊂ Γ = Γ D∪Γ N . To find displacements and forces inside Ω , we set up a mixed
boundary value problem (cf. (3.1)) for the Lamé system:

−µ�∆u− (λ + µ)∇divu = 0, x ∈Ω , (3.71a)
u = gD, x ∈ ΓD, (3.71b)

t := Tu = gN , x ∈ ΓN . (3.71c)

Here, u : R
3 → R

3 is the displacement vector and

Tu = λ divu ·ν +2µ ν ·∇u+ µ ν× curlu (3.72)

is the traction on the boundary. The Lamé constants λ and µ relate to the elasticity
module E > 0 and the Poisson ratio r ∈ (0, 1

2 ) of the material as follows

λ =
Er

(1+ µ)(1−2r)
, µ =

E
2(1+ r)

. (3.73)

Problem (3.71) admits the following symmetric boundary integral formulation;
cf. (3.13).

V t̃−K ũ =
(

1
2
I +K

)
g̃D−V g̃N on ΓD, (3.74a)

K ′t̃ +D ũ =
(

1
2
I −K ′

)
g̃N −D g̃D on ΓN , (3.74b)

where ũ = u− g̃D, t̃ = t− g̃N , g̃N , and g̃D are extensions of gN and gD to the whole
boundary Γ . Furthermore,
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(V t)(x) =
∫

Γ
[S(x− y)]T t(y)dsy,

(K u)(x) =
∫

Γ
[T ∗y S(x− y)]T u(y)dsy,

(K ′t)(x) =
∫

Γ
[TxS(x− y)]T t(y)dsy,

(Du)(x) =−Tx

∫
Γ
[T ∗y S(x− y)]T u(y)dsy

are the single-layer, double-layer, adjoint double-layer potentials and a hypersingu-
lar operator, respectively. In the previous expression

Si j(x,y) =
1+ r

8πE(1− r)

[
(3−4r)

δi j

‖x− y‖ +
(xi− yi)(x j− y j)

‖x− y‖3

]
(3.75)

for i, j = 1,2,3 denotes the singularity function. For details we refer to [236, 70, 237]
and [242].

Although we could apply ACA directly to the discrete operators, it is more effi-
cient to exploit their relation to the respective operators of the Laplacian. As it was
shown in [167] (see also [242]), the action of K and K ′ can be expressed in terms
of V , V∆ , K∆ , and R

(K u, t) = 2µ(V Ru, t)+(K∆ u, t)− (V∆ Ru, t), (3.76a)
(K ′t,v) = 2µ(V t,Rv)+(K ′

∆ t,v)− (V∆ t,Rv), (3.76b)

where V∆ , K∆ , and K ′
∆ are the corresponding operators for the Laplacian and

Ri j = ν j∂i−νi∂ j, i, j = 1,2,3.

The action of the hypersingular operator can also be expressed in terms of V , V∆ ,
and R (see [167], [242]):

(Du,v) =
∫

Γ

∫
Γ

µ
4π‖x− y‖

(
3

∑
k=1

∂u
∂Sk

(y)
∂v
∂Sk

(x)

)

+(Rv)T (x)
(

µ
2π‖x− y‖I −4µ2S(x− y)

)
(Ru)(y) (3.77)

+
3

∑
i, j,k=1

(Rk jvi)(x)
1

‖x− y‖ (Rkiu j)(y)dsx dsy.

Here,
∂

∂S1
= R32,

∂
∂S2

= R13, and
∂

∂S3
= R21.

To see how useful the above relations are, we proceed with the variational formula-
tion of the problem. Multiplying equations (3.74) by test functions τ ∈ H̃−1/2(ΓD)
and v ∈ H̃1/2(ΓN), respectively, and integrating the resulting equations over the
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surface gives

a(ũ, t̃;v,τ) = f (v,τ) for all (v,τ) ∈ H̃1/2(ΓN)× H̃−1/2(ΓD),

where

a(ũ, t̃;v,τ) = (V t̃,τ)L2(ΓD)− (K t̃,τ)L2(ΓD) + (K ′t̃,v)L2(ΓN) + (D ũ,v)L2(ΓN)

and

f (v,τ) = (
(

1
2
I +K

)
g̃D,τ)L2(ΓD)− (V g̃N ,τ)L2(ΓD)

+ (
(

1
2
I −K ′

)
g̃N ,v)L2(ΓN)− (D g̃D,v)L2(ΓN).

We discretize the spaces H−1/2(Γ ) ≈ span{ψi}n′
i=1 and H1/2(Γ ) ≈ span{ϕ j}n

j=1
looking for the solution of the form

uh(x) =
n

∑
j=1

⎡
⎣ux, j

uy, j
uz, j

⎤
⎦ϕ j(x), th(x) =

n′

∑
i=1

⎡
⎣tx,i

ty,i
tz,i

⎤
⎦ψi(x).

This gives the following system (cf. (3.16)) of linear algebraic equations for the

partially unknown coefficient vectors u = [ux, j,uy, j,uz, j]
nD
j=1 and t = [tx,i, ty,i, tz,i]

n′N
i=1[−V K

KT D

][
t
u

]
=
[

V − 1
2 M−K

1
2 M−KT −D

][
g̃N
g̃D

]
=:
[

fN
fD

]
. (3.78)

The entries of the above matrices are

Vk� = (V ψ�,ψk)L2 , Kk j = (K ϕ j,ψk)L2 , Di j = (Dϕ j,ϕi)L2 ,

where k, � = 1, . . . ,nD and i, j = 1, . . . ,n′N . In order to be able to deal with a large
number of unknown coefficients, the discrete system (3.78) is solved using a Krylov
subspace method. To use this kind of iterative solver, we only need to provide the
multiplication of the coefficient matrix by a vector. This is done using represen-
tations (3.76) and (3.77), thereby avoiding explicit computations of the entries of
D and K. The only dense matrices that need to be stored are V , V∆ , and K∆ . By
reordering the unknown coefficients such that the components are separated

{ux, j,uy, j,uz, j}n
j=1 →{{ux, j}n

j=1,{uy, j}n
j=1,{uz, j}n

j=1},
{tx,i, ty,i, tz,i}n′

i=1 →{{tx,i}n′
i=1,{ty,i}n′

i=1,{tz,i}n′
i=1},

the matrix V can be decomposed as
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V = c1

⎡
⎣V∆ 0 0

0 V∆ 0
0 0 V∆

⎤
⎦+ c2

⎡
⎣V1 V2 V3

V2 V4 V5
V3 V5 V6

⎤
⎦ ,

where Vi, i = 1, . . . ,6, are the matrices corresponding to the entries of the second
term in (3.75). Thus, for the solution of the system (3.78) we need to store seven
Hermitian nD×nD matrices to represent V and one nD×n′N matrix K∆ . These ma-
trices are composed using ACA on admissible blocks.

We first compute the matrices for the geometry depicted in Fig. 3.5. Nodes on
the left face of the beam are fixed (u = 0) and a unit vertical force t = (0,0,−1) is
applied to each triangle of the right face. The mesh is uniformly refined to test the
performance on matrices of different sizes. The compression results for the matrix

Fig. 3.5 Test domain before and after the elastic deformation.

V are shown in Table 3.6 for fixed ε = 110−5. As expected, the compression ratio
(column 3) improves for increasing n. Furthermore, we observe a decay of the mem-
ory increment (column 4) from one problem size to the next. This reflects the almost
linear storage requirement of the matrix. The amount of computed matrix entries in
millions is shown in column 5 of the table. Column 6 shows that the compression
procedure uses only a small portion of the original matrix entries to build a block-
wise low-rank approximant. Table 3.7 reveals the dependence of the compression

Table 3.6 Compression and number of computed entries of V (ε = 110−5).

memory CPU time
n MB ratio incr. entries ratio incr.
640 9.50 0.338 – 2.7 0.738 –

1 280 30.87 0.274 3.250 8.8 0.600 3.250
2 560 90.37 0.201 2.928 25.8 0.439 2.930
5 120 239.49 0.133 2.650 64.8 0.275 2.510

10 240 562.58 0.078 2.349 141.6 0.150 2.182
20 480 1 291.78 0.045 2.296 358.5 0.099 2.531
40 960 2 624.02 0.023 2.031 820.4 0.054 2.288
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rate of the matrix V on the approximation accuracy ε . For these tests we have cho-
sen n = 20480 such that V has dimension 3n×3n. As predicted, the approximation

Table 3.7 Compression of V for various ε (n = 20480).

ε MB ratio
110−2 458.01 0.016
110−3 633.51 0.022
110−4 848.91 0.030
110−5 1 291.78 0.045

accuracy ε enters the complexity only through the logarithm.
The next tests are performed on the geometry shown in Fig. 3.6. Nodes on the

bottom face of the body are fixed (u = 0) and a unit vertical force t = (0,0,1) is
applied to each triangle of the top face. The performance results are collected in
Table 3.8. We observe a behavior similar to the behavior in the previous tests.

Fig. 3.6 Test domain before and after the elastic deformation.

Table 3.8 Compression results for the second test geometry (ε = 110−4).

memory CPU time
n MB ratio incr. entries ratio incr.

4 944 278.26 0.1658 – 61 0.275 –
19 776 1 791.83 0.0667 6.439 361 0.102 5.960
79 104 9 499.65 0.0221 5.302 1 786 0.032 4.951
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3.4.6 Parallelization of ACA

Although an H -matrix approximant can be computed using ACA with O(k2n logn)
operations, building the matrix is still the most time-consuming part of the compu-
tation. Hence, it would be beneficial to the execution time if the construction of the
approximant could be done in parallel; cf. [202]. Therefore, in this section the par-
allel construction of the H -matrix approximant is discussed. Algorithms for shared
and for distributed memory are introduced which show an optimal parallel speedup;
cf. [29]. The basis for these parallel algorithms is the following sequential algorithm
for the approximation of A ∈ R

n×n.

for all b ∈ P do
if b is admissible then

create a low-rank approximant of Ab using ACA;
else

create the dense matrix Ab;
endfor;

The result is either a low-rank matrix if the block satisfies (3.35) or a dense matrix
if it does not satisfy the admissibility criterion. Since in both cases the computation
on each block is independent from the other blocks, the construction process has a
natural parallelism, which promises optimal speedups if a reasonable scheduling is
available. An immediate approach is to subdivide the matrix into p = 4q, q∈N, parts
using the partition on the qth level of the block cluster tree, where p is the number
of processors. This approach, however, will not lead to competitive speedups since
the costs of sub-blocks on the diagonal, for instance, are much higher then those of
off-diagonal sub-blocks. In addition, this block structure does not account for the
parallel matrix-vector multiplication introduced in Sect. 2.3.

To achieve a good parallel speedup, usually prior knowledge of the amount of
work per matrix block is needed for balancing the load among the processors. Un-
fortunately, this information is only accessible if the low-rank matrix blocks are
computed with a fixed rank. If, however, the stopping criterion (3.58), which guar-
antees a prescribed accuracy, is used in the ACA algorithm, the rank is chosen adap-
tively and may hence vary from block to block. Therefore, the actual costs per matrix
block are unknown.

An alternative to a cost-related load balancing algorithm is list scheduling. This
scheduling algorithm works by assigning the next not yet executed job to the first
idle processor, independently of the amount of work associated with the job. A
version of the above described H -matrix approximation algorithm utilizing list
scheduling is shown in Algorithm 3.2.
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for all b ∈ P do
let 0≤ i < p be the number of the first idle processor;
if b is admissible then

create a low-rank approximant of Ab using ACA on processor i;
else

create the dense matrix Ab on processor i;
endfor;
Algorithm 3.2: List scheduling.

List scheduling does not produce an optimal scheduling, but one can prove the fol-
lowing estimate; see [113].

Lemma 3.41. Let t(p) be the time for executing n jobs on p processors using list
scheduling and let tmin(p) be the minimal time needed for running n jobs on p
processors. Then it holds that

t(p)≤
(

2− 1
p

)
tmin(p). (3.79)

If the costs are known a-priori, e.g., if a constant rank approximation is generated,
one is able to use a refined version of list scheduling, namely longest process time
(LPT) scheduling. Instead of assigning the matrix blocks randomly to the proces-
sors, they are ordered according to their costs, starting from the most expensive one.

V := P;
while V �= ∅ do

choose v ∈V with maximum costs; V := V \{v};
let 0≤ i < p be the first idle processor;
if v is admissible then

create a rank-k approximant of Ab using ACA on processor i;
else

create the dense matrix Ab on processor i;
endfor;
Algorithm 3.3: LPT scheduling.

Compared with list scheduling, the result of this ordering is an improved approx-
imation of an optimal scheduling; see [113].

Lemma 3.42. Let t(p) be the time for executing n jobs on p processors using LPT
scheduling and let tmin(p) be as in Lemma 3.41. Then it holds that

t(p)≤
(

4
3
− 1

3p

)
tmin(p). (3.80)

Since according to Lemma 3.41 and Lemma 3.42 the costs differ from an optimal
scheduling only by a constant factor, the numerical effort for building the approxi-
mant is of order p−1k2n logn.
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3.4.6.1 Shared Memory Systems

Using list scheduling for building an H -matrix, the result (3.79) ensures an ef-
ficient algorithm with a parallel speedup of at least p/2. Furthermore, numerical
experiments indicate an almost optimal parallel behavior of the resulting algorithm
independently of the type of approximation (fixed or adaptive rank). In the case
of shared memory systems we will therefore restrict ourselves to this scheduling
method.

A widely used mechanism for parallel computations on shared memory systems
are threads which are independent, parallel execution paths in a single task. Be-
cause all threads are part of the same task, they share the same address space which
eliminates the need for communication between individual processors. A standard
interface to threads on most computer systems are POSIX threads; see [57]. Un-
fortunately, the usage of the POSIX thread interface can be complicated and of-
ten distracts from the real problem to solve. Furthermore, the creation of threads
comes with some costs, especially if several hundreds of threads are used. The latter
situation occurs in a modified version of Algorithm 3.2, where each submatrix is
computed in a new thread:

for all b ∈ P do
create a new thread t;
if b is admissible then

build a low-rank approximant of Ab using ACA in thread t;
else

build the dense matrix Ab in thread t;
endfor;

A convenient and efficient interface to POSIX threads is the threadpool library pre-
sented in [165].

Example 3.43. We apply the proposed methods to H -matrices stemming from
the Galerkin discretization of the single-layer potential operator V : H−1/2(Γ )→
H1/2(Γ ) defined by

(V u)(x) =
1

4π

∫
Γ

u(y)
‖x− y‖ dsy

on the surface Γ from Fig. 3.7.
A Galerkin discretization with piecewise constants ψi, i = 1, . . . ,n, leads to the

matrix V ∈ R
n×n with entries

Vi j = (V ψ j,ψi)L2(Γ ), i, j = 1, . . . ,n,

which is symmetric since V is self-adjoint with respect to (·, ·)L2(Γ ). Therefore, it is
only necessary to approximate the upper triangular part of V . For the numerical tests
of the shared memory algorithms an HP9000, PA-RISC with 875 MHz was used.

Table 3.9 shows the time and the corresponding parallel efficiency E (see Defin-
ition 2.9) in percent for building an H -matrix using a fixed rank of k = 10 for dif-
ferent numbers of processors. For this purpose Algorithm 3.2 was used. Table 3.10
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Fig. 3.7 The test surface.

Table 3.9 Parallel ACA with k = 10.
p = 1 p = 4 p = 8 p = 12 p = 16 size

n time time E time E time E time E in MB
3 968 117s 29s 99% 14s 99% 9s 99% 7s 99% 33
7 920 320s 80s 99% 40s 99% 26s 99% 20s 99% 83

19 320 1 042s 261s 99% 130s 99% 87s 99% 65s 99% 258
43 680 2 904s 727s 99% 364s 99% 243s 99% 182s 99% 706
89 400 6 964s 1 747s 99% 875s 99% 582s 99% 437s 99% 1 670

184 040 16 694s 4 179s 99% 2 081s 100% 1 391s 99% 1 049s 99% 3 980

contains the execution times for building the H -matrix using a fixed approximation
accuracy ε = 110−4.

Table 3.10 Parallel ACA with ε = 110−4.
p = 1 p = 4 p = 8 p = 12 p = 16 size

n time time E time E time E time E in MB
3 968 101s 25s 99% 12s 99% 8s 99% 6s 99% 46
7 920 269s 67s 99% 33s 99% 22s 99% 16s 99% 88

19 320 826s 206s 99% 103s 99% 69s 99% 51s 99% 226
43 680 2 258s 566s 99% 283s 99% 192s 99% 142s 99% 577
89 400 5 362s 1 347s 99% 675s 99% 448s 99% 337s 99% 1 326

184 040 12 741s 3 185s 100% 1 596s 99% 1 059s 100% 796s 100% 3 079

The algorithm shows a very high parallel efficiency even for small problem sizes,
which indicates the low overhead resulting from the usage of the threadpool and the
almost optimal load balancing produced by list scheduling.
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3.4.6.2 Distributed Memory Systems

In the first part of this section we consider the case of constant rank approximations.
In order to be able to apply LPT scheduling, the costs per matrix block have to be
known. We define the following cost functional for each matrix block b = t× s ∈
P by

ck(t,s) =
{ |t| · |s|, t× s is admissible,

k2 · (|t|+ |s|), else.

Algorithm 3.3 associates blocks to processors during the computation. Although
this online scheduling can be implemented also for distributed memory systems,
e.g., by a master-slave model, this involves communication which should be avoided.
Hence, in the case of a distributed memory an offline version is favorable; i.e., the
load balancing has to be done in advance. The offline version of Algorithm 3.3 is
shown in Algorithm 3.4.

procedure LPT(P)
V := P; Ci := 0 for 0≤ i < p;
while V �= ∅ do

let v = argmaxb∈V ck(b);
let i = argmax0≤ j<pCj;
assign v ∈V to processor i;
Ci := Ci + ck(v); V := V \{v};

endwhile;
end;
Algorithm 3.4: Offline LPT scheduling.

The sum of the costs associated with each processor 0 ≤ i < p are stored in Ci.
Hence, processor i, for which Ci = min0≤ j<p Cj, is the first idle processor to receive
the next block.

As mentioned above, a cost functional for load balancing cannot be defined in
the case of an adaptive rank approximation. In order to be able to still use offline
scheduling, we assume that the ranks of the low-rank matrices are bounded by some
number kmax. Then an average rank kavg for these submatrices exists which can be
used in the same way as a constant rank. Estimate (3.80), however, will not hold in
general, because only an approximation of the real costs per matrix block is used.
Instead, the algorithm can be regarded as list scheduling and hence (3.79) is valid.
Therefore, the resulting distribution still approximates an optimal load balancing up
to a constant factor. Since the costs for building and for storing each block have
the same complexity (see Remark 3.31), the amount of storage on each processor
needed to hold the H -matrix approximant is of the order p−1kn logn.

In Sect. 2.3 a scheduling algorithm based on sequence partitioning with space-
filling curves was presented to balance the H -matrix-vector multiplication among
the processors. Although this scheduling is not optimal for the construction using
ACA, it can also be used to distribute the blocks when building the H -matrix ap-
proximant. Numerical experiments have shown that the advantage of LPT schedul-
ing over sequence partitioning with space-filling curves can be neglected when
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building the matrix. Hence, sequence partitioning should be preferred, especially
if also the matrix-vector multiplication is to be executed in parallel, since then the
redistribution of blocks can be avoided.

The following tests of the distributed memory algorithms were carried out on
an AMD 900 MHz cluster. Due to memory restrictions, problems for large n could
not be computed with a small number of processors p. The corresponding parallel
efficiency for these problem sizes is therefore computed with respect to the smallest
number of processors p′ which was able to compute the problem; i.e.,

E(p) :=
p′ · t(p′)
p · t(p)

.

The presented storage size in these cases is approximated by p′Nst, where Nst de-
notes the memory consumption per processor on a system with p′ CPUs. Table 3.11
shows the time for building the H -matrix with a fixed rank of k = 10. The results

Table 3.11 Parallel application of ACA with k = 10.

p = 1 p = 4 p = 8 p = 12 p = 16 size
n time time E time E time E time E in MB

3 968 147s 37s 98% 18s 97% 13s 94% 10s 92% 29
7 920 404s 102s 99% 51s 97% 35s 94% 27s 92% 77

19 320 1 317s 334s 98% 166s 98% 119s 92% 87s 93% 245
43 680 929s 466s 99% 330s 93% 248s 93% 712
89 400 877s 605s 96% 467s 94% 1 784

184 040 1 430s 1 075s 98% 4 892

show that sequence partitioning in the case of constant rank approximations is
highly efficient and also works very well for small problem sizes.

In Table 3.12 the results for a fixed accuracy of ε = 110−4 are reported. The
average rank which is needed in this case was set to kavg = 10 with a maximal rank
of kmax = 100. Again, the H -matrix could not be built for larger problem sizes and
small p. Since the real costs per matrix block are only approximated, the parallel

Table 3.12 Parallel application of ACA for ε = 110−4.

p = 1 p = 4 p = 8 p = 12 p = 16 size
n time time E time E time E time E in MB

3 968 128s 33s 94% 18s 89% 12s 87% 9s 85% 26
7 920 338s 90s 93% 48s 88% 32s 86% 25s 84% 66

19 320 1 038s 272s 95% 143s 90% 96s 89% 74s 87% 197
43 680 2 845s 739s 96% 395s 90% 258s 91% 202s 87% 530
89 400 941s 628s 100% 480s 98% 1 528

184 040 1 450s 1 107s 98% 3 864
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efficiency in the case of fixed accuracy is not as high as in the case of fixed rank
approximations. Nevertheless, the scheduling still results in reasonable speedups.

3.5 A Recompression Technique for ACA (RACA)

The adaptive cross approximation method from Sect. 3.4 generates low-rank ap-
proximations UV T , U ∈ R

m×k, V ∈ R
n×k, to suitable sub-blocks A ∈ R

m×n of dis-
crete integral formulations of elliptic boundary value problems. A characteristic
property is that the approximation, which requires k(m + n), k ∼ | logε|∗, units of
storage, is generated in an adaptive and purely algebraic manner using only few of
the matrix entries. In this section (see [30]) we present a recompression technique
which brings the required amount of storage down to sublinear order kk′, where k′
depends logarithmically on the accuracy of the approximation but is independent of
the matrix size.

Although ACA generates approximants of high quality, the amount of storage
required for an approximant can still be reduced. The reason for this is visible from
the special structure of the approximation. In Lemma 3.32 we have pointed out that
for the computed approximation it holds that

UV T = A1:m, j1:k A−1
k Ai1:k,1:n, (3.81)

where Ak := Ai1:k, j1:k . The representation (3.81) uses parts A1:m, j1:k and Ai1:k,1:n of the
original matrix A for its approximation. Hence, the matrix entries of A1:m, j1:k and
Ai1:k,1:n have the same smoothness properties as the original matrix A. The smooth-
ness of the kernel function with respect to y was used by ACA. However, according
to Lemma 3.5, the singularity function S is asymptotically smooth even with respect
to both variables, i.e., for x ∈D1 and y ∈D2, where D1,D2 ⊂Ω , there are constants
c,γ1,γ2 > 0 such that

|∂ α
x ∂ β

y S(x,y)| ≤ c |α|! |β |!γ |α|1 γ |β |2 ‖x− y‖−|α|−|β ||S(x,y)| (3.82)

for all α,β ∈ N
d . The smoothness with respect to x has not been exploited so far.

Our aim in this section is to approximate the singularity function S as a function
of x and as a function of y using Chebyshev polynomials, i.e., we will construct
coefficient matrices X1,X2 ∈ R

k′×k, k′ ≈ k, such that for a given ε > 0

‖A1:m, j1:k −B1X1‖F ≤ ε‖A1:m, j1:k‖F and (3.83a)

‖AT
i1:k,1:n−B2X2‖F ≤ ε‖Ai1:k,1:n‖F , (3.83b)

where B1 ∈R
m×k′ and B2 ∈R

n×k′ are explicitly given matrices which are generated
from evaluating Chebyshev polynomials and which do not depend on the matrix
entries of A.
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Note that our construction will not be based on explicit polynomial approxima-
tion of the kernel function since we can afford more advanced methods due to the
fact that one of the dimensions of A1:m, j1:k and Ai1:k,1:n is k, which can be considered
to be small. Our aim is to devise a method which preserves both the adaptivity of
ACA and the property that only the matrix entries are used. The way we will achieve
this is based on projecting A1:m, j1:k and Ai1:k,1:n to the bases B1 and B2, respectively.
In total, this recompression generates uniform H -matrices (see Sect. 2.11) from
few of the original matrix entries. Notice that it is not required to develop arithmetic
operations for uniform H -matrices if approximate preconditioners are to be com-
puted from the generated approximation. Since the recompression is based on ACA,
one can generate an H -matrix approximation of reduced accuracy as a byproduct
and contruct a usual H -matrix preconditioner from it.

For uniform H -matrices it is necessary to store the coefficients of the projection
together with the bases. The amount of storage for the coefficients is of the order
k|I|, i.e., compared with H -matrices the factor log |I| is saved. However, storing
the bases still requires O(k|I| log |I|) units of storage. In our construction the “basis
matrices” B1 and B2 do not have to be stored. Only X1 ∈ R

k′×k and X2 ∈ R
k′×k will

be stored and the matrices B1 and B2 will be recomputed every time they are used.
Later it will be seen that for each m×n block the construction of B1 and B2 can be
done with k′m and k′n operations, respectively. Hence, we will improve the overall
asymptotic complexity to O(k|I|) units of storage due to (1.15). The matrix-vector
multiplication with B1X1 takes O(k′(m+k)) floating point operations. It will be seen
that this additional effort does not change the asymptotic complexity of the matrix-
vector multiplication. A slight increase of the actual run-time can be tolerated since
the multiplication is computationally cheap while it is necessary to further reduce
the storage requirements of ACA approximants.

In this section we will concentrate on a single sub-block A ∈ R
m×n of an

hierarchical matrix in R
I×J . We consider discretizations of integral operators A

of the form
(A v)(y) =

∫
Ω

S(x,y)v(x)dµx,

where S is a positive singularity function. The test and ansatz functions ψi and ϕ j are
non-negative finite element functions satisfying suppψi⊂D1 and suppϕ j ⊂D2. The
sub-block A results from a matrix partitioning which guarantees that the domains

D1 =
d⊗

ν=1

[a′ν ,b′ν ] and D2 =
d⊗

ν=1

[aν ,bν ]

are in the far-field of each other, i.e.,

max
ν=1,...,d

{b′ν −a′ν ,bν −aν} ≤ η dist(D1,D2) (3.84)

with a given parameter η ∈ R.
The structure of this section is as follows. Before we show that A1:m, j1:k and

Ai1:k,1:n can be approximated using Chebyshev polynomials, we present an alternative
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formulation of ACA which allows to exploit the smoothness of the latter matrices
for recompression. This second approximation requires the evaluation of the kernel
function at transformed Chebyshev nodes, which has to be avoided if we want to
use the original matrix entries. One solution to this problem is to find a least squares
approximation. In Sect. 3.5.3 we show how this can be done in a purely algebraic
and adaptive way. Numerical examples shows that this recompression is actually
faster than the recompression technique from Sect. 2.6 and reduces the asymptotic
storage complexity.

3.5.0.3 An Alternative Formulation of ACA

Since the methods of this section will be based on the pseudo-skeleton representa-
tion (3.81) of the ACA approximant, we should construct and store A1:m, j1:k , Ai1:k,1:n,
and A−1

k instead of UV T . In order to generate and apply A−1
k in an efficient way, we

use the LU decomposition of Ak.
Assume that pairs (i�, j�), � = 1, . . . ,k, have been found and assume that the nor-

malized LU decomposition of the k× k matrix Ak = LkRk has been computed. We
find the new pivotal row ik+1 and column jk+1 as explained in Sect. 3.4. With the
decomposition

Ak+1 =
[

Ak bk
aT

k ck

]
,

where ak := Aik+1, j1:k , bk := Ai1:k, jk+1 , and ck := Aik+1, jk+1 , the LU decomposition of
Ak+1 is given by

Ak+1 =
[

Lk 0
xT

k 1

][
Rk yk
0 αk

]
,

where xk solves RT
k xk = ak, yk solves Lkyk = bk, and αk = ck− xT

k yk. It is easy to
see that

xT
k = Uik+1,1:k, yT

k = Vjk+1,1:k, and αk = (vk+1) jk+1 .

This formulation of ACA has the same arithmetic complexity O(k2(m + n)) as the
original formulation.

Combining ACA with the approximations (3.83) leads to

A≈ A1:m, j1:k A−1
i1:k, j1:k

Ai1:k,1:n ≈ B1CBT
2 ,

where C = X1A−1
k XT

2 . If k′ ≤ 2k, then one should store the entries of C ∈ R
k′×k′ .

Otherwise, it is more efficient to store C in outer product form

C = (X1R−1
k )(X2L−T

k )T ,

which requires 2k′k units of storage.
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3.5.1 Approximation Using Chebyshev Polynomials

Our aim in this section is to approximate the matrix A1:m, j1:k . The matrix Ai1:k,1:n has
a similar structure and its approximation can be done analogously. For notational
convenience, we denote the restricted matrix A1:m, j1:k ∈ R

m×k again by the symbol
A. Hence, we assume that A has the entries (see (3.15))

ai j = Λ1,iA Λ ∗
2, j, i = 1, . . . ,m, j = 1, . . . ,k. (3.85)

Let Ip = I
(1)
p · · ·I(d)

p be the tensor product interpolation operator from (3.43)
defined on Chebyshev nodes (3.39). According to Theorem 3.18 the interpolation
on tensor product Chebyshev nodes leads to the following error estimate

|S(x,y)−Iy,pS(x,y)| ≤ c̃ p
(

1+
2
π

log p
)d( γη

2+ γη

)p

|S(x,y)|. (3.86)

We remind the reader of the representation (see (3.41)) of each one-dimensional
interpolation operator

I
(ν)
y,p S(x,y) =

p−1

∑
i=0

ci(x)Ti

(
2

y(ν)−aν
bν −aν

−1

)
, ν = 1, . . . ,d,

with coefficients

c0(x) :=
1
p

p−1

∑
j=0

S(x, t j) and (3.87a)

ci(x) :=
2
p

p−1

∑
j=0

S(x, t j)cos i
2 j +1

2p
π, i = 1, . . . , p−1. (3.87b)

The Chebyshev polynomials Tp(t) := cos(parccos(t)) satisfy the three term recur-
rence relation

T0(x) = 1, T1(t) = t, and Tp+1(t) = 2tTp(t)−Tp−1(t), p = 1,2, . . . . (3.88)

Replacing the kernel function S with the polynomial Iy,pS, we define the operator

( ˜A v)(y) =
∫

Ω
Iy,pS(x,y)v(x)dµx.

The corresponding matrix ÃCH ∈ R
m×k has the entries

ãCH
i j := Λ1,i ˜A Λ ∗

2, j, i = 1, . . . ,m, j = 1, . . . ,k. (3.89)

The following theorem shows the exponential convergence of ÃCH for the case
cγ1η < 1.



3.5 A Recompression Technique for ACA (RACA) 173

Theorem 3.44. If cγ1η < 1 (with the constants from (3.82)), then the following error
estimate is fulfilled

‖A− ÃCH‖F ≤ c̄ p
(

1+
2
π

log p
)d( γ1η

2+ γ1η

)p

‖A‖F .

Proof. With the positivity of S we obtain from (3.86) that

‖A− ÃCH‖2
F =

m

∑
i=1

k

∑
j=1
|ai j− ãCH

i j |2

=
m

∑
i=1

k

∑
j=1

(∫
Rd

∫
Rd
|S(x,y)−Iy,pS(x,y)|ψi(y)ϕ j(x)dµx dµy

)2

≤ c̄2 p2
(

1+
2
π

log p
)2d( γ1η

2+ γ1η

)2p m

∑
i=1

k

∑
j=1
|ai j|2

and hence the assertion. The Nyström case and the collocation case follow from the
same arguments. ��

Instead of the singularity function S the kernel function of A may also con-
tain normal derivatives of S. An example is the double-layer potential operator (see
Sect. 3.1) arising in boundary element methods

(K v)(y) =
1

4π

∫
Γ

νx · (y− x)
‖x− y‖3 v(x)dsx,

where νx is the unit normal vector in x ∈ Γ . Since ‖x− y‖−3 is asymptotically
smooth (with respect to both variables), we set for i = 1, . . . ,m and j = 1, . . . ,k

ãCH
i j :=

∫
Γ

∫
Γ

νx · (y− x)Iy,p‖x− y‖−3ψi(y)ϕ j(x)dsx dsy. (3.90)

It is obvious that a similar error estimate as presented in Theorem 3.44 can be ob-
tained also for this kind of operators.

3.5.2 Evaluation of the Approximation

The polynomial approximation (3.89) of the matrix entries ai j has the form

ãCH
i j = ∑

α∈N
d
0

‖α‖∞<p

Λ1,i

d

∏
ν=1

Tαν (ξ (ν))︸ ︷︷ ︸
=:biα

· Λ2, jcα︸ ︷︷ ︸
=:Xα j

, ξ (ν) = 2
y(ν)−aν
bν −aν

−1,
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with coefficient functions cα . Hence, the matrix ÃCH has the factorization ÃCH =
BXCH, where XCH ∈ R

k′×k, k′ := pd , and B ∈ R
m×k′ has the entries

biα = Λ1,i

d

∏
ν=1

Tαν (ξ (ν)). (3.91)

Let us first consider the collocation and the Nyström case. Then B has the entries

biα =
d

∏
ν=1

Tαν (ξ (ν)
i ), ξ (ν)

i := 2
y(ν)

i −aν

bν −aν
−1.

This matrix can be computed efficiently using the recurrence relation (3.88). For
all α ∈ N

d satisfying 0 ≤ αν ≤ 1, ν = 1, . . . ,d, let biα = ∏d
ν=1(ξ

(ν)
i )αν . If there is

1≤ j ≤ d such that α j ≥ 2, then

biα = Tα j(ξ
( j)
i ) ∏

ν �= j
Tαν (ξ (ν)

i )

= 2ξ ( j)
i Tα j−1(ξ

( j)
i ) ∏

ν �= j
Tαν (ξ (ν)

i )−Tα j−2(ξ
( j)
i ) ∏

ν �= j
Tαν (ξ (ν)

i )

= 2ξ ( j)
i biα−e j −biα−2e j ,

where e j is the jth canonical vector. Hence, the matrix B can be set up with O(mk′)
arithmetic operations.

Compute the vector ṽ = Xv and backup v̄ = ṽ.
for i = 1, . . . ,m do

Restore ṽ = v̄.
for α2 = p, p−1, . . . ,2 do

for α1 = p, p−1, . . . ,2 do
ṽα1−1,α2+ = 2ξ (1)

i ṽα1,α2

ṽα1−2,α2+ =−ṽα1,α2

endfor
ṽ0,α2+ = ξ (1)

i ṽ1,α2

ṽ0,α2−1+ = 2ξ (2)
i ṽ0,α2

ṽ0,α2−2+ =−ṽ0,α2

endfor
wi = ṽ0,0 +ξ (2)

i ṽ0,1

endfor
Algorithm 3.5: Multiplication w := BXv

For computing the matrix-vector product w := BXv without explicitly constructing
B one can use the Clenshaw-like algorithm shown in Algorithm 3.5. This algorithm
has complexity O(k′(k + m)), and we state it for sake of simplicity for spatial
dimension d = 2.

Now consider Galerkin matrices, i.e., ψi is a piecewise polynomial function on
each of the M polyhedrons defining the computational domain. We assume that the
support of each function ψi, i = 1, . . . ,m, is the union of at most µ elements τ j,
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j ∈Ii, with |Ii| ≤ µ , i.e., suppψi =
⋃

j∈Ii
τ j. Each element τ j is the image of the

reference element τ̂ under a mapping Fj. The restriction of ψi to each polyhedron
τ j is a polynomial, and we apply a cubature formula

∫
τ̂

f (y)dµy ≈
q

∑
�=1

w� f (y�)

with weights w� and points y�, � = 1, . . . ,q, on the reference element τ̂ , i.e.,

biα = ∑
j∈Ii

∫
τ j

d

∏
ν=1

Tαν (ξ (ν))ψi(y)dµy = ∑
j∈Ii

q

∑
�=1

w�ψi(Fτ j(y�))
d

∏
ν=1

Tαν (Fτ j(ξ
(ν)
� )).

Let I :=
⋃m

i=1 Ii. The computation of the matrix B can therefore be done by first
computing the matrix

b′( j,�),α :=
d

∏
ν=1

Tαν (Fτ j(ξ
(ν)
� )), α ∈ N

d , ‖α‖∞ < p, j ∈I , � = 1, . . . ,q,

having at most µmq rows. The matrix B′ has the same structure as B in (3.91) and the
number of cubature nodes is bounded by q = O(k′). In a second step one computes
the matrix

c′i,( j,�) := w�ψi(Fτ j(y�))

prior to computing the product

biα = ∑
j∈Ii

q

∑
�=1

c′i,( j,�)b
′
( j,�),α .

Note that the previous construction can be applied also to matrices (3.90).
As readily seen from (3.87), the computation of the coefficients XCH requires

additional evaluations of the kernel function at the tensor Chebyshev nodes. Since
our aim is a method that is based on the matrix entries and does not require the
kernel function, in the following we investigate a least squares approximation.

3.5.3 Least Squares Approximation

Let B ∈ R
m×k′ be the matrix defined in (3.91). According to Theorem 3.44, there is

XCH ∈ R
k′×k such that

‖A−BXCH‖F ≤ c̄ p
(

1+
2
π

log p
)d( γ1η

2+ γ1η

)p

‖A‖F .
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We have pointed out that the computation of XCH is not desirable. Additionally,
there may be a matrix XLS ∈ R

k′×k which provides a better approximation than
XCH. Hence, we aim at solving the least squares problem

find X ∈ R
k′×k such that ‖A−BX‖F is minimized.

Let B = UBΣV T
B , Σ ∈ R

k′×k′ , be a singular value decomposition of B, which can be
computed with complexity O((k′)2m). Then XLS := VBΣ+UT

B A, where

(Σ+)i j =

{
σ−1

i , i = j and σi �= 0,

0, else,

is a best approximation with respect to the Frobenius norm. The following error
estimate for ÃLS := BXLS is an obvious yet important consequence.

Lemma 3.45. For the approximation ÃLS we obtain

‖A− ÃLS‖F ≤ c̄ p
(

1+
2
π

log p
)d( γ1η

2+ γ1η

)p

‖A‖F .

Proof. Since XLS minimizes ‖A− BX‖F , we compare with the solution ÃCH =
BXCH defined by interpolation at the Chebyshev nodes. ��

In what follows we will devise an efficient adaptive strategy for the solution of
the least squares problem. According to the previous lemma, we may assume that

‖A−BXLS‖F ≤ ε‖A‖F

with arbitrary ε > 0. Depending on, for instance, the geometry, the columns of B
can be close to linearly dependent. Hence, the number of required columns of
B may be significantly smaller than k′. Using the singular value decomposition of B,
it is possible to construct a minimum orthonormal basis U ∈R

m×k′′ and coefficients
C ∈ R

k′′×k′ such that
‖B−UC‖F ≤ ε‖B‖F .

In this case we would have to store the matrix U for later computations. Since our
aim is to generate the basis of approximation on the fly every time it appears in
the computations, we have to find appropriate columns of B which are sufficient
to represent the remaining columns. To this end, we construct a rank-revealing QR
decomposition of B

BΠ = QR = Q
[

R11 R12
0 R22

]
,

where Q ∈ R
m×m is unitary, Π ∈ R

k′×k′ is a permutation matrix, and R ∈ R
m×k′

is upper triangular. We determine 0 ≤ rB ≤ k′ such that R11 ∈ R
rB×rB is non-

singular and
‖[0 R22

]
XLS‖F ≤ ε‖A‖F .
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Denote by ΠrB the first rB columns of Π . Hence, setting X1 := [I,R−1
11 R12]Π−1XLS,

we have

‖A−BΠrBX1‖F ≤ ‖A−BXLS‖F +‖BXLS−BΠrBX1‖F

≤ ε‖A‖F +‖BΠΠ−1XLS−BΠrBX1‖F

= ε‖A‖F +‖
([

R11 R12
0 R22

]
−
[

R11
0

][
I R−1

11 R12
])

Π−1XLS‖F

= ε‖A‖F +‖[0 R22
]

Π−1XLS‖F

≤ 2ε‖A‖F .

Although we have reduced the basis B to BΠrB , it still holds that

min
X∈RrB×k

‖A−BΠrBX‖F ≤ 2ε‖A‖F .

In addition to redundancies in the basis vectors B, the columns of A may be close
to linearly dependent. An extreme case is A = 0. Then there is no need to store
a coefficient matrix X of size rB× k. Therefore, our aim is to find X ∈ R

r×k with
minimum 0≤ r ≤ rB such that

‖A−BΠrX‖F = min
Y∈Rr×k

‖A−BΠrY‖F ≤ 2ε‖A‖F .

Let Q = [Q1,Q2] be partitioned, where Q1 ∈ R
m×r. Since

‖A−BΠrX‖F = ‖QT A−QT BΠrX‖F = ‖QT A−
[

R̂
0

]
X‖F = ‖

[
QT

1 A− R̂X
QT

2 A

]
‖F ,

where R̂ ∈ R
r×r is the leading r× r submatrix in R11, it follows that

‖A−BΠrX‖F = ‖QT
2 A‖F

if X solves R̂X = QT
1 A. This X ∈ R

r×k satisfies

‖A−BΠrX‖F = min
Y∈Rr×k

‖A−BΠrY‖F .

The smallest r can thus be found from the condition

‖QT
2 A‖F ≤ 2ε‖A‖F .

The computation of QT A ∈ R
m×k can be done with O(kk′m) operations provided Q

is represented by a product of k′ Householder transforms.
In total, we have the following algorithm which requires O((k′)2m) flops.
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Set up the matrix B ∈ R
m×k′ .

Compute an SVD B = UBΣV T
B and XLS = VBΣ+UT

B A ∈ R
k′×k.

Compute a rank-revealing QR decomposition BΠ = QR.

Determine 0≤ rB ≤ k′ and partition R =
[

R11 R12
0 R22

]
such that ‖[0 R22

]
XLS‖F ≤ ε‖A‖F .

Compute QT A ∈ R
m×k by k′ Householder transforms.

Find 0≤ r ≤ rB such that ‖QT
2 A‖F ≤ 2ε‖A‖F .

Solve R̂X = QT
1 A for X ∈ R

r×k.
Algorithm 3.6: Reduction of B and least squares solver.

Finally, in Table 3.13 we compare the asymptotic complexities of ACA, the
recompression technique from this section (labeled “RACA”), and the standard
method without any approximation.

Table 3.13 Asymptotic complexities.

memory usage matrix-vector multiplication setup time
standard mn mn mn

ACA k(m+n) k(m+n) k2(m+n)
RACA kk′ k′(m+n+ k) (k2 +(k′)2)(m+n)

In what follows we discuss a further reduction in memory usage when the kernel
is translationally invariant.

3.5.3.1 Translation Invariant Kernels

For simplicity we consider the Nyström case, i.e., our matrix block A ∈ R
m×k is

given by
ai j = κ(x j− yi), i = 1, . . . ,m, j = 1, . . . ,k.

In this case we simultaneously approximate all columns of A. The interpolation at
tensor product Chebyshev nodes is given by

āi j = (Ipκ)(x j− yi),

and allows for the error estimate in Theorem 3.44. The crucial point is the further re-
duction in storage, since we need only one vector of coefficients X̄CH ∈R

k′ , k′ = pd .
In total, the matrix block A ∈ R

m×k is compressed to k′ coefficients – compared to
kk′ coefficients when no translation invariance is exploited.

3.5.4 Numerical Results

We consider the single-layer potential operator V from Sect. 3.1 for testing the
proposed algorithm. In the following experiments Γ is the surface from Fig. 3.4.
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A Galerkin discretization with piecewise constants ϕi = ψi, i = 1, . . . ,n, leads to
the matrix V ∈ R

n×n with entries

vi j = (V ϕi,ϕ j)L2(Γ ), i, j = 1, . . . ,n,

which is symmetric since V is self-adjoint with respect to (·, ·)L2(Γ ). Therefore, it is
sufficient to approximate the upper triangular part of V by an hierarchical matrix.

Tables 3.14 and 3.15 compare the hierarchical matrix approximation generated
by ACA with and without coarsening (see Sect. 2.6) and by the (least squares based)
method from this section, which is abbreviated with “RACA”. We test these meth-
ods on three discretizations of the surface from Fig. 3.4. Columns two, five, and
eight show the memory consumption in MByte, columns three, six, and nine contain
the memory consumption per degree of freedom in KByte. The CPU time required
for the construction of the respective approximation can be found in the remaining
columns four, seven, and ten. The relative accuracy of the approximation in Frobe-
nius norm is ε . All tests were done on a shared memory system with four Intel Xeon
processors at 3 GHz. The minimal cluster size was chosen nmin = 15, and η = 1.1.

Table 3.14 Approximation results for ε = 1e−3.

ACA coarsened ACA RACA
n MB KB/n time MB KB/n time MB KB/n time

28 968 115.7 4.1 43s 93.0 3.3 46s 59.3 2.1 44s
120 932 607.8 5.1 230s 490.1 4.1 246s 244.3 2.1 237s
494 616 2836.6 5.9 1114s 2342.3 4.8 1175s 963.0 2.0 1155s

Table 3.15 Approximation results for ε = 1e−4.

ACA coarsened ACA RACA
n MB KB/n time MB KB/n time MB KB/n time

28 968 186.2 6.6 63s 150.8 5.6 70s 127.4 4.5 66s
120 932 992.7 8.4 342s 809.8 6.9 372s 536.5 4.5 359s
494 616 4727.7 9.8 1674s 3928.4 8.1 1795s 2214.2 4.5 1714s

Apparently, RACA produces approximations with much lower memory con-
sumption than obtained by the ACA method even after coarsening. The numbers
in the column “KB/n” support our complexity estimates: The asymptotic complex-
ity of the storage behaves linearly if the approximation accuracy is kept constant.
The time required for RACA is less than the time for coarsened ACA. Especially
the computation of the basis matrices can be done efficiently.

In the previous numerical results we have only computed H -matrix approxima-
tions. Usually, also linear systems in which the approximant appears as the coef-
ficient matrix have to be solved. Depending on the operator, the geometry of the
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domain, and its discretization, preconditioning becomes necessary when these sys-
tems are to be solved iteratively. In the following chapter we present precondition-
ers which can be easily computed from the data-sparse approximation generated
by ACA.

3.6 Preconditioning with Low-Accuracy Approximations

Building the coefficient matrices in boundary element applications is usually the
most time-consuming part of the computation. By the ACA method presented in
Sect. 3.4 it is possible to compute H -matrices which approximate the original co-
efficient matrices up to any given accuracy with logarithmic-linear complexity. This
construction can be accelerated on a parallel computer using the scheduling algo-
rithms from Sect. 3.4.6 such that a complexity of order p−1n log2(d−1) n can be guar-
anteed for the construction of the linear system. In order to not destroy the overall
complexity, also the solution of the linear system of equations should be computed
with logarithmic-linear complexity.

Direct solvers will lead to a cubic asymptotic complexity due to the dense struc-
ture of the coefficient matrix. If the system is to be solved by an iterative scheme
such as a Krylov subspace method, then the numerical range of the coefficient matrix
will determine the required number of iterations. The condition number of Galerkin
stiffness matrices arising from the discretization of pseudo-differential operators

A : Hα(Γ )→ H−α(Γ )

can be shown (see [182]) to be of the order h−2|α|, where h := mini=1,...,n diamXi is
the discretization parameter. The coefficient matrices are therefore ill-conditioned if
α �= 0 and if the number of unknowns n is large.

There are many different approaches to obtaining a preconditioner for matrices
arising from the discretization of integral equations. One class of methods are addi-
tive or multiplicative Schwarz preconditioners [158, 177]. Another class of methods
[257, 258, 47, 93, 173, 241, 172] is based on the ideas of multigrid, where instead of
the usual application of multigrid methods, the FE discretization of differential op-
erators, operators of negative order have to be treated. A third class [211, 212, 185]
replaces the domain of integration of A in such a manner that the resulting matrix
has Toeplitz structure. Another idea is based on the mapping properties of the op-
erator only; see [244]. Let A : V → V ′ and B : V ′ → V be continuous, V -, resp.,
V ′-coercive linear operators. Then A and B−1 : V → V ′ both are V -coercive; i.e.,
there are constants αA ,αB,βA ,βB > 0 such that for all v ∈V

αA ‖v‖2
V ≤ (A v,v)L2 ≤ βA ‖v‖2

V and αB‖v‖2
V ≤ (B−1v,v)L2 ≤ βB‖v‖2

V .

From the last estimates it already follows that A and B−1 are spectrally equiva-
lent; i.e,
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αA

βB
(B−1v,v)L2 ≤ (A v,v)L2 ≤ αB

βA
(B−1v,v)L2 for all v ∈V.

Hence, the hypersingular operator of the Laplacian can be used for preconditioning
the single-layer potential operator, for instance. Since both operators can be approx-
imated using ACA, one could easily obtain an efficient preconditioner. Instead of
ACA, also the fast multipole method could be used. This, however, requires the
implementation of the multipole method also for the preconditioning operator. Al-
though the idea of using operators with inverse mapping properties is elegant, the
preconditioning effect can be observed only asymptotically; i.e., for fixed problem
sizes n the condition number might still be large. The double-layer potential opera-
tor, for instance, is asymptotically well-conditioned since it is an operator of order
0. We will however see from the numerical experiments in Sect. 3.6.2 that there are
examples involving the double-layer operator which cannot be solved in reasonable
time without preconditioning.

Since the inverse of an elliptic pseudo-differential operator is a pseudo-differential
operator, too, it seems natural to use the (approximate) hierarchical inverse for pre-
conditioning. Numerical experiments indicate that although the H -matrix inverse
provides a preconditioner with almost linear complexity, for dense matrices we are
better off using

C := U−1
H L−1

H

as an explicit preconditioner, where LH and UH are lower and upper triangular
H -matrices such that AH ≈ LH UH is the approximate LU decomposition from
Sect. 2.9. If AH is Hermitian positive definite, C := L−T

H L−1
H is used as a precon-
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Fig. 3.8 Low-precision Cholesky decomposition.

ditioner, where LH now is the lower triangular H -matrix from the approximate
Cholesky decomposition AH ≈ LH LT

H . Hence, during an iterative scheme like
GMRes, in addition to multiplications of AH by a vector, forward/backward substi-
tutions have to be applied when multiplying C by a vector. The forward/backward
substitutions can be done with the same logarithmic-linear complexity as the H -
matrix-vector multiplication; see Sect. 2.9. In view of (2.23) and (2.26), the LU de-
composition can be computed with lower precision δ compared with the accuracy
ε of AH . For an improved efficiency, AH should therefore be copied and treated
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by the coarsening procedure from Sect. 2.6 such that we obtain ÃH ∈H (TI×I ,k)
satisfying

‖A− ÃH ‖2 < δ‖A‖2.

We have seen in Sect. 2.9 that a hierarchical LU decomposition can be computed
with complexity k2n(logn)2 such that

‖ÃH −LH UH ‖2 < δ‖ÃH ‖2,

where for the following complexity analysis it is assumed that k∼ (logδ )d−1. Note
that this kind of dependence will be proved rigorously in the case of finite element
discretizations of partial differential operators in the next chapter. From these esti-
mates one obtains that

‖A−LH UH ‖2 ≤ ‖A− ÃH ‖2 +‖ÃH −LH UH ‖2 < (1+δ )‖A− ÃH ‖2 +δ‖A‖2

< δ (2+δ )‖A‖2.

According to Lemma 2.43, for a bounded condition number we have to impose the
following condition on δ

δ (2+δ )cond2(A)∼ 1. (3.92)

Following this condition, δ has to decrease if n increases, and we obtain an overall
complexity n(logn)6 for the construction of the LU preconditioner in three spatial
dimensions. From the numerical experiments, however, it will be seen that instead
of condition (3.92) the weaker condition

δ ∼ 1

is sufficient. With this dependence, the complexity of the LU preconditioner can be
estimated to be of the order n(logn)2. In either case, the hierarchical LU decompo-
sition provides a spectrally equivalent preconditioner with almost linear complexity.
It will be seen from the numerical experiments that the time for factorizing AH can
be neglected compared with building the approximant AH .

The ability to compute preconditioners from the matrix approximant AH in
a black-box way is one of the advantages of H -matrices over fast multipole
methods. The latter concentrate on the efficient multiplication of discrete opera-
tors by a vector, whereas the efficient representation of the whole discrete operator
by H -matrices allows to compute preconditioners from it. The usage of the LU
decomposition as a fast direct solver will usually be less efficient than using it as a
preconditioner since the approximate LU decomposition has to be computed with
the (high) accuracy ε of AH .

The following numerical experiments demonstrate that the hierarchical LU de-
composition can be efficiently used for preconditioning various kinds of problems
resulting from industrial applications. We begin with the Dirichlet problem of the
Laplacian on the complex geometry shown in Fig. 3.4. In the second set of numer-
ical tests we consider regularized Neumann problems. The third part of our exper-
iments treats mixed boundary value problems with almost vanishing Dirichlet part.
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In order to be able to treat such problems with fast methods, we combine the stabi-
lization technique from Sect. 2.5.1 with the hierarchical Cholesky decomposition.
All test were performed on an AMD Athlon64 2.0 GHz workstation with 12 GB of
core memory.

3.6.1 Dirichlet Problem

We return to the Dirichlet problem for the Laplacian from Sect. 3.4.5 on the geom-
etry from Fig. 3.4. After the single-layer potential matrix VH has been built in
H -matrix format, we recompress a copy of it to a prescribed accuracy δ ≤ ε and
compute the hierarchical Cholesky decomposition with precision δ . Depending on
δ , this decomposition is either used as a preconditioner or for direct solution. In
the latter case, we have to use δ = ε and may overwrite the matrix VH . Hence, no
additional memory is needed in this case. If, however, the Cholesky decomposition
is used for preconditioning, then δ is chosen 0.1.

In Table 3.16, the CPU time for recompressing a copy of VH to accuracy δ ,
the memory consumption of the generated preconditioner and the CPU time for the
Cholesky decomposition are presented. In these tests, η is chosen 1.0. Compared

Table 3.16 Computation of the hierarchical Cholesky decomposition.

n = 28968 n = 115872
δ recompr. MB decomp. recompr. MB decomp.

110−1 3.6s 11 3.4s 20.4s 54 25.6s
110−2 8.1s 40 5.7s 40.1s 224 53.0s
110−3 6.0s 73 21.4s 11.3s 366 135.1s
110−4 81 26.5s 410 173.0s

with building VH (see Table 3.1), the CPU time for generating the Cholesky decom-
position can be neglected if δ ∼ 0.1. The numerical effort increases significantly if
δ = ε . However, we still obtain a direct solver with relatively small effort.

In the final step of the computation we have to find the solution of the following
approximate version of the linear system (3.70)

VH x = b̃, b̃ = (
1
2

M +KH )g̃. (3.93)

Using the computed Cholesky decomposition of VH , we may find it directly as

x = L−T
H L−1

H b̃,

if the precision δ of the decomposition is of the same order as the accuracy ε =
110−4 of AH . Table 3.17 shows the CPU time for solving (3.93) by hierarchical
forward/backward substitution. The accuracy of the solution obtained by the direct
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Table 3.17 Direct solution using hierarchical forward/backward substitution.

time ‖t− t̃h‖L2

28968 0.1s 2.510−3
115872 0.4s 1.510−3

method is of the same order as the iterative solution; cf. Table 3.4.
If on the other hand the Cholesky decomposition has been computed with low

precision, we use it to solve (3.93) by the PCG. In Table 3.18 the number of iter-
ations and the CPU time required to obtain a solution with residual norm 110−8
are listed. As expected, the number of iterations is less the more accurate the LU

Table 3.18 Iterative solution using PCG.

n = 28968 n = 115872
δ steps time steps time

110−1 39 3.6s 40 20.1s
110−2 21 2.6s 21 14.1s
110−3 6 1.0s 6 5.2s

preconditioner is. In any case, the number of iterations does not depend on n. Al-
though the iteration requires more time than the forward/backward substitution, the
iterative solution is more efficient since computing the required Cholesky decom-
position with high precision is much more expensive. As a conclusion, the number
of iterations using the proposed preconditioner is bounded independently of n. A
direct solution using backward/forward substitution is attractively fast. Factorizing
A with high precision, however, is only worthwhile if (3.93) is to be solved for many
right-hand sides b̃.

3.6.2 Neumann Problem

The second example is the boundary integral equation

1
2

u(y)+
1

4π

∫
Γ

u(x)
νx · (y− x)
‖x− y‖3 dsx =

1
4π

∫
Γ

∂νx u(x)
‖x− y‖ dsx, y ∈ Γ ,

with given Neumann boundary condition ∂ν u = g on the surface Γ from Fig. 3.9,
which is by courtesy of ABB Switzerland AG. This kind of integral equation arises
from (3.13) in the case of pure Neumann boundary conditions. The dimension of
the coefficient matrix A arising from a collocation method is n = 3760. We choose
a small example to show that the presented methods are useful already for this
problem size.
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Since the kernel of A is one-dimensional (the surface is simply connected), the
extended system [

A v
wT 0

][
x
λ

]
=
[

b
0

]
(3.94)

with v �∈ ImA and w ∈ kerA, which is uniquely solvable, has to be considered in-
stead. Note that (3.94) arises from adding the auxiliary condition x ⊥ kerA by La-
grangian multipliers.

Fig. 3.9 Device with electric potential.

Theorem 3.46. Let A ∈ C
n×n and let the columns of W ∈ C

n×r form a basis of the
kernel kerA of A. Then the linear system[

A V
W H 0

][
x
y

]
=
[

b
0

]
(3.95)

with V ∈ C
n×r is uniquely solvable provided that the columns of V form a basis of

kerAH. For the solution of (3.95) it holds that x⊥ kerA. If b ∈ ImA, then y = 0 and
x is a solution of Ax = b. Otherwise, x is the pseudo-solution and V y is its residuum.

Proof. Since AW = 0, we have[
A V

W H 0

][
A V

W H 0

]H

=
[

AAH +VV H 0
0 W HW

]
.

Hence, (3.95) is uniquely solvable if and only if

AAH +VV H =
[
A V
][

A V
]H

is non-singular, which is satisfied if the columns of V are a basis of (ImA)⊥ =
kerAH . The augmented system (3.95) is equivalent with Ax = b−V y and W Hx = 0.
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Hence, x satisfies the normal equations AHAx = AHb due to AHV = 0. Therefore, x
is a solution of Ax = b and y = 0 if and only if b ∈ ImA. Otherwise, x is the pseudo-
solution of Ax = b. ��

If A is positive semi-definite, the augmented system (3.95) will be non-singular
and symmetric, but it will not be positive definite. In fact, the augmented matrix
from (3.95) is indefinite. This problem can be overcome by the following kind of
regularization:

A′ := A+VW H ,

where the columns of V,W ∈C
n×r form a basis of kerAH and of kerA, respectively.

Theorem 3.47. The matrix A′ is non-singular and the solution of A′x = b satisfies
Ax = b provided that b ∈ ImA. Otherwise x is a pseudo-solution of Ax = b. If A is
positive semi-definite, then the matrix A′ := A+WW H is positive definite.

Proof. Let x ∈ C
n. From AHV = 0 it follows that

‖(A+VW H)x‖2
2 = ‖Ax‖2

2 +‖VW Hx‖2
2 +2RexHAHVW Hx = ‖Ax‖2

2 +‖VW Hx‖2
2.

Therefore, A′x can vanish only if Ax = 0 and VW Hx = 0. By the first condition
we obtain that there is z ∈ C

r such that x = Wz. The second gives VW HWz = 0,
which results in z = 0 due to the linear independence of the columns of V and W ,
respectively. Hence, A′x = 0 implies that x = 0. Since the solution of A′x = b satisfies
the normal equations AHAx = AH(A +VW H)x = AHb, x is a solution of Ax = b if
this system is solvable. Otherwise x is the pseudo-solution of Ax = b.

It remains to show that A+WW H is positive definite. Since C
n = kerA⊕ ImAH ,

we use the decomposition x = Wx1 +Zx2 with x1 ∈ C
r, x2 ∈ C

n−r and the columns
of Z ∈ C

n×(n−r) spanning ImAH . Since

xH(A+WW H)x = xHAx+‖W Hx‖2
2 = xH

2 ZHAZx2 +‖W HWx1‖2
2,

we have xHA′x ≥ 0, and xHA′x = 0 implies that W HWx1 = 0 and xH
2 ZHAZx2 = 0.

Since W HW is non-singular and ZHAZ is positive definite, it follows that
x1 = 0 = x2. ��

In Table 3.19 we compare the results obtained by fast methods and by a standard
solution strategy; i.e., A is built without approximation and the augmented system
(3.94) is solved using Gaussian elimination. For the kernel vectors we have used
v = w = (1, . . . ,1)T . In the row “Mbit”, the results using an implementation of the
fast multipole method can be found. The memory needed to store the matrix is re-
duced compared with the standard solution strategy. Although a fast method was
used, it took longer to solve the system iteratively than solving it directly since no
effective preconditioner was available. In the last row the results obtained by us-
ing ACA and the hierarchical LU preconditioner can be found. The preconditioner,
which requires some additional storage, was computed from the approximant AH

of A with precision δ = 0.1. The CPU time required for its computation, however,
can be neglected. Using the H -LU preconditioner, the iteration needs only few
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Table 3.19 Solution of the regularized Neumann problem using different methods.

storage CPU time
matrix precond. matrix precond. solution

standard 108 MB 575.6s 1108.4s
Mbit 42 MB 149.1s 1273.2s
ACA 26 MB 12 MB 55.7s 1.7s 1.3s

steps to converge. Although the double-layer potential operator is asymptotically
well-conditioned, the augmented coefficient matrix is ill-conditioned even for small
problem sizes. This is due to the geometry and its discretization with strongly non-
uniform triangles.

3.6.3 Mixed Boundary Value Problems

The problem we will consider in this section is the device from Fig. 3.10, which
is connected to an electric source of opposite voltages on the dark parts of the
left picture such that Dirichlet conditions are imposed on these subdomains. We
compute the resulting current density j in the conductor with constant conductiv-
ity σ . Ampére’s law for the electric field curl E = 0 guarantees the existence of a
scalar electric potential u satisfying E = −∇u. The continuity equation div j = 0
together with Ohm’s law j = σE leads to a boundary value problem of type (3.1)
with L =−∆ and Neumann conditions ∂ν u = 0 on the other part of the boundary.
We apply ACA to the symmetric integral formulation (3.13); see [196], and [193]

Fig. 3.10 Geometry with computed surface current.

for an application of the multipole method to mixed boundary value problems.
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Due to (3.10) and (3.11), the discrete single-layer potential operator V ∈R
nD×nD

and the discrete hypersingular operator D ∈ R
n′N×n′N are symmetric positive definite

matrices. Hence, the coefficient matrix

A :=
[−V K

KT D

]

from (3.16) is symmetric and non-singular since the Schur complement S := D +
KTV−1K of −V in A is symmetric positive definite. In fact (3.16) is a saddle-point
problem; see [36]. For preconditioning A we could obviously approximate the fol-
lowing LU decomposition

A =
[

L1
−XT L′2

][−LT
1 X

L′T2

]
,

where V = L1LT
1 is the Cholesky decomposition of V , X is defined by L1X = K, and

L′2L′T2 = D + XT X is the Cholesky decomposition of the Schur complement. The
computation of D+XT X , however, can be time-consuming even if H -matrices are
employed. Therefore, we use the following matrix C for symmetrically precondi-
tioning A

C := Û−1
[

L−T
1

L−T
2

]
, (3.96)

where

Û :=
[

I −L−T
1 X
I

]
and L1 and L2 denote lower triangular H -matrices such that

‖I− (L1LT
1 )−1V‖2 < δ , ‖I− (L2LT

2 )−1D‖2 < δ , (3.97)

and X is an H -matrix satisfying ‖K−L1X‖2 < δ . In order to guarantee that L1LT
1

and L2LT
2 are non-singular, we have to assume that δ < 1; see Lemma 2.42. The

size of δ which is sufficient to guarantee a bounded spectrum of CT AC will be
estimated in Theorem 3.49. The computation of the Cholesky factors L1 and L2
with almost linear complexity was explained in Sect. 2.9. Note that L2 is defined
to be the approximate Cholesky factor of D but not of D + XT X ; i.e., instead of
approximating the original coefficient matrix A, CTC approximates the matrix[−V K

KT D−KTV−1K

]−1

.

Our aim is to show that the spectrum of CT AC is enclosed in some small interval.
From [240, p. 61 and Chap. 4] it is known that there are constants γ1,γ2,γ3 > 0
such that
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γ1(Dx,x) ≤ (V−1Mx,Mx) ≤ γ2(Dx,x) (3.98a)

(Dx,x) ≤ (Sx,x) ≤ γ3(Dx,x) (3.98b)

for all x ∈ R
n′N . Here, M ∈ R

nD×n′N denotes the mass matrix.

Lemma 3.48. The matrices L1LT
1 , V and L2LT

2 , S are spectrally equivalent, respec-
tively; i.e.,

(1−δ )(L1LT
1 x,x) ≤ (V x,x) ≤ (1+δ )(L1LT

1 x,x) for all x ∈ R
nD , (3.99a)

1−δ
γ3

(L2LT
2 x,x) ≤ (Sx,x) ≤ (1+δ )(L2LT

2 x,x) for all x ∈ R
n′N . (3.99b)

Proof. For each eigenvalue λ of (L1LT
1 )−1V with associated eigenvector x ∈ R

nD

satisfying ‖x‖2 = 1 we have

|1−λ |= ‖x− (L1LT
1 )−1V x‖2 ≤ ‖I− (L1LT

1 )−1V‖2 < δ

due to (3.97). Since (L1LT
1 )−1V and L−1

1 V L−T
1 are similar, one obtains from the

variational representation of the smallest and the largest eigenvalue of
(L1LT

1 )−1V that

λmin = inf
x∈Rn

(L−1
1 V L−T

1 x,x)
(x,x)

= inf
x∈Rn

(V L−T
1 x,L−T

1 x)
(x,x)

= inf
y∈Rn

(V y,y)
(L1LT

1 y,y)

and

λmax = sup
x∈Rn

(V x,x)
(L1LT

1 x,x)
.

Hence, it follows that

(1−δ )(L1LT
1 x,x)≤ (V x,x)≤ (1+δ )(L1LT

1 x,x)

for all x ∈ R
nD . The same arguments together with (3.98b) prove the spectral

equivalence of L2LT
2 and S. ��

Theorem 3.49. Let 0 < δ < 1. The eigenvalues of CT AC are contained in

[−1− cδ ,−1+ cδ ]∪ [γ−1
3 (1− cδ ),1+ cδ ],

where c := 4(cK + 2)max{‖V−1‖2,‖D−1‖2}max{1,δ (cK + 2)‖V−1‖2}+ 1 and
cK is defined in (3.12).

Proof. We make use of the following symmetric decomposition of A:

A = UT
[−V

S

]
U with U :=

[
I −V−1K

I

]
.

Since
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UÛ−1 =
[

I −V−1K
I

][
I L−T

1 X
I

]
=
[

I −V−1F
I

]
,

where F := K−V L−T
1 X , it follows that

CT AC =
[ −L−1

1 V L−T
1 −L−1

1 FL−T
2

−L−1
2 FT L−T

1 L−1
2 (S +FTV−1F)L−T

2

]
.

We decompose CT AC into CT AC = B+E, where

B :=
[−L−1

1 V L−T
1

L−1
2 SL−T

2

]
and E :=

[ −L−1
1 FL−T

2
−L−1

2 FT L−T
1 L−1

2 FTV−1FL−T
2

]
.

For the eigenvalues λ j of CT AC it holds that |λ j(CT AC)− λ j(B)| ≤ ‖E‖2, j =
1, . . . ,n. Since

E =
[

L−1
1

L−1
2

][ −F
−FT FTV−1F

][
L−T

1
L−T

2

]

has the same eigenvalues as[
L1LT

1
L2LT

2

]−1 [ −F
−FT FTV−1F

]
,

we obtain that

‖E‖2 ≤ 2‖F‖2 max{‖(L1LT
1 )−1‖2,‖(L2LT

2 )−1‖2}max{1,‖V−1‖2‖F‖2}

due to Lemma 2.14. Since

F = [I−V (L1LT
1 )−1]L1X +K−L1X ,

its norm is bounded by

‖F‖2 ≤ ‖I−V (L1LT
1 )−1‖2‖L1X‖2 +‖K−L1X‖2

≤ δ (‖K−L1X‖2 +‖K‖2)+‖K−L1X‖2

≤ δ (1+δ +‖K‖2)≤ δ (‖K‖2 +2).

Additionally, ‖(L1LT
1 )−1‖2 ≤ 2‖V−1‖2 and ‖(L2LT

2 )−1‖2 ≤ 2‖D−1‖2 due to (3.97).
Therefore, we have ‖E‖2 ≤ cδ , where

c := 4(‖K‖2 +2)max{‖V−1‖2,‖D−1‖2}max{1,δ (‖K‖2 +2)‖V−1‖2}.

The eigenvalues of B are the same as the eigenvalues of[−(L1LT
1 )−1V

(L2LT
2 )−1S

]
.
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From Lemma 3.48 it follows that the eigenvalues of B are contained in

[−1−δ ,−1+δ ]∪ [γ−1
3 (1−δ ),1+δ ].

��
Since CT AC is symmetric indefinite, we employ MinRes [199] for the iterative

solution of the preconditioned linear system. Let rk be the kth residual vector. Then
for the convergence of MinRes it holds that

‖rk‖ ≤ 2

(√
(a−ρ)(b+ρ)−√(a+ρ)(b−ρ)√
(a−ρ)(b+ρ)+

√
(a+ρ)(b−ρ)

)k/2

‖r0‖, k = 1,2, . . . ,

where the spectrum is assume to be enclosed in positive and negative intervals
[−a−ρ,−a + ρ]∪ [b−ρ,b + ρ]; see [117]. In order to obtain a convergence rate
which is independent of the discretization, we therefore have to guarantee that
cδ < 1

2 . The latter condition means that δ has to decrease if n increases because
c contains ‖V−1‖2 and ‖D−1‖2. The results of the preconditioned iterative solution
are presented in Table 3.20. Each row contains the time required to compute the
preconditioner C from (3.96), its memory consumption, the number of iterations for
a relative error of 110−8, and the time needed to compute the solution.

Table 3.20 Preconditioned MinRes for the domain from Fig. 3.10.

n = 5154 n = 20735
precond. solution precond. solution

δ time MB #It time δ time MB #It time
510−2 1.9s 6.7 11 0.5s 510−3 22.5s 35.6 9 3.0s
110−1 1.5s 5.6 17 0.6s 110−2 17.7s 34.7 13 4.1s
210−1 1.1s 4.5 23 0.8s 510−2 13.3s 30.5 24 5.9s

3.6.3.1 Mixed BVPs with Small Dirichlet Part

As the last example in this chapter we consider mixed boundary value problems
with almost vanishing Dirichlet part; see the coil-like domain from Fig. 3.11. On
the ends of the conductor we apply constant voltages of ±1 V. Hence, this problem
differs from the previous problem only by the computational geometry. The diffi-
culty of this geometry is that the Dirichlet boundary, which somehow stabilizes the
problem, is small compared with the Neumann part of the boundary. The coarsest
discretization contains only 4 Dirichlet triangles. If the Dirichlet part would van-
ish completely, then the hypersingular operator would not be coercive at all. As a
consequence, one can expect that a small Dirichlet boundary leads to a small coer-
civity constant in (3.11). Note that stabilizing this problem by the method applied
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to the Neumann problem in Sect. 3.6.2 is physically wrong, since the matrix does
not possess a kernel. The solution of this problem is a linearly increasing potential
as shown in Fig. 3.11.

Fig. 3.11 Computational geometry with solution.

After generating the approximant with accuracy ε = 110−6, we recompress a
copy of the coefficient matrix to a blockwise relative accuracy δ using the coars-
ening procedure from Sect. 2.6. The hierarchical Cholesky decomposition fails to
compute unless we use a stabilized variant which is based on the stabilization tech-
nique from Sect. 2.5.1. The additional time for computing the preconditioner and

Table 3.21 Preconditioned MinRes for the domain from Fig. 3.11.

n = 3128 n = 12520
precond. solution precond. solution

δ time MB #It time δ time MB #It time
110−3 2.1s 9.3 55 1.4s 210−4 18.5s 36.0 50 4.8s
210−3 1.8s 8.5 69 1.7s 510−4 16.4s 32.8 71 7.2s
510−3 1.5s 7.5 84 2.1s 110−3 14.1s 30.1 96 8.9s

the time for the iterative solution in Table 3.21 can be neglected compared with the
construction of the matrix approximant. Iterating without any preconditioner does
not converge at all. Note that an asymptotic boundedness of the condition number
with respect to n will not be enough in order to obtain a reasonable convergence
behavior. The bad condition number is caused by the geometry and not by n.



Chapter 4
Application to Finite Element Discretizations

In this chapter we will apply the structure of H -matrices to the finite element dis-
cretization of elliptic boundary value problems. We confine ourselves to Dirichlet
problems

L u = f in Ω , (4.1a)
u = g on ∂Ω (4.1b)

with bounded Lipschitz domains Ω ⊂ R
d , where L is a general uniformly elliptic

second order partial differential operator in divergence form

L u =−div[C∇u+ γu]+β ·∇u+δu (4.2)

with coefficients ci j,βi,γi,δ ∈ L∞(Ω), i, j = 1, . . . ,d. The ellipticity of L is ex-
pressed by the assumption that for almost all x ∈Ω

0 < λL ≤ λ (x)≤ΛL (4.3)

for all eigenvalues λ (x) of the symmetric matrix C(x) ∈ R
d×d with entries ci j. Ad-

ditionally, we assume that there is a constant νL ≥ 0 such that for almost all x ∈Ω

λ−1
L |δ (x)|+λ−2

L

d

∑
i=1
|γi(x)|2 + |βi(x)|2 ≤ νL . (4.4)

Note that we do not assume any smoothness of the coefficients. Even discontinuous
coefficients are admitted. In this case, (4.1) is to be understood in the sense of a
variational formulation

find u ∈V such that a(u,v) = l(v) for all v ∈V, (4.5)

where the Sobolev space H1
0 (Ω) is used for V . The bilinear form a reads

M. Bebendorf, Hierarchical Matrices. Lecture Notes in Computational Science and Engineering 63, 193
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a(u,v) =
∫

Ω

d

∑
i, j=1

ci j∂ ju∂iv+
d

∑
i=1

βiv∂iu+ γiu∂iv+δuvdx (4.6a)

=
∫

Ω
∇v ·C∇u+ vβ ·∇u+uγ ·∇v+δuvdx (4.6b)

and the functional l takes the form

l(v) =
∫

Ω
( f −L ĝ)vdx,

where ĝ∈H1(Ω) denotes the extension of the Dirichlet data g∈H1/2(∂Ω) to Ω . If
f ∈ H−1(Ω), g ∈ H1/2(∂Ω) and if L satisfies condition (4.3), (4.4) together with∫

Ω
δv− γ ·∇vdx≥ 0 for all v≥ 0, v ∈C1

0(Ω),

then (4.5) and (4.1) are uniquely solvable (see [104]) such that L : H1
0 (Ω) →

H−1(Ω) is invertible.
In contrast to boundary element methods, the finite element method is based on

the variational formulation of the boundary value problem (4.1) over Ω . For the
numerical solution of the variational problem, Ω is usually replaced by a poly-
hedrization. For simplicity it is therefore assumed that Ω is polyhedral. Further-
more, in the conforming finite element method, V = H1

0 (Ω) is approximated by a
space of piecewise linear ansatz functions Vh ⊂V with the discretization parameter
h := maxi∈I diamXi; i.e., for all v ∈V

inf
vh∈Vh

‖v− vh‖H1(Ω) → 0 for h→ 0.

From this discretization of (4.1) a linear system

Ax = b (4.7)

arises, where together with A we define the following three n×n matrices,

A = J ∗L J , B = J ∗L −1J , and M = J ∗J . (4.8)

A is the stiffness matrix, B the Galerkin discretization of the inverse of L , and M
the mass matrix. Here, J is the natural bijection J : R

n →Vh defined by

J x = ∑
i∈I

xiϕi (4.9)

and {ϕi}i∈I is the set of piecewise linear functions which form a basis of Vh, where
n := dimVh and I = {1, . . . ,n} is used as an index set. Since J is also a function
from R

n into V , the adjoint J ∗ ∈ L(V ′,Rn) is defined by

(J ∗ϕ,x)h = (ϕ,J x)L2 for all x ∈ R
n, ϕ ∈V ′, (4.10)
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where (x,y)h := hd ∑i∈I xiyi denotes the (naturally scaled) Euclidean inner product.
The finite element matrices A and M are sparse and can therefore be stored in

O(n) units of memory using sparse storage schemes such as CCS or CRS; see [222].
Since u is approximated by the finite element method in the volume Ω , the number
of degrees of freedom n is typically significantly larger than in the boundary ele-
ment method. Hence, the need for efficient numerical schemes is even higher. The
boundary concentrated finite element method [157] is in some sense a mixture
of the previous two methods.

Remark 4.1. Due to (4.3) and (4.4), the finite element stiffness matrix A is invertible
for sufficiently small h. Since the principal part of L is coercive and the lower-order
terms constitute a compact operator due to the compact embedding of L2 in H−1,
L satisfies Gårding’s inequality

(L u,u)L2(Ω) ≥
λL

2
‖u‖2

H1(Ω)− c‖u‖2
L2(Ω) for all u ∈ H1(Ω).

Due to the Céa-Polski Lemma (cf. [206]) A is invertible if h is sufficiently small.

Since the numerical solution of (4.7) is often the most time-consuming part of a
computation, much attention has been paid to developing efficient solution strate-
gies. There are two main classes of methods: iterative and direct solvers. The latter
are based on factorizations of the sparse coefficient matrix A into easily invertible
matrices. These methods are widely used due to their robustness. However, they suf-
fer from so-called fill-in; i.e., compared with the sparsity of A considerably more en-
tries of the factors will be nonzero; cf. [75]. Although this effect leads to super-linear
complexity, constants are attractively small, making direct methods the methods of
choice if n is not too large or if we are to solve problems in two spatial dimensions.
Here, recent multifrontal solvers (see [78, 4, 230] and the references therein) can be
used.

For higher spatial dimensions usually iterative methods such as Krylov subspace
methods are more efficient, especially, if an approximate solution of relatively low
accuracy is sought. The main advantage of these solution techniques is that the coef-
ficient matrix enters the computation only through the matrix-vector product. On the
other hand, the convergence rate and hence the number of iterations usually depends
on the numerical range of A. Since L is a second order operator, the condition num-
ber of the FE stiffness matrix A in the symmetric case grows like n2/d for large n but
also depends significantly on the coefficients of L . By preconditioning one tries to
improve the convergence properties of the Krylov subspace method. This usually
requires tailoring the preconditioner C to the respective application.

For preconditioning, the best choice for C would obviously be C = A−1. How-
ever, the computation of A−1 is usually more costly than solving Ax = b for x.
Hence, not A−1 but an approximation of A−1 is used for preconditioning. This
idea gives rise to the class of approximate inverse preconditioners. The inverse of
a FE stiffness matrix, however, is a dense matrix in general. In order to avoid large
dense matrices, so-called sparse approximate inverse (SPAI) preconditioners (see
[37, 123, 68, 67] and [38] for an overview) have been introduced. In this approach
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the quantity ‖I−AC‖F is minimized for matrices C having a given sparsity pat-
tern. The minimum and hence the preconditioning effect, however, depend on the
prescribed pattern. Additionally, if A is symmetric positive definite, the matrix C
obtained from the minimization is not positive definite in general and cannot be
used with the conjugate gradient method. To overcome this problem, the class of
factorized sparse approximate inverse (FSAI) preconditioners [163, 162] was in-
troduced; see also the AINV algorithm [37].

One of the best known and most often used preconditioning techniques is the
incomplete LU factorization (ILU) and its variants; see [222]. Although the ILU
can be applied to any sparse coefficient matrix provided that the factorization does
not break down, it is well-suited for M- and diagonally dominant matrices. Similar
to sparse inverses, the ILU is the LU decomposition computed on a given sparsity
pattern, thereby avoiding fill-in. Generating an ILU decomposition is attractively
fast. However, it usually does not lead to a bounded number of iterations of the
solver. This goal can be achieved, for instance, by the multigrid method [125] or
the Bramble, Pasciak and Xu (BPX) preconditioner [48] if the problem class is
restricted to stiffness matrices of elliptic operators with smooth coefficients, where
special properties of the operator can be exploited. For nonsmooth coefficients these
methods might still work but suffer from poor convergence rates unless the respec-
tive method is adapted to the coefficients; see, for instance, [191]. In the past few
years, much work has been done to develop robust multilevel methods. The al-
gebraic multigrid (AMG) solvers [220] try to achieve this robustness by mostly
heuristic strategies. A related class of preconditioners are the AMLI precondition-
ers; see [10, 11]. Domain decomposition methods [238] are commonly used if
the computational domain can be subdivided into a small number of parts on each
of which the coefficients do not vary too much. In this case, a problem can be de-
composed into smaller ones for the purpose of parallel processing. One of the most
widely used domain decomposition methods is the FETI method [89]. For a de-
tailed survey on precondition techniques the reader is referred to [35].

The aim of this chapter is to lay theoretical ground to fast H -matrix precondi-
tioners for finite element systems. In Sect. 2.12 we have investigated the precondi-
tioning effect of H -matrix approximations. The efficiency of H -matrices is not
obtained from restricting the matrix to a given sparsity pattern, which is crucial for
robustness. Therefore, we are enabled to approximate each entry of A−1 or the en-
tries of the factors of the LU decomposition of A and hence capture more properties
of A that are important for preconditioning. The preconditioner can, for instance, be
guaranteed to be symmetric positive definite if A has this property; see Lemma 2.42.
In [203] a similar approach for preconditioning was investigated. The inverse of the
FE stiffness matrix is approximated on a matrix partition similar to the partition of
a hierarchical matrix. But in contrast to H -matrices, a blockwise constant approx-
imation of the inverse was used, i.e., only one real number represents all entries of
each block. Obviously, this needs less memory than storing a low-rank matrix and
for preconditioning the approximant does not have to be too accurate. However, a
certain accuracy is needed and the block constant approach is not adaptive, i.e., there
is no possibility to guarantee a given accuracy on each block.
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The mentioned preconditioning techniques usually guarantee a bounded condi-
tion number only with respect to n. The main advantage of H -matrix precondition-
ers is that the number of iterations depends only on the accuracy of the approxima-
tion which can be arbitrarily chosen; see (2.24) and (2.27). This is of particular im-
portance if a bad condition number is caused by the coefficients of the operator (see
[112]) or by the computational domain. Due to approximation, the proposed class
of preconditioners will be able to adapt itself to arbitrarily nonsmooth coefficients
and, what is even more important for practice, does not require a grid hierarchy. The
partition P on which the H -matrix approximants will be constructed is the same
as in the previous chapter (cf. (3.35) and Example 1.13) and can be generated using
the following admissibility condition on the block t× s, t,s⊂ I,

min{diamXt ,diamXs} ≤ η dist(Xt ,Xs) (4.11)

for some parameter η > 0, where as usual we set

Xt :=
⋃
i∈t

Xi for t ⊂ I and Xi := supp ϕi.

Note that the previous condition does not depend on the operator (4.2). In fact it
will be shown that this condition is sufficient to prove existence of H -matrix ap-
proximants of logarithmic-linear complexity for any elliptic operator. The structure
of low-rank matrices on each sub-block will be able to account for the local prop-
erties of the operator. Interestingly, this will hold true for both the inverse and the
factors of the LU decomposition. The robustness, however, comes with the disad-
vantage that H -matrix preconditioners usually require more resources than a pre-
conditioner that has been optimized for a special application. Nevertheless, it will
be possible to generate, store, and apply the H -matrix preconditioner to a vector
with logarithmic-linear complexity.

For all results in this chapter that are based on the geometric admissibility con-
dition (4.11) we will assume quasi-uniform and shape regular discretizations. We
have pointed out in Sect. 1.4.1 that for a cluster tree which is geometrically and
cardinality balanced it is usually required that the underlying grid satisfies the pre-
vious assumption. However, the solution of boundary value problems (4.1) usually
contains certain types of singularities, which have to be accounted for by local grid
refinement. The results that are based on the algebraic admissibility condition (1.13)
will admit general discretizations.

For the computation of the inverse and of the LU decomposition in the algebra
of H -matrices it is of particular importance that the sparse finite element matrix A
is an H -matrix. If b ∈ P satisfies (4.11), then the supports of the basis functions
are pairwise disjoint. Hence, the matrix entries in this block vanish. According to
Remark 2.7 it holds that A ∈H (TI×I ,nmin), which leads to logarithmic-linear stor-
age costs. The following lemma shows that the storage requirements (and hence the
number of operations of the matrix-vector multiplication) are actually linear.

Lemma 4.2. Storing a FE matrix A as an H -matrix requires O(n) units of storage.
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Proof. Since A vanishes on admissible blocks, we only have to estimate the number
of non-admissible blocks. Let t ∈ T (�)

I be a cluster from the �th level of TI . The
number of elements of the set

N(t) :=
{

s ∈ T (�)
I : η dist(Xt ,Xs)≤min{diamXt ,diamXs}

}
is bounded by a constant since due to (1.22)

|N(t)|2−�/cG ≤ ∑
s∈N(t)

µ(Xs)≤ νµ(XN(t))

≤ νcΩ (diamXt +η−1 min{diamXt ,diamXs})d

= νcΩ (1+1/η)dcg2−�

gives |N(t)| ≤ νcgcGcΩ (1+1/η)d . Since there are at most |TI | ∼ |I| cluster t ∈ TI ,
we obtain the desired result. ��

Approximations of the inverse or of the LU decomposition can be used also for
the direct solution of the linear system (4.7). Compared with the purpose of pre-
conditioning, the approximation accuracy in this case has to be much higher. As a
consequence, the usage in an iterative scheme will outperform the direct approach.
The usage as a direct solver may be beneficial if (4.7) is to be solved for many
right-hand sides b.

In order to be able to guarantee a robust and efficient preconditioner, it is in-
dispensable to analyze the complexity of the proposed methods. Note that for the
complexity analysis of the inversion and of the LU factorization algorithms from
Sect. 2.8 and Sect. 2.9 we have assumed that the blockwise rank is bounded. In
Sect. 2.12 we could not specify how the blockwise rank depends on the approxi-
mation accuracy. Although any matrix can be approximated by an H -matrix, the
required blockwise rank might be full. Since it is by no means obvious that reason-
able approximants exist, we have to investigate the existence of H -matrix approx-
imants and the rank which is associated with a given accuracy.

The structure of this chapter is as follows. In Sect. 4.1 it will be proved that the in-
verse of A can be approximated by H -matrices with logarithmic-linear complexity.
The estimates show that the H -matrix approximation is robust in the sense that the
efficiency does depend neither on the shape of the domain Ω nor on the smoothness
and only slightly on the size of the coefficients of L .

Although an almost linear complexity can be observed, the H -matrix inverse
will be used only for theoretical purposes. The hierarchical LU decomposition from
Sect. 2.9 will turn out to be significantly more efficient. In contrast to the inverse,
the LU decomposition has no analytic analogue. Hence, the existence of H -matrix
approximants cannot rely on analytic properties. In Sect. 4.2 it will be proved that
Schur complements of finite element stiffness matrices can be approximated, which
will be used to show the existence of H -matrix approximants to the factors of LU
decompositions in Sect. 4.3. The numerical experiments from Sect. 4.4 will demon-
strate the efficiency and the robustness of the H -matrix LU decomposition. Nested
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dissection reorderings improve the efficiency of the H -matrix LU factorization be-
cause the problem is transfered to interfaces, which in particular allows to paral-
lelize the algorithm; see Sect. 4.5. The size of the interfaces can be minimized if
the matrix partition is constructed using the matrix graph instead of the geometrical
information.

Furthermore, we use H -matrices for the solution of nonlinear problems. In
Sect. 4.6 we present a method which is related to Broyden’s update formula. It ex-
plicitly updates the factors of an initially computed LU decomposition of a dis-
crete Jacobian each time a Broyden update is applied to it, which avoids storing the
history of update vectors. The approximation by hierarchical matrices introduces
additional errors which can deteriorate the convergence of Broyden’s method. We
derive a condition under which the super-linear convergence of Broyden’s method
is preserved.

4.1 Approximating FE Matrix Inverses

In this section we investigate the existence of H -matrix approximants to the inverse
of finite element discretizations of boundary value problems (4.1). We have learned
from Chap. 3 on integral operators that a local approximation of the kernel function
by a degenerate function can be exploited to define low-rank approximants of the
discrete operator; see (3.28). A similar technique will be used to prove that the
discretization B of L −1 can be approximated by H -matrices. For this purpose we
will use the following relation between L −1 and the Green’s function G for L
and Ω :

(L −1ϕ)(y) =
∫

Ω
G(x,y)ϕ(x)dx for all ϕ ∈C∞

0 (Ω). (4.12)

In Chap. 3 the kernel approximants were mostly generated by interpolation. Hence,
we took advantage of the property that the kernel function of the operator is C∞ apart
from the diagonal x = y. This smoothness is due to the fact that integral methods are
applied only to differential operators with constant or at least smooth coefficients.
The main advantage of the finite element method, however, is that it can be applied
with very weak assumptions on the coefficients. Measurable coefficients are usually
sufficient. Hence, the Green’s function will not be smooth such that the interpolation
theory from Chap. 3 cannot be applied here. The lack of regularity will be overcome
by a technique which is based on a Caccioppoli inequality; Sect. 4.1.4. As a result,
it will be shown that G can be approximated on domains satisfying (4.11), which
leads to the existence result for the discretization B of L −1. The blockwise rank
will be shown to depend logarithmically on the approximation accuracy. Since we
are not only interested in the discretization of L −1 but in the inverse of the finite
element stiffness matrix A, which do not coincide in general, we have to exploit a
relation between A−1, B, and M−1 in Sect. 4.1.5. Note that a Caccioppoli inequality
was already used as one of the key components in the proof of Lemma 3.5. The
second component was estimate (3.23) which, however, does not hold for differen-
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tial operators with arbitrary coefficients. The numerical results in Sect. 4.1.6 will
show an almost linear complexity of the inversion procedure from Sect. 2.8 and
hence confirm our analysis. It will be seen that H -matrices are robust in the sense
that their efficiency does not depend on the smoothness and only slightly on the
size of the coefficients. In Sect. 4.1.3 we will present an algebraic approach to the
approximation of the inverse of matrices which are sparse in the sense of (1.33). In
particular, this approach allows to treat general grids. Furthermore, we prove that the
so-called weak admissibility condition (cf. [134], which improves the a-priori block
structure, leads to the same rank estimates as the admissibility condition (4.11)).
From these results it will be seen that the complexity of the approximation depends
at most logarithmically on the size of the coefficients.

Before we turn to the approximation of the Green’s function, in Sect. 4.1.1 we
first briefly review the literature on inverses of banded matrices and deduce prop-
erties that will be used for the existence of H -matrix approximants to the in-
verse mass matrix M−1 in Sect. 4.1.2. Furthermore, we present a first algebraic ap-
proach to the approximation of inverses of general sparse matrices by H -matrices
in Sect. 4.1.3.

4.1.1 Inverses of Banded Matrices

A matrix A is said to be (p,q)-banded with some p,q ∈N if ai j = 0 for p < j− i <
−q. A strictly (p,q)-banded is a (p,q)-banded matrix with non-vanishing elements
in the pth diagonal above and the qth diagonal below the main diagonal. Since
(p,q)-banded matrices contain many zero, the entries of its inverse have to depend
on each other to some extend. However, it is not obvious which is the right struc-
ture to account for the contained redundancy. The following definition of a Green’s
matrix is due to Asplund [7].

Definition 4.3. A square matrix A is called Green’s matrix of grade p if rankAts ≤
p for all blocks t×s satisfying p+mins > max t. A is called Green’s matrix of grade
(p,q) if AT is additionally a Green’s matrix of grade q.

The following theorem (see [15]) relates the vanishing of entries in a banded
matrix to the vanishing of a corresponding set of minors in the inverse.

Theorem 4.4. A non-singular square matrix A is (p,q)-banded if and only if A−1 is
a Green’s matrix of grade (p,q).

In [95] it was first observed that the inverse of a symmetric, non-singular matrix
is an irreducible tridiagonal matrix if and only if A−1 is given by two vectors u ∈R

n

and v ∈ R
n (so-called generator vectors) such that

(A−1)i j =

{
uiv j, i≤ j,
viu j, j ≤ i.
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The inverse can hence be represented by two half rank-1 matrices, i.e., semi-
separable matrices; cf. Definition 1.10. The following example shows that the pres-
ence of non-vanishing entries in the subdiagonals is important for the existence of
generating vectors.

Example 4.5. The symmetric tridiagonal matrix⎡
⎣0 1 0

1 0 0
0 0 1

⎤
⎦

is its own inverse and cannot be represented by two vectors u and v.

For strictly banded matrices the following result was obtained by Rósza in [219].
Notice that the inverses satisfy a stronger condition than semi-separability.

Theorem 4.6. A non-singular matrix is strictly (p,q)-banded if and only if its in-
verse has the representation

(A−1)i j =

{
(UV H)i j, i < j + p,

(WZH)i j, j < i+q

for some matrices U,V ∈ R
n×p and W,Z ∈ R

n×q satisfying (UV H)i j = (WZH)i j if
−p < j− i < q and (UV H)i j �= (WZH)i j if j + p = i or i+ p = j.

Example 4.7. The inverse of the strictly (1,1)-banded matrix

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1
−1 2 −1

−1 2 −1
−1 2 −1

−1 2 −1
−1 2 −1

−1 2 −1
−1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

which results from discretizing two-point boundary value problems

−u′′ = f in Ω := (a,b),
u(a) = u(b) = 0

can be calculated to be
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A−1 =
1
9

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

8 7 6 5 4 3 2 1
7 14 12 10 8 6 4 2
6 12 18 15 12 9 6 3
5 10 15 20 16 12 8 4
4 8 12 16 20 15 10 5
3 6 9 12 15 18 12 6
2 4 6 8 10 12 14 7
1 2 3 4 5 6 7 8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

With u = 1
3 [8,7,6,5,4,3,2,1]T and v = 1

3 [1,2,3,4,5,6,7,8]T we have that (see the
notation from Sect. 1.2)

A−1 = triu(uvT ,0)+ tril(vuT ,1).

The presence of the above structures, which allow an exact and efficient fac-
torization, is however restricted to one-dimensional problems. The bandwidth of
matrices resulting from the discretization of differential operators in two or more
spatial dimensions usually depends on n even if the bandwidth has been reduced by
reordering the indices. The minimal bandwidth in two dimensions is for instance of
the order

√
n. The results from this section are more or less useless for such matrices

since the rank of semi-separable matrices will be of the order
√

n, which leads to
a complexity n3/2 when storing the generator matrices. In addition, the decay rate
in (4.13) will be much smaller. For higher dimensions, fast algorithms require ap-
proximation; see for instance [151] in which the inverse is generated in compressed
form.

For the inverse of banded matrices an exponential decay of the entries ai j with
respect to the distance |i− j| has been observed; cf. [77, 189].

Theorem 4.8. Let A be a symmetric positive definite (p, p)-banded matrix. Then

|(A−1)i j| ≤ 2λ 2|i− j|/p‖A−1‖2, (4.13)

where λ = (
√

cond2(A)−1)/(
√

cond2(A)+1).

Theorem 4.8 can be generalized for later purposes by considering the minimal
length di j of paths connecting i and j within the matrix graph G(A) (see (1.11))
instead of |i− j|. In Example 1.14 we have assumed that A is irreducible. If A is
reducible, then there is (i, j)∈ I× I for which no path from i to j exists. In this case,
we formally set di j = ∞ because (A−1)i j = 0.

Notice that the distance di j of two vertices i, j ∈ I in the matrix graph G(A) is a
metric. To see this, it is sufficient to show the triangle inequality di j ≤ di� + d� j for
all � ∈ I. Assume there exists � ∈ I such that di� + d� j < di j. Then there is a path
from i to j over � that is shorter than a minimal path, which is a contradiction to the
definition of di j.

The following lemma is a consequence of ai j = 0 for all (i, j) satisfying di j > 1.

Lemma 4.9. Let k ∈ N. Then (Ak)i j = 0 for all i, j ∈ I satisfying di j > k. Further-
more, [(AHA)k]i j = 0 for all i, j ∈ I satisfying di j > 2k.



4.1 Approximating FE Matrix Inverses 203

Proof. The result is obvious for k = 0 and k = 1 due to the definition of di j. Let
B = Ak−1. Then by induction it holds that bi j = 0 for pairs (i, j) satisfying di j > k−1.
From k < di j ≤ di� + d� j for all � ∈ I it follows that di� > k− 1 or d� j > 1. Hence,
bi� = 0 or a� j = 0, which gives

(Ak)i j = ∑
�∈I

bi�a� j = 0.

The second part of the assertion follows from similar arguments. ��
Theorem 4.10. Let A be a symmetric positive definite matrix. Then

|(A−1)i j| ≤ 2λ di j‖A−1‖2

with λ defined in Theorem 4.8.

Proof. We may assume that di j > 0 since |(A−1)i j| ≤ ‖A−1‖2. For any polynomial
p ∈ Πk with k < di j it follows from Lemma 4.9 that [p(A)]i j = 0. Furthermore, the
spectral norm and the spectral radius coincide for normal matrices:

‖A−1− p(A)‖2 = ρ(A−1− p(A)) = max
x∈σ(A)

|x−1− p(x)|.

A result due to Chebyshev says that Πk contains a polynomial pk (cf. [183, p. 33])
so that

‖x−1− pk(x)‖∞,[a,b] ≤ cλ k+1

with

c =
(1+

√
r)2

2ar
≤ 2

a
, λ =

√
r−1√
r +1

, r =
b
a
.

Let a = ‖A−1‖−1
2 and b = ‖A‖2. Then σ(A) ⊂ [a,b] and a > 0 since A is positive

definite. Setting k = di j−1, the previous arguments prove

|(A−1)i j|= |(A−1)i j− [pk(A)]i j| ≤ ‖A−1− pk(A)‖2 ≤ cλ k+1 = cλ di j ,

which gives the assertion. ��
The previous theorem can be generalized to invertible matrices A by applying it to
AT A. The respective estimate can be obtained from

|(A−1)i j|= |((AT A)−1AT )i j| ≤ ‖A‖∞ max
i, j
|((AT A)−1)i j|.

Although the previous result is a generalization to multi-dimensional problems,
its application to FE stiffness matrices is not helpful since the condition number of
FE stiffness matrices depends on n, which destroys the exponential decay. Notice
that the entries of A−1 from Example 4.7 do decay but they do not decay exponen-
tially. Theorem 4.10, however, can be used for proving that the inverse mass matrix
can be approximated, because the FE mass matrix is well-conditioned.
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4.1.2 Approximating the Inverse Mass Matrix

The inverse of the mass matrix M will arise when the inverse stiffness matrix A−1

will be related with the discrete inverse B. Therefore, H -matrix properties of M−1

are to be investigated. In order to avoid technical complications, quasi-uniform and
shape-regular triangulation (see (1.17) and (1.18)) are considered, i.e.,

volXi ≥ cvhd . (4.14)

The supports Xi may overlap. In accordance with the standard finite element dis-
cretization we require that each triangle belongs to the support of a bounded number
of basis functions; i.e., there is a constant ν > 0 so that

ν volXt ≥∑
i∈t

volXi; (4.15)

see also (1.20). It is known (cf. [126, Thm. 8.8.1]) that under the above assumptions
there are constants 0 < cJ ,1 ≤ cJ ,2 (independent of h and n) such that

cJ ,1‖x‖h ≤ ‖J x‖L2(Ω) ≤ cJ ,2‖x‖h for all x ∈ R
I , (4.16)

where J is defined in (4.9) and ‖x‖h :=
√

hd ∑i∈I x2
i is induced by (·, ·)h from

(4.10).
From Theorem 4.10 it can be seen that the entries of inverses of symmetric posi-

tive definite sparse matrices decay exponentially. The mass matrix M is by definition
symmetric positive definite and (i, j)∈G(M), where G(M) denotes the matrix graph
of M defined in (1.11), implies that Xi ∩Xj contains an interior point. Hence, if k
is the smallest integer so that dist(Xi,Xj) ≤ (k− 1)h, the length of a path in G(M)
from i to j must be at least k; i.e., di j ≥ 1+ ei j/h, where ei j := dist(Xi,Xj).

Lemma 4.11. Let cJ ,1, cJ ,2 be the constants from (4.16). Then

|(M−1)i j| ≤ 2‖M−1‖2 λ ei j/h+1 for all i, j ∈ I,

where λ =
√

r−1√
r+1 ∈ (0,1) with r = (cJ ,2/cJ ,1)2 do depend neither on h nor on the

matrix size n.

Proof. Since M = J ∗J , the condition number of M is bounded independently
of the matrix size n by (cJ ,2/cJ ,1)2. Applying Theorem 4.10 and using di j ≥
1+ ei j/h, we end up with the assertion. ��

For the proof of the following theorem we will require that (4.11) holds for the
maximum of the diameters of Xt and Xs instead of the minimum; i.e.,

max{diamXt ,diamXs} ≤ η dist(Xt ,Xs). (4.17)
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Since the clusters t and s stem from the same level of a cluster tree, the minimum
can be replaced by the maximum due to (1.22) if η is changed by a multiplicative
constant c > 1 which will be omitted in the sequel.

Theorem 4.12. For any ε > 0 there is NH ∈H (TI×I ,k) satisfying

‖M−1−NH ‖2 ≤ ε‖M−1‖2,

where k ∼max{Ld , | logε|d} and L = L(TI×I) denotes the depth of the tree TI×I .

Proof. Let k ∈ N, k ≥ nmin, and b = t× s ∈ P. We set

(NH )b :=

{
(M−1)b, if min{|t|, |s|} ≤ k,
0, else.

Then NH belongs to H (TI×I ,k), since either rank(NH )b ≤ min{|t|, |s|} ≤ k or
rank(NH )b = 0 for all blocks in P satisfying min{|t|, |s|}> k.

Let E = M−1 − NH be the error matrix. Due to Theorem 2.16 it remains
to determine the spectral norm of Eb = (M−1)b for blocks b = t × s satisfying
min{|t|, |s|} > k. Then b is admissible because min{|t|, |s|} > k ≥ nmin. Condition
(4.17) implies for (i, j) ∈ b that

ei j = dist(Xi,Xj)≥ dist(Xt ,Xs)≥ η−1 max{diamXt ,diamXs}.

From (4.14) and (4.15) we obtain

volXt ≥ 1
ν ∑

i∈t
volXi ≥ cv

ν
hd |t|.

Together with (diamXt)d ≥ volXt/ωd it follows that ei j ≥ c′h d
√|t| with c′ > 0 ex-

pressed by ωd , η , ν , and cv. Similarly, ei j ≥ c′h d
√|s| holds. The combination of the

last two estimates yields ei j/h≥ c′ 2d
√|t||s|, which according to Lemma 4.11 proves

|Ei j| ≤ c‖M−1‖2 λ c′ 2d
√
|t||s|.

A trivial estimate of the spectral norm yields

‖Eb‖2 ≤
√
|t||s| max

i∈t, j∈s
|Ei j| ≤ c

√
|t||s|‖M−1‖2 λ c′ 2d

√
|t||s|.

We simplify the right-hand side: For a suitable 0 < c′′ < c′ the estimate crλ c′ d√r ≤
λ 2c′′ d√r holds for all r greater than some kmin ∈ N. Hence, for �≤ L

‖Eb‖2 ≤ ‖M−1‖2 λ 2c′′ 2d
√
|t||s| ≤ ‖M−1‖2 λ 2c′′ d√k ≤ 2−�‖M−1‖2 λ c′′ d√k

if we assume that k ≥ k′min := [1/c′′ log1/λ 2]dLd , which gives λ c′′ d√k ≤ 2−�. From
the proof of Theorem 2.16 one has that
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‖E‖2 ≤ csp

L

∑
�=0

2−�‖M−1‖2 λ c′′ d√k ≤ 2csp‖M−1‖2 λ c′′ d√k.

Choose k ≥max{kmin,k′min} such that 2cspλ c′′ d√k ≤ ε . The last conditions are satis-
fied for k ∼max{Ld , | logε|d}. ��

The proof of the last theorem cannot be applied to FE stiffness matrices since
the decay rate of the inverse’s entries depends on n. In the next section we will gen-
eralize the previous result to partitions constructed using an algebraic admissibility
condition. We remark that in this situation it is not required that the discretization is
quasi-uniform or shape regular.

4.1.3 An Algebraic Approach to the Approximation of the Inverse

In this section we make a first algebraic approach to the approximation of sparse
matrices by H -matrices; cf. [25]. We assume that A is sparse in the sense that
(1.33) is valid.

We define the essential boundary of s with respect to t as

∂t s := {ν ∈ s : ∃i ∈ t such that diν = min
j∈s

di j}.

Analogously,
∂st := {ν ∈ t : ∃ j ∈ s such that dν j = min

i∈t
di j}

is the essential boundary of t with respect to s; see Fig. 4.1.

t

s

∂t s

Fig. 4.1 Two clusters t and s with ∂t s.
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In the following lemma it will be seen that the rank of restrictions [p(A)]ts of
matrix polynomials to blocks t× s with bounded ratio of diam∂t s and dist(t,s) can
be estimated by the polynomial degree.

Lemma 4.13. Let t,s⊂ I satisfy diam∂t s≤ η dist(t,s) for some η > 0. Then for p∈
Πk it holds that rank [p(A)]ts ≤ cV (1 + η)mkm. Furthermore, rank [p(AHA)AH ]ts ≤
cV (1+η)m(2k +1)m.

Proof. Let � ≤ k and consider i ∈ Lµ := {i ∈ t : dist(i,∂t s) = µ} for µ > �. Each
minimal path from i to an arbitrary j ∈ s includes an index ν ∈ ∂t s. Hence,

di j = diν +dν j ≥ µ > �.

From Lemma 4.9 it follows that (A�)i j = 0. Since t =
⋃∞

µ=dist(t,s) Lµ , only the rows

N :=
�⋃

µ=dist(t,s)

Lµ = {i ∈ t : dist(t,s)≤ dist(i,∂t s)≤ �}

of (A�)ts do not vanish.
We may assume that k ≥ dist(t,s) because the last set is empty if k < dist(t,s).

According to assumption (1.33), we have that

|N| ≤ cV (k +diam∂t s)m ≤ cV (k +η dist(t,s))m ≤ cV (1+η)mkm,

which proves the assertion. ��
Remark 4.14. Assume for a moment that diam∂t s is bounded. From the last proof
it can be seen that in this case the condition diam∂t s ≤ η dist(t,s) can be omitted.
Since we may interchange the roles of t and s, it is also sufficient that diam∂st is
bounded. In either case, we still obtain the result rank [p(A)]ts ∼ km.

Let T ∗I×I be a block cluster tree with leaves b = t×s such that one of the following
four conditions is satisfied:

(i) diam∂st is bounded;
(ii) diam∂t s is bounded;

(iii) min{diam∂st,diam∂t s} ≤ η dist(t,s) for some parameter η > 0;
(iv) min{|t|, |s|} ≤ nmin for some given number nmin ∈ N.

In Example 1.38 we have proved that the sparsity constant of partitions satisfying
the previous conditions is bounded by a constant.

In [134] it was observed that the usual admissibility condition (4.11) can be re-
laxed by a so-called weak admissibility. Although progress has been made, this
phenomenon is not yet fully understood. Note that for clusters t and s sharing a sin-
gle corner point we have that diam∂t s = 1. Weakly admissible partitions are hence
covered by the above admissibility condition (i)–(iv).

The following theorem lays ground to the approximation of the inverse of a
sparse matrix A by a hierarchical matrix on the partition L (T ∗I×I). In Theorem 4.15
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we consider general non-singular matrices A, and in Theorem 4.16 positive definite
matrices will be treated.

Theorem 4.15. Let A be a non-singular matrix satisfying (1.33). Then there is CH ∈
H (T ∗I×I ,k) with k ∼ (| logε|/| logλ |)m such that

‖A−1−CH ‖2 ≤ cond2(A)ε‖A−1‖2,

where
λ = 1− 1

(cond2(A))2 .

Proof. Since A is non-singular, the matrix B := AHA has positive eigenvalues. Set-
ting β := 1/λmax(B), it follows that ρ(I− βB) = 1− λmin(B)/λmax(B) < 1. The
Neumann series applied to I−βB gives the following representation of the inverse
of B

B−1 = β
∞

∑
j=0

(I−βB) j.

Setting

pk(B) := β
k−1

∑
j=0

(I−βB) j,

we obtain that

‖B−1− pk(B)‖2 ≤ β
∞

∑
j=k

ρ j(I−βB)≤ βρk(I−βB)
1−ρ(I−βB)

=
(

1− λmin(B)
λmax(B)

)k

‖B−1‖2

and hence

‖A−1− pk(B)AH‖2 = ‖(B−1− pk(B))AH‖2 ≤ ‖B−1− pk(B)‖2‖A‖2

≤
(

1− λmin(B)
λmax(B)

)k

‖B−1‖2‖A‖2

= cond2(A)
(

1− 1
(cond2(A))2

)k

‖A−1‖2.

The last lemma proves that each block of CH := pk(B)AH satisfying one of the
conditions (i)–(iv) has rank at most cV (1+η)m(2k +1)m. ��
Theorem 4.16. Let A be a symmetric positive definite matrix satisfying (1.33). Then
there is CH ∈H (T ∗I×I ,k) with k ∼ (| logε|/| logλ |)m such that

‖A−1−CH ‖2 ≤ ε‖A−1‖2,

where

λ =

√
cond2(A)−1√
cond2(A)+1

.
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Proof. We use similar arguments as in the proof of Theorem 4.10. For all algebraic
polynomials p it holds that

‖A−1− p(A)‖2 = ρ(A−1− p(A)) = max
x∈σ(A)

|x−1− p(x)|.

Furthermore, Πk contains pk so that

‖x−1− pk(x)‖∞,σ(A) ≤ cλ k+1,

where

c =
(1+

√
r)2

2r
‖A−1‖2 ≤ 2‖A−1‖2, λ =

√
r−1√
r +1

, r = cond2(A).

Let CH := pk(A). Lemma 4.13 proves that each block of CH := pk(A) satisfying
one of the conditions (i)–(iv) has rank at most cV (1+η)mkm. ��

The previous theorems show that the geometric condition (4.11) is not necessary.
Hence, cardinality balanced clustering is enough, which implies that H -matrices
can be applied to arbitrary grids.

Although we were able to generalize the partition on which approximation is
possible, the convergence rate λ goes to 1 if cond2(A) goes to infinity. The last the-
orems are therefore meaningful only for well-conditioned matrices. The numerical
experiments from Sect. 4.5, however, show that the actual rank k is bounded even if
cond2(A)→ ∞ for n→ ∞.

In order to prove rigorously that the inverse of finite element stiffness matrices
can be approximated by H -matrices, we have to use a different technique [27,
20]. For this purpose, we leave our algebraic point of view and exploit analytic
properties of elliptic operators. The following proof is based on the approximation
of the Green’s function.

4.1.4 Degenerate Approximation of the Green’s Function

In the last decade considerable attention has been paid to fast algorithms for the
direct solution of boundary value problems. If Ω is an interval, then the Green func-
tion G of ordinary differential operators has the property that

G(x,y) =

{
u1(x)v1(y), x≥ y,
u2(x)v2(y), x≤ y

with appropriately chosen functions u1, v1, u2, and v2; see the following Exam-
ple 4.17. This fact is, for instance, exploited by the algorithm in [239].

Example 4.17. The solution of the two-point boundary value problem
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−u′′(x) = f (x), x ∈Ω := (0,1),
u(0) = u(1) = 1

can be represented by

u(x) =
∫

Ω
G(x,y) f (y)dy,

where

G(x,y) =

{
(1− x)y, 0≤ y≤ x,
x(1− y), x≤ y≤ 1

denotes the Green’s function. The restriction of G to each pair of domains D1×D2
satisfying dist(D1,D2) > 0 is the product of two functions v and w

G(x,y) = v(x)w(y), (x,y) ∈ D1×D2.

The algebraic analogue of the above property are semi-separable matrices, which
have been introduced in Sect. 1.2. The exact representation of G as a degenerate
function cannot be carried over to problems of spatial dimension d ≥ 2.

The aim of this section is to show that the Green’s function corresponding to the
operator (4.2) and the domain Ω can be approximated by a degenerate kernel

Gk(x,y) =
k

∑
i=1

ui(x)vi(y) (4.18)

with appropriate functions ui, vi, i = 1, . . . ,k, on admissible pairs (D1,D2) of sub-
domains of Ω , i.e., on domains D1,D2 ⊂Ω satisfying

min{diamD1,diamD2} ≤ η dist(D1,D2).

According to the theorem of De Giorgi (see [104, p. 200]), G is locally only
Hölder continuous if the coefficients of the operator are in L∞. Hence, G cannot be
approximated by polynomials. We have to find a different system of approximants.
For this purpose a finite-dimensional space will be constructed which G is approx-
imated from with respect to one variable. Before we turn to the construction of the
approximation space, let us first state some properties of G.

Denote by L0 the principal part of L from (4.2), i.e., the special case βi = γi =
δ = 0, i = 1, . . . ,d. For operators of type L0 it is shown in [124] that in the case
d ≥ 3 a Green’s function G0 : Ω ×Ω → R∪{∞} exists with the properties

G0(x, ·) ∈ H1(Ω \Br(x))∩W 1,1
0 (Ω) for all x ∈Ω and all r > 0,

a0(G0(x, ·),ϕ) = ϕ(x) for all ϕ ∈C∞
0 (Ω) and x ∈Ω ,

where Br(x) is the open ball centered at x with radius r and
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a0(u,v) =
∫

Ω

d

∑
i, j=1

ci j∂ ju∂ivdx. (4.19)

Furthermore, for x,y ∈Ω it holds that

|G0(x,y)| ≤ cd(ΛL /λL )
λL

‖x− y‖2−d (4.20)

with a constant c depending on the diameter of Ω , d, and on the ratio of ΛL and
λL . Note that a Green’s function contains information about the domain Ω , while
singularity functions (as defined in Chap. 3) depend on the operator L only. Sys-
tems of elliptic partial differential operators were investigated in [84]. Up to our
knowledge, estimates of type (4.20) have not been derived for general operators L
of type (4.2) in the presence of lower-order terms. We can however define a Green’s
function G := (L −1

0 L )−1G0 satisfying

G(x, ·) ∈ H1(Ω \Br(x))∩W 1,1
0 (Ω) for all x ∈Ω and all r > 0,

a(G(x, ·),ϕ) = ϕ(x) for all ϕ ∈C∞
0 (Ω) and x ∈Ω ,

where a is the bilinear form defined in (4.6). Notice that

G−G0 = [(L −1
0 L )−1−I ]G0 =−L −1L1G0,

where L1 := L −L0 denotes the lower-order part of L . Since L −1L1 is an op-
erator of order −1, L −1L1G0 is smoother than G0. Hence, the singularity of G0 at
x = y is carried over to G, and we may assume that there is a constant cd such that
for x,y ∈Ω it holds that

|G(x,y)| ≤ cd(ΛL /λL ,β ,γ,δ )
λL

‖x− y‖2−d . (4.21)

For d = 2, the existence of a Green’s function for symmetric operators of type
(4.2) has been proved in [84]. Instead of (4.21) one has the following bound on
the Green’s function

|G(x,y)| ≤ c(ΛL /λL ,β ,γ,δ )
λL

log‖x− y‖ (4.22)

for x,y ∈Ω .

4.1.4.1 A Caccioppoli Inequality

The whole theory of the approximation of discrete elliptic operators by hierarchical
matrices can be founded on one single principle, the interior regularity, which is
characteristic for elliptic operators. In Chap. 3 we have used the interior regular-
ity expressed by a Caccioppoli-type inequality (see Lemma 3.3) for the proof of
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the asymptotic smoothness of the singularity function. In this section we derive a
Caccioppoli inequality for nonsmooth coefficients and apply it to the Green func-
tion of L .

Let D⊂ R
d be a domain satisfying D∩Ω �= 0. The set

X(D) := {u∈H1
loc(D) : a(u,ϕ) = 0 for all ϕ ∈C∞

0 (D∩Ω) and u|D\Ω = 0}, (4.23)

consists of L -harmonic H1
loc-functions vanishing outside of Ω . Here and in the

following we use the notation

H1
loc(D) := {u ∈ L2(D) : u ∈ H1(K) for all compact K ⊂ D}.

The following Caccioppoli inequality (4.24) estimates the derivatives of har-
monic solutions on a subdomain by its values on an enclosing domain. This provides
a means to overcome the lack of regularity of G. Note that the coefficient function
β , γ , and δ enter the estimate through the norm

‖ · ‖ := ‖‖ · ‖2‖L∞ .

Hence, the quality of the following estimate depends on the size of the coefficients
but not on their variation.

Lemma 4.18. Let K ⊂ D be compact. There is cL = cL (ΛL /λL ,λL ,β ,γ,δ ,
diamD) such that

‖∇u‖L2(K) ≤
cL

dist(K,∂D)
‖u‖L2(D) (4.24)

for all u ∈ X(D).

Proof. Let η ∈C1(D) satisfy 0 ≤ η ≤ 1, η = 1 in K, η = 0 in a neighborhood of
∂D, and ‖∇η‖ ≤ 2/σ in D, where we set σ = dist(K,∂D). Since K′ := suppη is
a compact subset of D, the definition (4.23) of X(D) implies u ∈ H1(K′). Hence,
ϕ := η2u ∈ H1

0 (D∩Ω) may be used as a test function in a(u,ϕ) = 0 due to the
dense embedding of C∞

0 (D∩Ω) in H1
0 (D∩Ω). Since ϕ = 0 in Ω \D, we have

2
∫

D
ηu∇η ·C∇udx+

∫
D

η2 ∇u ·C∇udx =
∫

D
∇(η2u) ·C∇udx

=−
∫

D
η2uβ ·∇udx−

∫
D

uγ ·∇(η2u)dx−
∫

D
δη2|u|2 dx.

Since C is positive definite, its square root C1/2 is defined. Hence,∫
D

η2|C1/2∇u|2 dx =−2
∫

D
ηu∇η ·C∇udx−

∫
D

η2uβ ·∇udx

−2
∫

D
η |u|2 γ ·∇η dx−

∫
D

η2uγ ·∇udx−
∫

D
δη2|u|2 dx.

For the first integral on the right-hand side of the last equation we obtain
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ηu∇η ·C∇udx

∣∣∣∣≤ ∫D
|C1/2∇η | |ηC1/2∇u| |u|dx

≤ 2
√

ΛL

σ
‖ηC1/2∇u‖L2(D)‖u‖L2(D).

The second integral can be estimated as∣∣∣∣∫D
η2uβ ·∇udx

∣∣∣∣≤ ∫D
η |β |η‖∇u‖|u|dx≤ ‖β‖

∫
D

η‖∇u‖|u|dx

≤ ‖β‖
(∫

D
η2‖∇u‖2 dx

)1/2

‖u‖L2(D)

≤ ‖β‖√
λL

‖ηC1/2∇u‖L2(D)‖u‖L2(D)

and, similarly, one has for the forth integral∣∣∣∣∫D
η2uγ ·∇udx

∣∣∣∣≤ ‖γ‖√
λL

‖ηC1/2∇u‖L2(D)‖u‖L2(D).

Since
2‖ηC1/2∇u‖L2(D)‖u‖L2(D) ≤

1
ε
‖ηC1/2∇u‖2

L2(D) + ε‖u‖2
L2(D)

with ε := 4
√

ΛL /σ +λ−1/2
L (‖β‖+‖γ‖), one readily checks that

‖ηC1/2∇u‖2
L2(D) ≤ 2

(
ε2

2
+

4
σ
‖β‖+‖δ‖

)
‖u‖2

L2(D).

This leads to
‖ηC1/2∇u‖L2(D) ≤

c
σ
‖u‖L2(D),

where

c2 =

(
4
√

ΛL +
σ√
λL

(‖β‖+‖γ‖)
)2

+8σ‖β‖+2σ2‖δ‖,

and hence

‖∇u‖L2(K) ≤ ‖η∇u‖L2(D) ≤ λ−1/2
L ‖ηC1/2∇u‖L2(D) ≤

c

σ
√

λL

‖u‖L2(D).

The rough estimate σ ≤ diamD proves the assertion. ��
Remark 4.19. From the preceding proof it can be seen that the coefficient δ does not
enter estimate (4.24) if δ ≥ 0.

When we try to generalize the above properties to systems of partial differential
equations, we find the principle difficulty that a Caccioppoli inequality does not hold
for general nonsmooth coefficients; see the counter example in [105]. Note that in
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Lemma 3.3 we have proved a Caccioppoli inequality for systems with smooth coeffi-
cients, which could be used to prove the existence of H -matrix approximants to the
inverse FE stiffness matrix in the same way as we proceed now for scalar problems.
Caccioppoli inequalities for the operators curlαcurl +βI and curlαcurl −β∇div
with nonsmooth coefficients α,β are derived in [31].

4.1.4.2 Construction of the Approximation Space

In the rest of this section D⊂R
d is an arbitrary domain. The proof of the following

basic lemma is mainly based on the Poincaré inequality; cf. [104].

Lemma 4.20. Let D be convex and X a closed subspace of L2(D). Then for any
k ∈ N there is a subspace Vk ⊂ X satisfying dimVk ≤ k so that

distL2(D)(u,Vk)≤ cA
diamD

d
√

k
‖∇u‖L2(D) (4.25)

for each u ∈ X ∩H1(D), where cA depends only on the spatial dimension d.

Proof. First we assume k = �d and D ⊂ Q := {x ∈ R
d : ‖x− z‖∞ < 1

2 diamD} for
some z ∈ R

d . We subdivide the cube Q uniformly into k sub-cubes Qi, i = 1, . . . ,k,
and set Di = D∩Qi, i = 1, . . . ,k. Each of the sets Di is convex with diamDi ≤√

d
� diamD. Let

Wk = {v ∈ L2(D) : v is constant on each Di, i = 1, . . . ,k}.

Then dim Wk≤ k and according to Poincaré’s inequality for u∈H1(D) (in particular,
we use the convex version in [200, 19] with explicitly given constant) it holds that∫

Di

|u− ūi|2 dx≤ π−2(diamDi)2
∫

Di

‖∇u‖2 dx,

where ūi = (volDi)−1 ∫
Di

udx is the mean value of u in Di. Summation over all i
yields

‖u− ū‖L2(D) ≤
√

d
π�

diamD‖∇u‖L2(D)

for ū ∈Wk defined by ū|Di = ūi.
For general k ∈ N choose � := � d

√
k� ∈ N, i.e., �d ≤ k < (�+ 1)d . Applying the

previous arguments to k′ := �d , we obtain the space Wk := Wk′ satisfying dim Wk =
dim Wk′ ≤ k′ ≤ k. Using �≥ (�+1)/2 > d

√
k/2, we arrive at

‖u− ū‖L2(D) ≤ cA
diamD

d
√

k
‖∇u‖L2(D)

with the constant cA := 2
√

d/π .
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In order to guarantee that the approximation is done from a subset of X , we
project Wk onto X . Let P : L2(D)→ X be the L2(D)-orthogonal projection onto X
and let Vk = P(Wk). Keeping in mind that P has norm one and u ∈ X , we obtain

distL2(D)(u,Vk)≤ ‖u−Pū‖L2(D) = ‖P(u− ū)‖L2(D) ≤ ‖u− ū‖L2(D),

which proves the assertion. ��
In order to be able to use X(D) from (4.23) as X in Lemma 4.20, in the following

lemma it is proved that X(D) is a closed subspace of L2(D). We remark that the
extension of G(x, ·), x ∈ Ω , to R

d by zero is in X(D) for all D ⊂ R
d satisfying

dist(x,D) > 0.

Lemma 4.21. The space X(D) is closed in L2(D).

Proof. Let {uk}k∈N ⊂ X(D) converge to u in L2(D) and let K ⊂ D be a compact
subset such that dist(K,∂D) > 0. According to Lemma 4.18, the sequence {∇uk}k∈N

is bounded on K,
‖∇uk‖L2(K) ≤ c‖uk‖L2(D) ≤C.

Due to the Banach-Alaoglu Theorem, a subsequence {uik}k∈N converges weakly in
H1(K) to û ∈ H1(K). Hence, for any v ∈ L2(K) we have

(u,v)L2(K) = lim
k→∞

(uik ,v)L2(K) = (û,v)L2(K),

which proves that u = û ∈ H1(K). Since the functional a(·,ϕ) for ϕ ∈C∞
0 (D) is in

(H1(K))′, we see by the same argument that a(u,ϕ) = 0. Finally, uk|D\Ω = 0 leads
to u|D\Ω = 0. Hence, u ∈ X(D) is proved. ��

4.1.4.3 Exponentially-Accurate Space of L -Harmonic Functions

Lemma 4.22. Assume that D2 ⊂ D is a convex domain such that for some η > 0 it
holds that

0 < diamD2 ≤ η dist(D2,∂D).

Then for any ε > 0 there is a subspace W ⊂ X(D2) so that

distL2(D2)(u,W )≤ ε‖u‖L2(D) for all u ∈ X(D) (4.26)

and dimW ≤ cd
η�| logε|�d+1 + �| logε|�, where cη := cAcL e(2+η).

Proof. Let � := �| logε|�. We consider a nested sequence of convex domains

Kj = {x ∈ R
d : dist(x,D2)≤ r j}

with real numbers r j := (1− j/�)dist(D2,∂D), j = 0, . . . , �. Notice that

D2 = K� ⊂ K�−1 ⊂ ·· · ⊂ K0 ⊂ D.



216 4 Application to Finite Element Discretizations

Using the definition (4.23) of the space X , we set Xj := X(Kj).
Applying Lemma 4.20 to Kj with the choice k := �(cAcL (2 + η)�ε−1/�)d�, we

can find a subspace Vj ⊂ Xj satisfying dimVj ≤ k and

distL2(Kj)(v,Vj)≤ cA
diamKj

d
√

k
‖∇v‖L2(Kj) (4.27)

for all v ∈ Xj ∩H1(Kj). From Lemma 4.18 applied to (Kj,Kj−1) instead of (K,D),
we obtain

‖∇v‖L2(Kj) ≤
cL

dist(Kj,∂Kj−1)
‖v‖L2(Kj−1) = cL

�

r0
‖v‖L2(Kj−1) (4.28)

for all v∈Xj−1. Since any v∈Xj−1 also belongs to Xj∩H1(Kj), the estimates (4.27)
and (4.28) together with diamKj ≤ (2+η)r0 may be combined to

distL2(Kj)(v,Vj)≤ ε1/�‖v‖L2(Kj−1) for all v ∈ Xj−1.

Let u ∈ X(D) and v0 := u|K0 ∈ X0. By the last estimate we have v0|K1 = u1 + v1
with u1 ∈V1 and

‖v1‖L2(K1) ≤ ε1/� ‖v0‖L2(K0).

Consequently, v1 belongs to X1. Similarly, for all j = 1, . . . , �, we are able to find an
approximant u j ∈Vj so that v j−1|Kj = u j + v j and ‖v j‖L2(Kj) ≤ ε1/� ‖v j−1‖L2(Kj−1).
Using the restrictions of Vj to the smallest domain D2 = K�, let

W := span{Vj|D2 , j = 1, . . . , �}.

Then W is a subspace of X(D2) and, since v0|D2 = v� +∑�
j=1 u j|D2 , we are led to

distL2(D2)(v0,W )≤ ‖v�‖L2(D2) ≤
(

ε1/�
)� ‖v0‖L2(K0) ≤ ε‖u‖L2(D),

where the last inequality is due to K0 ⊂ D.
The dimension of W is bounded by ∑�

j=1 dimVj ≤ �k. Since ε−1/� ≤ e, we obtain
dimW ≤ (cAcL e(2+η))d�d+1 + �. ��

Assume that diamD2 ≤ diamD1. The previous lemma will now be applied to the
Green’s functions G(x, ·) on D2 with x ∈ D1 ⊂ Ω . For this purpose let gx be the
extension of G(x, ·) to R

d \D1; i.e.,

gx(y) :=

{
G(x,y), y ∈Ω \D1,

0, y ∈ R
d \Ω .

Then gx is in X(Rd \D1). Note that its approximant Gk(x, ·) from the following
theorem is of the desired form (4.18).
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Theorem 4.23. Let D1 ⊂Ω and let D2 ⊂ R
d be convex. Assume that there is η > 0

such that
0 < diamD2 ≤ η dist(D1,D2).

Then for any ε > 0 there is a separable approximation

Gk(x,y) =
k

∑
i=1

ui(x)vi(y) with k ≤ kε := cd
η�| logε|�d+1 + �| logε|�,

so that for all x ∈ D1

‖G(x, ·)−Gk(x, ·)‖L2(D2∩Ω) ≤ ε‖G(x, ·)‖L2(D̂2), (4.29)

where D̂2 := {y ∈Ω : 2η dist(y,D2) < diamD2},

cη =2cAe(1+η)

((
4
√

ΛL /λL +
σ

λL
(‖β‖+‖γ‖)

)2

+2
σ

λL
(4‖β‖+σ‖δ‖)

)1/2

,

and σ := diamD2/(2η).

Proof. Let
D = {y ∈ R

d : 2η dist(y,D2) < diamD2}.
Note that due to dist(D1,D) > 0, we have gx ∈ X(D) for all x∈D1. Since in addition
diamD2 ≤ 2η dist(D2,∂D), Lemma 4.22 can be applied with η replaced by 2η . Let
{v1, . . . ,vk} be a basis of the subspace W ⊂ X(D2) with

k = dimW ≤ cd
2η�| logε|�d+1 + �| logε|�.

According to (4.26), gx can be decomposed into gx = ĝx + rx with ĝx ∈ W and
‖rx‖L2(D2) ≤ ε‖gx‖L2(D). Since gx and ĝx vanish outside of Ω , we actually have
‖rx‖L2(D2∩Ω) ≤ ε‖G(x, ·)‖L2(D̂2). Expressing ĝx by means of the basis of W , we ob-
tain

ĝx =
k

∑
i=1

ui(x)vi

with coefficients ui(x) depending on the index x ∈ D1. The function

Gk(x,y) :=
k

∑
i=1

ui(x)vi(y)

satisfies estimate (4.29). ��
Remark 4.24. Without loss of generality, we may choose {v1, . . . ,vk} as an orthog-
onal basis of W . Then the coefficients ui(x) in the latter expansion are the Fourier
coefficients (G(x, ·),vi)L2(D2∩Ω) showing that ui satisfies L ui = vi with homoge-
neous Dirichlet boundary conditions. In particular, ui is L -harmonic in Ω \D2.
Note that the ui’s do not depend on D1.
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Since the constant cA does not depend on Ω , the geometry enters cη only through
the diameter. Hence, the shape of the domain does not influence the previous approx-
imation result. Additionally, only the norm of the coefficients of the operator appear
in the estimates.

4.1.5 Approximation of Discrete Operators

The existence of degenerate approximants to the Green’s function from the last sec-
tion will now be used to prove existence of H -matrix approximants to the discrete
inverse B of L from (4.8) and the inverse stiffness matrix A−1.

Theorem 4.25. Let Xt be convex for all t ∈ TI. For any ε > 0 let kε ∈N be chosen as
in Theorem 4.23. Then for k ≥max{kε ,nmin} there is BH ∈H (TI×I ,k) such that

‖B−BH ‖2 ≤ cd
ε

λL
, (4.30)

where cd = cd(ΛL /λL ,β ,γ,δ ,η ,diamΩ).

Proof. Let b = t× s ∈ P with min{|t|, |s|} ≤ nmin. In this case we simply set

(BH )b := Bb = (J ∗L −1J )b.

Since the block (BH )b has at most nmin columns or rows, rank(BH )b ≤ k holds.
If b = t× s ∈ P with min{|t|, |s|}> nmin, then b satisfies (4.11). Applying Theo-

rem 4.23 with D1 = Xt , D2 = Xs, there is G̃b(x,y) = ∑kε
i=1 ub

i (x)v
b
i (y) such that

‖G− G̃b‖L2(Xt×Xs) ≤ ε‖G‖L2(Xt×X̂s),

where X̂s := {x ∈ Ω : 2η dist(x,Xs) ≤ diamXs}. Let the functions ub
i and vb

i be ex-
tended to Ω by zero. We define the integral operator

Kbϕ =
∫

Ω
G̃b(x, ·)ϕ(x)dx for supp ϕ ⊂Ω

and set (BH )b = (J ∗KbJ )b. The rank of (BH )b is bounded by kε ; see Sect. 3.3.
Let x ∈ R

s and y ∈ R
t . To see that (BH )b approximates the block Bb, remember

the representation (4.12) of L −1 and use (4.16). The estimate

((B−BH )bx,y)h = (J ∗(L −1−Kb)J x,y)h = ((L −1−Kb)J x,J y)L2

≤ ‖G− G̃b‖L2(Xt×Xs)‖J x‖L2(Xs)‖J y‖L2(Xt )

≤ ε‖G‖L2(Xt×X̂s)‖J x‖L2(Ω)‖J y‖L2(Ω)

≤ εc2
J ,2‖G‖L2(Xt×X̂s)‖x‖h‖y‖h

proves ‖(B−BH )b‖2 ≤ εc2
J ,2‖G‖L2(Xt×X̂s).



4.1 Approximating FE Matrix Inverses 219

Although G(x, ·) ∈W 1,1(Ω) for all x ∈Ω , G(·, ·) does not belong to L2(Ω ×Ω)
as soon as d ≥ 4. From (4.21) it can be seen that ‖G‖L2(Xt×X̂s) may increase when
the sets Xt , X̂s approach each other. The construction of X̂s, however, ensures

σ := dist(Xt , X̂s)≥ 1
2

dist(Xt ,Xs)≥ 1
2η

diamXt

as well as 2ησ ≥ diamXs due to (4.17). Hence (4.21) implies for the case d ≥ 3

‖G‖L2(Xt×X̂s) ≤
cd(ΛL /λL ,β ,γ,δ )

λL
σ2−d

√
(volXt)(vol X̂s).

Using vol X̂s ≤ωd( 1
2 diam X̂s)d ≤ωd(η +1/2)dσd and volXt ≤ωd(ησ)d , where ωd

is the volume of the unit ball in R
d , we see that

‖G‖L2(Xt×X̂s) ≤ c̄η
cd(ΛL /λL ,β ,γ,δ )

λL
σ2 with c̄η := ωd(η(η +1/2))d/2.

Let t∗ and s∗ be the fathers of t and s, respectively. Then

η dist(Xt∗ ,Xs∗)≤max{diamXt∗ ,diamXs∗}

and it follows from (1.22) that

dist(Xt , X̂s)≤ dist(Xt ,Xs)≤ dist(Xt∗ ,Xs∗)+diamXt∗ +diamXs∗

≤ (η−1 +2)max{diamXt∗ ,diamXs∗} ≤ (η−1 +2)c1/d
g 2−�/d ,

where � denotes the level of t in TI . We obtain

‖(B−BH )b‖2 ≤ ĉd(ΛL /λL ,β ,γ,δ )
λL

ε4−�/d .

From the proof of Theorem 2.16 we see that

‖B−BH ‖2 ≤ csp

L(TI)

∑
�=0
‖(B−BH )b‖2 ≤ cspĉd(ΛL /λL ,β ,γ,δ )

ε
λL

L(TI)

∑
�=0

4−�/d

≤ csp
ĉd(ΛL /λL ,β ,γ,δ )

1−4−1/d

ε
λL

yields (4.30). Using (4.22), the case d = 2 can be treated in a similar way. ��
Remark 4.26. Assume that each (possibly non-convex) set Xt has a convex superset
Yt satisfying the admissibility condition (4.11). Then Theorem 4.25 remains valid for
Xt ×Xs. Since the admissibility condition is checked for such supersets, i.e., cubes
or spheres, the assumption on the convexity of Xt in Theorem 4.25 is reasonable
even for practical purposes; see Example 1.13.
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The previous theorem shows that we are able to approximate the discrete inverse
of L by H -matrices. Our aim, however, is to prove that the inverse of the stiffness
matrix A possesses this property. For this purpose we use the fact that A−1 can be
approximated by M−1BM−1. The last product, in turn, can be approximated by H -
matrices.

4.1.5.1 Relating A−1 and B

The finite element approximation is related with the Ritz projection

Ph = J A−1J ∗L : H1
0 (Ω)→Vh,

which maps the solution u ∈ H1
0 (Ω) of the variational problem (4.5) to the finite

element solution uh = Phu of

a(uh,vh) = l(vh) for all vh ∈Vh.

The FE error is then given by eh(u) := ‖u−Phu‖L2(Ω) and the weakest form of the
finite element convergence is described by

eh(u)≤ εh‖ f‖H−1(Ω) for all u = L −1 f , f ∈ H−1(Ω), (4.31)

where εh→ 0 as h→ 0. Due to our quite weak assumptions on the smoothness of the
coefficients in (4.2), one cannot specify the convergence behavior of εh for h→ 0.

In the proof of the following lemma we will require the L2-orthoprojection Qh :
L2(Ω)→Vh defined by

Qh := J M−1J ∗.

Lemma 4.27. Let cJ ,1, cJ ,2 and εh be the quantities from (4.16) and (4.31). Then

‖A−1−M−1BM−1‖2 ≤
c2
J ,2

c4
J ,1

εh.

Proof. Let x,y ∈ R
d and fh = J x, vh = J y ∈ Vh. Then, using B = J ∗L −1J

and the projections from above, we have

((MA−1M−B)x,y)h = ((MA−1M−J ∗L −1J )M−1J ∗ fh,M−1J ∗vh)h

=
(
(J A−1J ∗ −J M−1J ∗L −1J M−1J ∗) fh,vh

)
L2(Ω)

= (PhL
−1 fh−QhL

−1Qh fh,vh)L2(Ω)

= (Qh(Ph−I )L −1 fh,vh)L2(Ω)

≤ eh(L −1 fh)‖vh‖L2(Ω) ≤ εh‖ fh‖L2(Ω)‖vh‖L2(Ω)

≤ c2
J ,2 εh‖x‖h‖y‖h,
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which proves

‖A−1−M−1BM−1‖2 = ‖M−1(MA−1M−B)M−1‖2

≤ c−4
J ,1‖MA−1M−B‖2 ≤ c−4

J ,1c2
J ,2 εh

and hence the assertion. ��
In Sect. 4.1.2 we have shown that B and M−1 can be approximated by H -

matrices BH ∈H (TI×I ,kB) and NH ∈H (TI×I ,kN), respectively. Therefore, the
natural approach is to use

CH := NH BH NH

as an approximant of A−1. We may assume that kB ≥ kN . Due to Theorem 2.30, the
exact product CH belongs to H (TI×I ,k) provided that k ≥ kC := ckBL2(TI). The
estimation of the spectral norm of

M−1BM−1−NH BH NH = (M−1−NH )BM−1 +NH (B−BH )M−1

+NH BH (M−1−NH )

by

‖M−1−NH ‖2(‖B‖2‖M−1‖2 +‖NH ‖2‖BH ‖2)+‖NH ‖2‖M−1‖2‖B−BH ‖2

is obvious. Let εN := ‖M−1−NH ‖2, εB := ‖B−BH ‖2. Since εN ≤ ‖M−1‖2, εB ≤
‖B‖2 and since due to (4.16) it holds that ‖B‖2,‖M−1‖2 = O(1), we obtain

‖M−1BM−1−NH BH NH ‖2 ≤ c1(εN + εB). (4.32)

The combination of Lemma 4.27 and (4.32) yields

‖A−1−NH BH NH ‖2 ≤ c1(εN + εB)+ c2εh,

where c2 := c−4
J ,1 c2

J ,2. In order to guarantee that

max{εN ,εB} ≤ c2

c1
εh, (4.33)

according to Theorem 4.25 and Theorem 4.12 the ranks kB and kN have to be chosen
of the following orders

kB ∼ | logεh|d+1 and kN ∼ | logεh|d .

With the choices (4.33) we obtain

‖A−1−NH BH NH ‖2 ≤ 3c2εh, (4.34)

which shows that the already existing finite element error c2εh is only slightly in-
creased by the H -matrix approximation. The resulting rank for CH = NH BH NH
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is bounded by kC = ckBL2(TI). Thus, CH approximates A−1 as described in (4.34)
and belongs to H (TI×I ,k) for all k ≥ ckBL2(TI).

Theorem 4.28. Let εh > 0 be defined in (4.31) and let L = L(TI×I)∼ logn denote the
depth of TI×I . Then there is an H -matrix CH ∈H (TI×I ,kC), kC ∼ L2| logεh|d+1,
such that

‖A−1−CH ‖2 ≤ εh. (4.35)

If εh ∼ hβ with some β > 0, then kC ∼ logd+3 n holds.

Proof. Since h−1 ∼ n1/d , the asymptotic behavior of | logεh| is logn. ��
Since λL in (4.3) is of size O(1) (without loss of generality, we may scale the

problem so that λL = 1), also ‖A−1‖2 = O(1) holds. Hence, the absolute error
(4.35) may be changed into a relative one: ‖A−1−CH ‖2 ≤ εh‖A−1‖2.

4.1.6 Numerical Experiments

In this section the practical influence of the various terms of the differential oper-
ator (4.2) on the efficiency and accuracy of the H -matrix inverse is investigated.
For simplicity all tests are performed on a uniform triangulation of the unit square
Ω := (0,1)× (0,1) in R

2. In each case the stiffness matrix A is built in the H -
matrix format. Then the inversion algorithm from Sect. 2.8 is applied to it with
a relative rounding precision εH . Hence, the blockwise rank is adaptively chosen
and is therefore expected to vary among the blocks. The maximum rank among all
blocks in P will be denoted by kmax. All tests were carried out on an Athlon64 (2
GHz) workstation with 12 GB of core memory. The minimal block size nmin was
chosen 128.

Let uh := J x ∈Vh be the FE solution; i.e., x ∈ R
n is the solution of Ax = b and

b is the vector with the components

bi =
∫

Ω
f ϕi dx, i = 1, . . . ,n.

Furthermore, let ũh = J x̃, where x̃ := CH b and CH is the computed H -matrix
approximant of A−1. Since

‖x− x̃‖2 = ‖x−CH Ax‖2 ≤ ‖I−CH A‖2 ‖x‖2, (4.36)

the expression ‖I−CH A‖2 is an upper bound on the relative accuracy of x̃ com-
pared with the solution x. Hence, in the following computations we will rely on the
expression E := ‖I−CH A‖2 as a measure of accuracy of ũh. Note that ũh cannot
be a better approximation of u than uh is, because the proposed method is built on
top of the finite element method.
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4.1.6.1 Principal Parts

In the first example we consider operators L =−divC∇ with coefficients C of the
form

C(x) =
[

1 0
0 α(x)

]
, x ∈Ω , (4.37)

where α(x) = 1 in the lower region of Fig. 4.2 and a random number from the in-
terval [0,a] in the remaining part of the unit square. The amplitude a will be used

Fig. 4.2 The coefficient α(x).

to demonstrate that the H -matrix inverse is not sensitive to the size of the non-
smooth coefficients. In order to avoid averaging effects, the coefficient α possesses
a two-level random structure: the randomly chosen coefficient on each triangle is
multiplied by a coefficient chosen randomly on a length scale

√
h, where the grid

size h is defined by h(
√

n/2+1) = 1. Since the arising finite element stiffness ma-
trices are symmetric, we make use of an obvious symmetric variant of the inversion
procedure from Sect. 2.8. The symmetric inversion saves about half of the compu-
tational costs.

In the following tables the accuracy E = ‖I−CH A‖2 of the H -matrix CH , the
CPU time consumption, and the storage requirement are compared for different am-
plitudes a and different problem sizes n. In Table 4.1 we fix the rounding precision
εH = 110−6 and compare the asymptotic behavior of the results in Fig. 4.3 with
functions n log∗ n. Note that in Theorem 4.28 we have proved that k is of the order
log2 n if εH is assumed to be constant. Therefore, Theorem 2.6 implies a theoretical
bound of n log3 n on the storage complexity, while Theorem 2.33 leads to a bound
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Table 4.1 H -matrix inversion with fixed accuracy.

a = 1 a = 100
n time E kmax MB time E kmax MB

14 400 6s 7.510−4 22 39 6s 1.710−3 22 39
38 025 27s 3.010−3 24 123 27s 5.810−3 24 123
65 025 56s 4.310−3 24 247 57s 1.110−2 24 247

129 600 160s 1.010−2 30 564 156s 1.910−2 30 544
278 784 418s 2.410−2 25 1 339 416s 4.710−2 25 1 321
529 984 1 129s 4.710−2 30 2 864 1 134s 1.210−1 30 2 800

n log6 n on the number of operations. Apparently, the CPU time scales like n log5 n
and the storage requirement is of the order n log2 n in practice. Compared with the
standard inversion procedure, which has complexity n3, the H -matrix inverse thus
scales almost linearly. The H -matrix approximant of the inverse for n = 529984
unknowns requires at most 3 GB of storage while the exact inverse would need
2093 GB.
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Fig. 4.3 CPU time and storage compared with n log5 n and n log2 n.

In Table 4.2 the truncation accuracy εH is chosen such that E is of order h. Since
according to Theorem 4.28 we have that k is of the order at most log2 n| logε|d+1 ∼
log5 n, we expect additional logarithmic factors in the asymptotic complexities.
Figure 4.4 shows that instead of the estimated complexities n log12 n and n log7 n as-
ymptotic complexities of the order n log7 n and n log3 n can be observed in practice.

In the next set of tests the same quantities for a smooth but oscillating coefficient
α in the principal part are computed; i.e., α is chosen to be the function

α(x) = a[1+ cos(2πbx)sin(2πby)].
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Table 4.2 H -matrix inversion with E ∼ h.
a = 1 a = 100

n εH time E kmax MB time E kmax MB
14 400 510−6 6s 3.510−3 22 36 6s 1.410−2 21 36
38 025 210−6 25s 5.610−3 22 118 25s 1.210−2 21 118
65 025 510−7 59s 2.510−3 24 256 60s 5.810−3 24 256

129 600 210−7 186s 2.210−3 31 618 183s 4.810−3 31 597
278 784 510−8 596s 1.410−3 32 1 602 554s 3.210−3 30 1 574
529 984 210−8 1 685s 1.110−3 32 3 638 1 667s 2.310−3 33 3 539
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By changing the coefficient a we are able to prescribe the amplitude of the oscilla-
tion and by b the number of oscillations in x- and y-direction of Ω = (0,1)× (0,1).
Table 4.3 contains the results for n = 65025 and εH = 510−7.

Table 4.3 H -matrix for operators with oscillating coefficients.

a = 1 a = 100
b time E kmax MB time E kmax MB

1 64s 3.010−3 30 269 93s 7.610−3 40 288
10 61s 2.910−3 25 263 87s 2.210−3 36 283

100 61s 2.910−3 25 263 94s 2.210−3 37 287
1000 62s 2.710−3 25 262 94s 1.510−3 37 287

The previous experiments show that at least in the absence of lower-order terms
the accuracy, the CPU time, and the storage needed to compute the approximant do
only slightly depend on the size of the coefficients. Especially, nonsmooth coeffi-
cients do not affect the computational complexity.
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4.1.6.2 Convection-Diffusion

Next, operators of the type
L =−∆ +β ·∇

will be considered. In the first example the convection coefficient β is randomly
chosen; i.e., β (x) ∈ [−a,a]2 for x ∈Ω . Table 4.4 shows E = ‖I−CH A‖2 for differ-
ent parameters a. As a second example we investigate operators

Table 4.4 H -matrix inversion for convection-diffusion equations.

a = 10 a = 100
n εH time E kmax MB time E kmax MB

14 641 510−6 13s 3.710−3 21 73 13s 4.610−3 21 72
38 416 210−6 60s 5.610−3 19 235 60s 5.610−3 20 234
65 025 510−7 160s 2.610−3 23 491 160s 2.510−3 23 490

129 600 210−7 468s 2.110−3 20 1 185 472s 2.310−3 21 1 183
278 784 510−8 1 590s 1.210−3 25 3 171 1 595s 1.210−3 25 3 172

L u =−ε∆u+ux +uy

for different parameters ε > 0. In the following tests (see Table 4.5) we restrict
ourselves to moderately sized ε . The rounding precisions εH were chosen as in the
last table.

Table 4.5 H -matrix inversion for dominating convection.

ε = 0.1 ε = 0.01 ε = 0.001
n time E MB time E MB time E MB

14 641 12s 2.710−3 75 13s 2.310−4 80 37s 8.910−5 132
38 416 59s 3.610−3 242 69s 3.610−4 273 155s 7.610−5 411
65 025 132s 1.610−3 516 159s 1.610−4 576 259s 2.310−5 707

129 600 426s 1.310−3 1 227 506s 1.810−4 1 372 581s 1.510−5 1 371
278 784 1 336s 7.910−4 3 160 1 630s 1.110−4 3 532 1 322s 7.010−6 2 835

Since the above results show that it is possible to find an H -matrix CH which
approximates A−1, from (4.36) it is obvious that ũh approximates the finite element
solution uh. This is especially true in the presence of boundary layers as illustrated
in the following example. The solution of

−ε∆u+ux +uy = f ,

where

f (x,y) = (x+ y)
(

1− e(x−1)/εe(y−1)/ε
)

+(x− y)
(

e(y−1)/ε − e(x−1)/ε
)
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with zero boundary conditions is known to be

u(x,y) = xy
(

1− e(x−1)/ε
)(

1− e(y−1)/ε
)

.

Figure 4.5 compares the restrictions of u and ũh to the set {(x,x), x ∈ (0,1)} for
ε = 0.01 and n = 14641. Apparently, the proposed inversion procedure is able to
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Fig. 4.5 The solutions u and ũh.

handle boundary layers as long as the underlying finite element method is stable.
In the next example (see Table 4.6) we consider convection in a direction that is

aligned with the grid; i.e., operators

L u =−ε∆u+ux

for different parameters ε > 0 are investigated.

Table 4.6 H -matrix inversion for aligned convection.

ε = 0.1 ε = 0.01 ε = 0.001
n time E MB time E MB time E MB

14 641 13s 2.910−3 74 14s 3.610−4 82 28s 8.310−5 112
38 416 60s 4.210−4 239 73s 5.210−4 271 144s 6.310−5 372
65 025 135s 1.910−3 512 162s 1.510−4 566 275s 1.910−5 703

129 600 429s 1.310−3 1 205 498s 1.610−4 1 327 735s 1.510−5 1 503
278 784 1 390s 9.310−4 3 134 1 676s 1.310−4 3 447 2 250s 6.610−6 3 778

It is well known that if the ratio ε/h becomes small, the finite element discretiza-
tion suffers from the loss of stability. As a consequence, the stiffness matrix becomes
ill-conditioned. It may even happen that A is not invertible. This behavior is observ-
able in Tables 4.5 and 4.6 for small n. When changing ε = 0.01 to ε = 0.001, the
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CPU time for n = 14641 increases by a factor of 2, while it is less influenced in the
case n = 278784, where the discretization is stable.

4.1.6.3 Diffusion-Reaction

As a third kind of example we consider operators L = −∆ + δ . Table 4.7 shows
the approximation results if the reaction term δ (x) ∈ [0,a] is randomly chosen for
x ∈ Ω . By adding a positive δ to the operator −∆ , the distance of the spectrum to

Table 4.7 H -matrix inversion for positive reaction terms.

a = 10 a = 100 a = 1000
n time E MB time E MB time E MB

14 641 6s 2.310−3 37 6s 2.710−4 38 7s 2.610−5 41
38 416 26s 3.610−3 119 27s 5.610−4 124 30s 2.910−5 134
65 025 65s 1.610−3 250 69s 3.310−4 260 77s 2.310−5 280

129 600 190s 1.310−3 598 197s 3.110−4 624 219s 2.510−5 663
278 784 635s 8.010−4 1 601 628s 1.710−4 1 653 695s 1.410−5 1 753
597 529 1 831s 6.510−4 3 982 1 899s 1.310−4 4 115 2 128s 1.110−5 4 377

the origin is increased. Hence, the larger δ , the better the approximation works. We
used the mentioned symmetric inversion procedure.

Negative δ , i.e., the Helmholtz operator, can also be handled as long as the in-
verse of L is guaranteed to exist. Each column of Table 4.8 shows the approxi-
mation results for the respective δ in the case n = 129600. In order to be able to
guarantee ‖I−CH A‖2 ∼ h, we have to choose a higher truncation accuracy εH if
the modulus of δ is increased. Note that δ is now a constant. For large wave numbers

Table 4.8 H -inverse for the Helmholtz operator.

δ −1 −10 −100 −1000 −10000
εH 2.010−07 1.010−07 1.010−09 3.010−10 3.010−12
E 2.210−03 2.510−03 2.310−03 2.210−03 2.610−03
time 187s 198s 283s 347s 840s
kmax 20 20 24 25 42
MB 592 607 739 908 1 551

the inversion procedure can be applied, but becomes less efficient.
From the numerical experiments above we conclude that the H -matrix inversion

is robust with respect to nonsmooth and anisotropic coefficients. Even convection-
diffusion problems with dominating convection can be solved efficiently without
special adaptation of the algorithm to this class of problems. Hence, the inversion
procedure can be applied whenever a stable discretization of the operator L is avail-
able. In the case of singularly perturbed problems it is shown in [175] that in order
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to be able to apply low-rank approximations, one has to reorder to indices appropri-
ately.

Although we have given evidence that an approximation of A−1 can be com-
puted in the set of H -matrices with logarithmic-linear complexity, the absolute
costs of the inversion procedure can and ought to be improved. Especially for three-
dimensional applications, the approximation of the factors of the LU decomposi-
tion of A will turn out to be more efficient. Therefore, we delay three-dimensional
examples to the numerical experiments of the approximate LU decomposition in
Sect. 4.4.

4.2 Schur Complements

For domain decomposition methods (see, for instance, [238]) the efficient treatment
of Schur complements is of particular importance. Efficient numerical methods for
the data-sparse approximation of the elliptic Poincaré-Steklov operators (PSO)
are considered in [160]; see [161, 157] for data-sparse methods for PSOs in the case
of refined meshes. Hierarchical matrices are used in [135] for the approximation
of Schur complements on the interface. In this section it will be shown that Schur
complements of sub-blocks of FE stiffness matrices A can be approximated by H -
matrices. This result will lay ground to the approximation of the factors L and U
arising from the LU decomposition of A in the next Sect. 4.3.

Assume that the Galerkin stiffness matrix A∈R
n×n is partitioned in the following

way:

A =
[

Arr Arr′
Ar′r Ar′r′

]
, (4.38)

where r⊂ I = {1, . . . ,n} and r′ := I\r. We will show that the usually fully populated
Schur complement

S := Ar′r′ −Ar′rA
−1
rr Arr′

of Arr in A can be approximated by an H -matrix with blockwise rank k, where k
depends only logarithmically on both the approximation accuracy and n. For this
purpose it is crucial to notice that in the case of Dirichlet problems Arr in (4.38)
is nothing but the Galerkin matrix of L if we replace Ω by the subdomain Xr.
Hence, Theorem 4.28 guarantees that an H -matrix approximant exists for A−1

rr .
Additionally, we assume that there is a constant c > 0 such that

‖A−1
rr ‖2 ≤ c‖A−1‖2. (4.39)

The previous estimate holds, for instance, if A is symmetric positive definite, be-
cause setting x̂ := [xT ,0]T ∈ R

I for x ∈ R
r we have

‖A−1
rr ‖2 = sup

x∈Rr

xT x
xT Arrx

= sup
x̂∈RI

x̂T x̂
x̂T Ax̂

≤ ‖A−1‖2.
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Remark 4.29. Since the proof of Theorem 4.28 is based on the FE error estimate
(4.31), we were only able to show existence of approximants with an accuracy
which is of the order of the FE error εh. This is not a restriction since a higher
accuracy in the approximation of the inverse would be superposed by the FE er-
ror in the solution anyhow. However, the numerical experiments from the previous
section show that the above result is true for any accuracy. In addition, the alge-
braic approach from Sect. 4.1.3 allows to prove arbitrary precision approximations.
Therefore, in this section we assume that for any ε > 0 there is CH ∈H (TI×I ,k)
with k := | logε|d+1(logn)2 such that

‖A−1−CH ‖2 < cε‖A−1‖2, (4.41)

where c > 0 depends on the size of the coefficients of L , the diameter of Ω and the
cluster parameter η .

Let t ∈ TI be a cluster. By

N (t) := {i ∈ I : dist(Xi,Xt) = 0}

we denote a neighborhood of t and

Fη(t) := {i ∈ I : η dist(Xi,Xt) > diamXt}

will be referred to as the far-field of t. Furthermore, we define the ratios

q :=
maxi∈I diamXi

mint∈TI diamXt
and q̄ := max

t∈TI

diamXN (t)

diamXt
≤ 1+2q.

Since the minimal cluster size nmin is usually chosen larger than 20, realistic values
for q̄ can be expected to be close to 1. The size of q depends on the uniformity of
{Xi}i∈I .

We need the following basic lemma which states that the neighborhood of t is in
the far-field of the neighborhood of s if t is in the far-field of s.

Lemma 4.30. Let 0 < η < (q+ q̄)−1. If t ⊂Fη(s), then

N (t)⊂Fη̃(N (s)), where η̃ =
q̄η

1− (q+ q̄)η
.

Proof. Since maxi∈I diamXi ≤ qdiamXs, we obtain for x∈ XN (t) and y∈ XN (s) that

|x− y| ≥ dist(Xt ,Xs)−max
i∈I

diamXi−diamXN (s)

> (η−1−q)diamXs−diamXN (s)

≥
[

1
q̄
(η−1−q)−1

]
diamXN (s),

which proves the assertion. ��
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Using the previous lemma we can now prove that the Schur complement S of FE
Galerkin matrices A can be approximated in the desired way.

Theorem 4.31. Let the FE Galerkin matrix A ∈ R
n×n be partitioned as in (4.38)

with r �= ∅. Then for the Schur complement

S = Ar′r′ −Ar′rA
−1
rr Arr′

of Arr in A and all ε > 0 there is SH ∈H (TI×I ,kS), where kS ∼ | logε|d+1(log |r|)2,
such that

‖S−SH ‖2 < εL(TI)cond2(A)‖A‖2. (4.42)

Proof. We have to show that for each admissible sub-block b = t× s ∈ P of r′ × r′
and any prescribed accuracy ε > 0 we can find a low-rank matrix which approxi-
mates Sb with accuracy ε . Since b is admissible, (Ar′r′)b = 0 holds. Hence,

Sb =−AtrA−1
rr Ars =− ∑

i, j∈r
Ati(A−1

rr )i jA js.

If i �∈N (t), then Ati = 0. If on the other hand j �∈N (s), then A js = 0. With the
notation N ′(t) := N (t)∩ r, we have

Sb =− ∑
i∈N ′(t), j∈N ′(s)

Ati(A−1
rr )i jA js.

Since b is admissible, t ⊂Fη(s) or s ⊂Fη(t) holds. According to Lemma 4.30,
it follows that N (t) ⊂ Fη̃(N (s)) or N (s) ⊂ Fη̃(N (t)) is valid. Following
(4.41) (with η replaced by η̃), there are X ∈ R

N ′(t)×k and Y ∈ R
N ′(s)×k with

k ∼ | logε|d+1(log |r|)2 such that

‖(A−1
rr )N ′(t)N ′(s)−XY T‖2 < ε‖A−1

rr ‖2.

Let X and Y be extended to X̂ ∈ R
r×k and Ŷ ∈ R

r×k by adding zero rows. Observe
that

AtrX̂Ŷ T Ars = ∑
i∈N ′(t), j∈N ′(s)

k

∑
�=1

AtiXi�Yj�A js

=
k

∑
�=1

(
∑

i∈N ′(t)
AtiXi�

)(
∑

j∈N ′(s)
Yj�A js

)
= VW T ,

where V ∈ R
t×k, W ∈ R

s×k with the entries

Vt� := ∑
i∈N ′(t)

AtiXi� and Ws� := ∑
j∈N ′(s)

Yj�A js, � = 1, . . . ,k.

Define B ∈ R
r×r with entries
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Bi j =

{
(A−1

rr )i j, if i ∈N ′(t) and j ∈N ′(s),
0, else,

then using (4.39) it follows that

‖Sb−VW T‖2 = ‖Atr(B− X̂Ŷ T )Ars‖2 ≤ ‖Atr‖2‖(A−1
rr )N ′(t)N ′(s)−XY T‖2‖Ars‖2

≤ ε‖Atr‖2‖A−1
rr ‖‖Ars‖2 < cε cond2(A)‖A‖2.

The assertion follows from Theorem 2.16. ��
Since the spectral condition number grows polynomially with n and since the accu-
racy ε enters the complexity estimate only through the logarithm, we can get rid of
this factor in (4.42) if the rank kS is increased by adding a logarithmic factor.

4.3 Hierarchical LU Decomposition

Although efficient iterative methods are available for the solution of linear systems,
the LU decomposition is still one of the most often used solution strategies in prac-
tice even for large-scale problems. This is mainly due to the robustness of direct
solvers. In addition, factorizations have the advantage that linear systems with many
right-hand sides can be solved efficiently. However, direct methods suffer from so-
called fill-in, i.e., compared with the sparsity of A considerably more entries of
the factors L and U will be nonzero. Usually, they will be fully populated up to
the bandwidth of A, which for Galerkin matrices of operators (4.2) scales at least
like n1−1/d even if the bandwidth is reduced, for instance, by the Reverse Cuthill-
McKee (RCM) algorithm [72]. Hence, the fill-in will lead to a computational com-
plexity of order n3−2/d . Instead of reducing the bandwidth, the aim of the minimum
degree algorithm [218] and nested dissection [99] is to reduce fill-in. When d = 2,
the fill-in for nested dissection is of the order n logn and the complexity is n3/2; see
[100]. For d > 2 the complexity of nested dissection scales like n3−3/d ; cf. [187].
Despite this fact, recent multifrontal and supernodal approaches [78, 4, 230] lead
to highly efficient algorithms. As a consequence, direct methods are still one of the
most efficient methods if n is not too large or if d = 2.

The efficiency of the usual LU decomposition is determined by the fill-in of the
factors L and U of A. Since H -matrices are able to handle dense matrices with
almost linear complexity, the fill-in is not an issue when using this structure. Due
to the reordering of indices required when building binary cluster trees, we even
obtain a bandwidth which is of order n. This will result in an enormous fill-in and
is unavoidable as can be seen from the following example. A nested dissection ap-
proach (which leads to ternary cluster trees) to the hierarchical LU factorization will
be presented in Sect. 4.5.

Example 4.32. A matrix entry ai j in the Galerkin matrix A will in general be nonzero
if the supports of the associated basis functions ϕi and ϕ j have a nonempty intersec-
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tion. For simplicity we investigate the situation which occurs for a regular triangu-
lation of the unit square in R

2. Assume that after two subdivision steps this square
has been subdivided into four smaller squares of the same size each containing n/4
supports. The indices are reordered during the subdivision so that the kth square
contains the indices (k− 1)n/4 + 1 to kn/4, k = 1, . . . ,4. Hence, the first and the
last square contain indices which differ by at least n/2. These squares intersect in
the center of the original square. Therefore, at this point the supports of two basis
functions ϕi and ϕ j with |i− j| ≥ n/2 intersect. This situation persists when the
subdivision is continued since further clustering rearranges the indices only within
each subsquare.

Assume that all minors of A are nonzero. Then A can be decomposed as follows

A = LU,

where L is a lower triangular and U is an upper triangular matrix. In this section it
will be shown that the factors L and U can be approximated by H -matrices LH and
UH if any Schur complement in A has this property. From the previous Sect. 4.2 we
know that this applies to FE stiffness matrices. The following proof consists of al-
gebraic arguments only. Hence, the LU decompositions can be accelerated also for
problems that do not stem from FE applications as long as the Schur complements
are known to have an efficient approximant in the set of H -matrices. The hierarchi-
cal LU decomposition differs conceptually from the incomplete LU factorization
(ILU); see [222]. The ILU overcomes the problem of fill-in by setting entries in the
factors L and U outside of the sparsity pattern of A to zero. Although the ILU can be
equipped with a thresholding parameter, it will always result in more or less sparse
factors, while the hierarchical LU decomposition is a data-sparse representation of
a fully (up to the bandwidth) populated matrix approximant.

When computing pointwise LU decompositions, usually pivoting is performed
in order to avoid zero or almost zero pivots. For block versions of the LU algorithm
the possibilities of pivoting are limited if the blocking is given. In our case we can
choose only from two possible pivots, block t1× t1 or block t2× t2, if the LU de-
composition of a block t× t, t = t1∪ t2, is to be computed; see Remark 1.22. Hence,
the accuracy analysis cannot rely on the advantages of pivoting. In order to show
that L and U can be approximated by H -matrices it seems natural to define the
approximants

L̃ =
[

L̃11
L̃21 L̃22

]
and Ũ =

[
Ũ11 Ũ12

Ũ22

]
recursively as

L̃11Ũ11 = A11 +E11 (4.43a)
L̃11Ũ12 = A12 +E12 (4.43b)
L̃21Ũ11 = A21 +E21 (4.43c)
L̃22Ũ22 = A22− L̃21Ũ12 +E22; (4.43d)
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replacing appropriate sub-blocks of the arising Schur complements with low-rank
matrices thereby introducing the error terms E12 and E21. The errors E11 and E22
could then be estimated by the error analysis of the block LU decomposition; see
[79]. The problem with this approach is that the arising Schur complements (see
(4.43d)) are not the original complements but complements that contain the pertur-
bations from all previous approximation steps. Since it cannot be guaranteed that
these perturbed complements can be approximated by H -matrices and since their
distance to the exact complements leads to unattractive estimates, we have to go a
different way; cf. [23]. In the following subsection we first find a recursive relation
between the Schur complement of a block b and the complements of its sub-blocks.

4.3.1 Approximating Schur Complements Hierarchically

Let A ∈ R
n×n and t,s ⊂ I. With the notations t̂ := {i ∈ I : i≤max t} and ŝ :=

{ j ∈ I : j ≤maxs} the Schur complement of the block t× s in At̂ŝ is defined as

S(t,s) = Ats−AtrA−1
rr Ars, (4.44)

where r := {i ∈ I : i < min t ∪ s}; see Fig. 4.6. In the case r = ∅ this definition is

. . . . . . . . . . . ...
..
..
..
..
..
..
..
.

r

r

Arr

Atst

s

ŝ

t̂

Fig. 4.6 Schur complement of a block t× s.

meant to result in S(t,s) = Ats. The expression S(t,s) is the usual Schur complement
for t = s. If t �= s, then S(t,s) is the restriction of the usual Schur complement of Arr
to t× s. Note that if t1, t2 are the sons of t, then S(t2, t2) does not coincide with the
sub-block in the rows t2 and columns t2 of S(t, t) in general. The following lemma
will show the right relation between the complement of a block and the complements
of its sub-blocks. For the ease of notation we first consider the case of blocks t× t
on the diagonal.
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Lemma 4.33. Let t ∈ TI and let t1, t2 be its sons. Then

S(t, t) =
[

S(t1, t1) S(t1, t2)
S(t2, t1) S(t2, t2)+S(t2, t1)S(t1, t1)−1S(t1, t2)

]
.

Proof. Let S(t, t) be decomposed in the following way:

S(t, t) =
[

S11 S12
S21 S22

]
.

For the blocks (t1, t1), (t1, t2), and (t2, t1) the definition of r from (4.44) results in
r = {i ∈ I : i < min t}. Hence, we obtain

S(t1, t2) = At1t2 −At1rA−1
rr Art2 = S12.

Similarly, one sees that S(t1, t1) = S11 and S(t2, t1) = S21. It remains to show that

S22 = S(t2, t2)+S21S−1
11 S12.

For (t2, t2) the definition of r reads r = {i∈ I : i < min t2}. Let r̄ = {i ∈ I : i < min t}.
Then from the definition of S(t, t) it follows that

S(t2, t2) = At2t2 −
[
At2 r̄ At2t1

][Ar̄r̄ Ar̄t1
At1 r̄ At1t1

]−1 [Ar̄t2
At1t2

]
.

Since [
Ar̄r̄ Ar̄t1
At1 r̄ At1t1

]−1

=
[

A−1
r̄r̄ −A−1

r̄r̄ Ar̄t1S−1
11

0 S−1
11

][
I 0

−At1 r̄A−1
r̄r̄ I

]
,

we have

S(t2, t2) = At2t2 −
[
At2 r̄ At2t1

][A−1
r̄r̄ −A−1

r̄r̄ Ar̄t1S−1
11

0 S−1
11

][
I 0

−At1 r̄A−1
r̄r̄ I

][
Ar̄t2
At1t2

]

= At2t2 −
[
At2 r̄ At2t1

][A−1
r̄r̄ −A−1

r̄r̄ Ar̄t1S−1
11

0 S−1
11

][
Ar̄t2
S12

]

= At2t2 −
[
At2 r̄A−1

r̄r̄ S21S−1
11

][Ar̄t2
S12

]
= S22−S21S−1

11 S12,

which proves the assertion. ��
Since each block t × s in the upper triangular part, i.e., max t ≤ mins, can be

embedded into the block r× r, r := {i ∈ I : min t ≤ i≤maxs}, Lemma 4.33 gives

S(t,s) =
[

S(t1,s)
S(t2,s)+S(t2, t1)S(t1, t1)−1S(t1,s)

]
. (4.45)

Similarly, for each block t×s in the lower triangular part, i.e., maxs≤min t, it holds
that
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S(t,s) =
[

S(t1,s1) S(t1,s2)+S(t1,s1)S(s1,s1)−1S(s1,s2)
S(t2,s1) S(t2,s2)+S(t2,s1)S(s1,s1)−1S(s1,s2)

]
.

4.3.2 Constructing the Factors LH and UH

We assume that the corresponding Schur complement S(t,s) for each admissible
block t× s ∈L (TI×I) can be approximated by a matrix of low rank with arbitrary
accuracy; i.e, for all ε > 0 there is S̃(t,s) ∈ R

t×s of rank kS ∼ (logn)α | logε|β with
some α,β > 0 such that

‖S(t,s)− S̃(t,s)‖2 ≤ ε‖A‖2. (4.46)

According to Theorem 4.31 this assumption is fulfilled, for instance, in the case of
finite element stiffness matrices.

In order to define the factors L(t) and U(t) of S(t, t) = L(t)U(t), t ∈ TI \L (TI),
we set

L(t) :=
[

L(t1) 0
S(t2, t1)U(t1)−1 L(t2)

]
and U(t) :=

[
U(t1) L(t1)−1S(t1, t2)

0 U(t2)

]
, (4.47)

where
L(t1)U(t1) = S(t1, t1), L(t2)U(t2) = S(t2, t2),

and t1, t2 are the sons of t. If t ∈ L (TI), then L(t) and U(t) are defined by the
pointwise LU decomposition. Note that since

L(t)U(t) =
[

L(t1)U(t1) S(t1, t2)
S(t2, t1) L(t2)U(t2)+S(t2, t1)S(t1, t1)−1S(t1, t2)

]
,

we obtain L(t)U(t) = S(t, t) due to Lemma 4.33. The following lemma shows that
the off-diagonal blocks in (4.47) can be approximated by hierarchical matrices. For
its proof we will make use of

‖S(t, t)−1‖2 ≤ ‖A−1
t̂ t̂ ‖2 ≤ c‖A−1‖2, (4.48)

where t̂ := {i ∈ I : i≤max t}. Estimate (4.48) follows from (4.39) and the fact that
S(t, t)−1 is the t× t sub-block of A−1

t̂ t̂ .

Lemma 4.34. Let X ,Y solve L(t)X = S(t,s) and YU(t) = S(s, t), where max t ≤
mins. Then X and Y can be approximated by X̃ ∈H (Tt×s,kS) and Ỹ ∈H (Ts×t ,kS)
such that

‖X − X̃‖2 ≤ cεL(TI)cond2(A)‖U(t)‖2

and
‖Y − Ỹ‖2 ≤ cεL(TI)cond2(A)‖L(t)‖2,
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where L(TI) denotes the depth of the cluster tree TI and the bound kS on the block-
wise rank was defined in (4.46).

Proof. By induction we first prove that X can be approximated by X̃ ∈H (Tt×s,kS)
such that on each admissible sub-block t ′ × s′ of t× s it holds that

‖Xt ′s′ − X̃t ′s′‖2 ≤ cε cond2(A)‖U(t ′)‖2. (4.49)

If t× s is an admissible leaf in TI , then we have assumed (see (4.46)) that S(t,s) can
be approximated by a matrix S̃(t,s) ∈ R

t×s of rank at most kS. Hence, the rank of
X̃ := L(t)−1S̃(t,s) cannot exceed kS and we have that

‖X − X̃‖2 = ‖L(t)−1[S(t,s)− S̃(t,s)]‖2 = ‖U(t)S(t, t)−1[S(t,s)− S̃(t,s)]‖2

≤ ε‖S(t, t)−1‖2‖A‖2‖U(t)‖2 ≤ cε cond2(A)‖U(t)‖2

due to (4.48). If t× s is not a leaf, then t has sons t1, t2 and s has sons s1, s2. Define
X11 ∈ R

t1×s1 , X12 ∈ R
t1×s2 , X21 ∈ R

t2×s1 , and X22 ∈ R
t2×s2 by

L(ti)Xi j = S(ti,s j), i, j = 1,2,

respectively. By induction we know that X11, X12, X21, and X22 can be approximated
by H -matrices X̃11, X̃12, X̃21, and X̃22 to the sub-trees of TI×I with roots t1× s1,
t1× s2, t2× s1, and t2× s2, respectively. Hence,

X =
[

X11 X12
X21 X22

]

satisfies

L(t)X =
[

L(t1) 0
S(t2, t1)U(t1)−1 L(t2)

][
X11 X12
X21 X22

]

=
[

S(t1,s)
S(t2,s)+S(t2, t1)S(t1, t1)−1S(t1,s)

]
= S(t,s)

due to the definition (4.47) of L(t) and (4.45), and X can be approximated by

X̃ :=
[

X̃11 X̃12
X̃21 X̃22

]
∈H (Tt×s,kS)

satisfying (4.49). The assertion follows from Lemma 2.16, because

‖X − X̃‖2 ≤ cspL(TI) max
t ′×s′∈Tt×s

‖Xt ′s′ − X̃t ′s′‖2

≤ ccspεL(TI)cond2(A)max
t ′∈Tt

‖U(t ′)‖2

≤ ccspεL(TI)cond2(A)‖U(t)‖2.

The proof for Y can be done analogously. ��
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The following theorem is the main result of this section. Although the proved
error estimates have a Wilkinson style, these theorems are not meant as estimates
on the backward stability of an algorithm for the approximation by H -matrices.
However, they show that H -matrix approximants exist and that their complexity
depends logarithmically on the accuracy ε → 0. A similar estimate obviously holds
for the Cholesky decomposition.

Theorem 4.35. Assume that (4.46) holds and let L and U be the uniquely deter-
mined unit lower and upper triangular factors of A. Then there are unit lower and
upper triangular matrices LH ,UH ∈H (TI×I ,kS) such that

‖A−LH UH ‖2 ≤ cεL(TI)cond2(A)‖L‖2‖U‖2 +O(ε2),

where L(TI) denotes the depth of the tree TI.

Proof. Since A = S(I, I) = L(I)U(I), it follows from the uniqueness of the LU de-
composition that L = L(I) and U = U(I). According to Lemma 4.34, there are H -
matrices LH ,UH ∈H (TI×I ,kS) satisfying

‖L−LH ‖2 ≤ cεL(TI)cond2(A)‖L‖2 and ‖U−UH ‖2 ≤ cεL(TI)cond2(A)‖U‖2.

As a consequence we have

‖A−LH UH ‖2 ≤ ‖(L−LH )U‖2 +‖L(U−UH )‖2 +‖(L−LH )(U−UH )‖2

≤ ‖L−LH ‖2‖U‖2 +‖L‖2‖U−UH ‖2 +‖L−LH ‖2‖U−UH ‖2

≤ [2cεL(TI)cond2(A)+ c2ε2L2(TI)(cond2(A))2]‖L‖2‖U‖2,

which proves the assertion. ��
We have seen in Theorem 4.31 that in the case of FE discretizations of ellip-

tic partial differential operators of type (4.2) each Schur complement S in A can
be approximated by an H -matrix. Hence, the previous theorem can be applied to
such matrices. Since the complexity depends logarithmically on the accuracy ε , the
blockwise rank of the factors LH and UH compared with the rank of the inverse
shows an additional logarithmic factor. However, from the following numerical ex-
periments it will be seen that the complexity of the H -matrix LU factorization is
significantly smaller than the complexity of the H -matrix inversion in practice.
Further improvements can be obtained by applying the ideas of nested dissection to
the LU factorization; see Sect. 4.5.

4.4 Numerical Experiments with the H -Matrix
LU Factorization

In this section we make use of the algorithms from Sect. 2.9 for computing ap-
proximate LU decompositions of FE stiffness matrices in two and three spatial
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dimensions. The emphasis in these tests is laid on robustness with respect to varying
coefficients of the underlying operator.

Fig. 4.7 Approximate LU decomposition.

In the first part of the experiments we apply the hierarchical LU decomposition
to the same problems the hierarchical inverse was applied to. This allows a direct
comparison of both structures. In the second part three-dimensional boundary value
problems will be considered. We compare this approximate LU decomposition with
recent multifrontal solvers. Additionally, low-precision approximations are used for
preconditioning. Since the proposed preconditioner is explicit, it is particularly ef-
ficient if the same system with many right-hand sides has to be solved. All compu-
tations were carried out on an Athlon64 PC (2 GHz) with 12 GB of core memory.
The minimal block size nmin was chosen 50 and for the cluster parameter η = 1.1
was used.

4.4.1 Two-Dimensional Diffusion

As a first set of tests we consider the Dirichlet boundary value problem from
Sect. 4.1.6

−divC(x)∇u = f in Ω ,

u = 0 on ∂Ω ,

where Ω := (0,1)× (0,1) is the unit square in R
2 and C is the coefficient from

(4.37). Note that the methods can be equally applied to other computational do-
mains.

The main aim of these two-dimensional tests is to show that the computational
complexity of the hierarchical LU decomposition is almost linear, thereby confirm-
ing our estimates from Sect. 4.3. In the following tables we compare the compu-
tational effort for decomposing the stiffness matrix of the above problem for dif-
ferent problem sizes n and for different amplitudes a. Since the discrete operator is
symmetric positive definite, we actually compute the Cholesky decomposition LLT .
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Table 4.9 shows the required time in seconds, its memory consumption (MB), the
maximum rank kmax of the blocks, and the backward error

E :=
‖A−LH LT

H ‖2

‖A‖2

for the amplitude a = 1. Apparently (see Fig. 4.8), the CPU time scales like n log3 n,

Table 4.9 H -matrix Cholesky factorization for a = 1.

εH = 110−2 εH = 110−6
n time MB kmax E time MB kmax E

38 025 1.4s 31 14 2.310−3 2.4s 43 17 2.810−7
65 025 2.9s 51 15 1.410−3 5.4s 77 15 2.410−7

129 600 6.7s 109 13 2.510−3 12.7s 168 16 3.210−7
278 784 16.6s 252 10 1.810−3 33.5s 400 14 2.910−7
529 984 37.3s 502 13 2.510−3 77.2s 820 16 3.710−7

1 183 744 101.2s 1212 11 2.010−3 229.5s 2021 14 3.310−7
2 310 400 253.9s 2474 13 2.710−3 688.2s 4236 16 2.310−7
4 473 225 585.1s 4902 11 2.510−3 1881.8s 8659 14 3.910−7

while the storage requirement has complexity n logn. The backward error seems
to be independent of n. Increasing the rounding precision εH directly results in a
smaller backward error. Table 4.10 shows the same quantities for a = 109 with only
slight changes of the results. In fact, the results become slightly better. The depen-
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Fig. 4.8 CPU time and storage compared with n log3 n and n logn.

dence of both the computational effort and the backward error on the amplitude a is
surprisingly weak demonstrating the robustness of this approximate LU decomposi-
tion. Compared with the hierarchical inverse, the complexity of the hierarchical LU
decomposition is more than 10 to 15 times faster and needs three times less storage.
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Table 4.10 H -matrix Cholesky decomposition for a = 109.

εH = 110−2 εH = 110−6
n time MB kmax E time MB kmax E

38 025 1.2s 29 14 1.510−03 2.1s 39 17 7.410−09
65 025 2.5s 47 15 2.110−04 4.3s 66 18 4.410−10

129 600 5.9s 98 13 1.310−03 11.1s 150 18 4.910−10
278 784 14.3s 226 10 2.210−03 26.8s 344 18 7.510−10
529 984 32.1s 438 14 1.310−03 65.5s 720 20 3.410−08

1 183 744 82.7s 1072 11 2.510−03 170.6s 1718 28 8.310−08
2 310 400 223.9s 2119 14 2.510−03 515.9s 3659 29 1.510−09
4 473 225 555.3s 4275 12 2.610−03 1068.7s 7215 28 9.610−08

Table 4.11 shows the CPU time required to solve linear systems by forward/back-
ward substitution. The results correspond to the amplitude a = 109. Again, the CPU
time scales almost linearly as estimated in Sect. 2.9.

Table 4.11 Forward/backward substitution.
εH = 110−2 εH = 110−6

n time time
38 025 0.04s 0.05s
65 025 0.06s 0.08s

129 600 0.13s 0.18s
278 784 0.29s 0.41s
529 984 0.57s 0.85s

1 183 744 1.37s 2.01s
2 310 400 3.43s 5.03s
4 473 225 6.75s 10.42s

4.4.1.1 Preconditioning

We know from Sect. 2.12 that problem-independent convergence rates can be
obtained if low-accuracy approximations are used for preconditioning. In the fol-
lowing tables we compare the diagonally preconditioned conjugate gradient method
(DPCG) and the H -matrix LU decomposition preconditioned CG (H PCG)
method. The relative accuracy of the residual is 110−6. Since the accuracy of the
H -matrix LU decomposition can be quite low for preconditioning, it is sufficient
to compute the preconditioner in single precision arithmetic, which saves half of the
memory.

In Table 4.12 the amplitude a of the coefficient C(x) is chosen 100. The time
needed to compute the approximate Cholesky decomposition is shown in the third
column for increasing problem sizes n. The memory consumption can be found
in the fourth column. The number of iterations and the CPU time of H PCG are
compared with the respective quantities for DPCG in the last four columns. εH
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denotes the rounding precision which was used when decomposing the stiffness
matrix. According results are shown in Tables 4.13 and 4.14 for the amplitudes

Table 4.12 H PCG and DPCG for a = 102.
H PCG DPCG

n εH time MB #It time #It time
38 025 8.710−1 0.6s 12 34 0.9s 1153 10s
65 025 5.010−1 1.1s 18 35 1.6s 1408 22s

129 600 6.010−2 3.3s 43 36 3.4s 2033 63s
278 784 4.010−2 8.4s 109 29 6.3s 2995 210s
529 984 3.710−2 19.9s 215 41 17.6s 4127 585s

1 183 744 2.010−2 52.8s 545 34 43.7s 6279 2327s
2 310 400 1.010−2 133.1s 1212 37 80.2s 8567 5988s
4 473 225 6.010−3 430.7s 2578 39 214.7s – –

a = 104 and a = 106, respectively. The iterations of DPCG were stopped after 120
minutes.

Table 4.13 H PCG and DPCG for a = 104.
H PCG DPCG

n εH time MB #It time #It time
38 025 8.710−1 0.6s 12 35 0.9s 4286 38s
65 025 5.010−1 1.1s 18 38 1.6s 5192 82s

129 600 6.010−2 3.3s 43 37 3.5s 7327 229s
278 784 4.010−2 8.4s 109 30 6.5s 11241 783s
529 984 3.710−2 20.4s 215 41 17.5s 15353 2279s

1 183 744 2.010−2 50.9s 545 37 37.9s – –
2 310 400 1.010−2 133.8s 1204 41 95.8s – –
4 473 225 6.010−3 430.4s 2564 53 290.2s – –

Table 4.14 H PCG and DPCG for a = 106.
H PCG DPCG

n εH time MB #It time #It time
38 025 8.710−1 0.6s 12 38 1.0s – –
65 025 5.010−1 1.1s 18 41 1.8s – –

129 600 6.010−2 3.3s 43 39 3.7s – –
278 784 4.010−2 8.4s 109 30 6.5s – –
529 984 3.710−2 19.8s 215 41 17.5s – –

1 183 744 2.010−2 55.1s 545 39 47.3s – –
2 310 400 1.010−2 135.1s 1212 45 108.5s – –
4 473 225 6.010−3 406.7s 2574 56 309.4s – –
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Apparently, the diagonal preconditioner suffers from both the amplitude a and
the number of degrees of freedom n. The number of iterations of H PCG, however,
is almost constant. For this purpose, the rounding precision εH has to be increased
with increasing n since the condition number appears in Lemma 2.43, which grows
with n. The H -matrix preconditioner is able to adapt itself to the varying coeffi-
cients without significant changes of its complexity. The usage of the H -matrix LU
decomposition as a preconditioner is more efficient than using it as a direct solver.

4.4.1.2 Diffusion through a Skin-Like Domain

Although Neumann boundary conditions have not been treated in this chapter, we
consider the following problem

−divα(x)∇u = 0 in Ω ,

u = 0 on Γ−D ,

u = +1 on Γ +
D ,

∂ν u = 0 on ΓN ,

where Ω = (0,1)2 and ΓN is the union of the left and the right boundary of the
geometry from Fig. 4.9. Γ +

D is the upper and Γ−D the lower boundary. The diffusion
coefficient α is set to a in the dark parts of Fig. 4.9 and to 1 in the remaining
domain. This problem is taken from [159] and corresponds to the penetration of a
drug through the skin. Hence, α has the meaning of a permeability, which is high
in the lipid structure and low in the cells. While in [159] a preconditioning method
based on substructuring is used for solving this problem, we will simply apply the
approximate LU decomposition for preconditioning without taking into account the
coefficient α . We will use the parameter b to check whether the complexity depends
on the thickness of the lipid structure. Table 4.15 shows the time needed to construct
the H -matrix Cholesky preconditioner with rounding precision εH = 0.007, its
memory consumption, the number of iterations of PCG, and the time required for
a residual error below 110−5. The geometry has 60 rows each containing 3 cells.
We conclude from these tests that the hierarchical LU preconditioner is robust with

Table 4.15 PCG for n = 499848.
a = 110−3 a = 110−6

b time MB #It time time MB #It time
0.1 13.0s 160 39 15.3s 12.4s 154 35 13.6s

0.05 11.4s 151 31 12.2s 10.7s 140 29 10.8s
0.01 16.1s 179 33 13.9s 15.6s 175 28 11.5s

respect to nonsmooth coefficients and large aspect ratios.
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Fig. 4.9 Geometry of skin fragment with diffusion coefficient.

4.4.2 Convection-Diffusion Problems

In the next tests, operators of type

L =−∆ +β ·∇

are considered. The convection coefficient β is randomly chosen, i.e., β (x) ∈
[−a,a]2 for each x ∈ Ω = (0,1)× (0,1). Since the standard FE method becomes
unstable for large a, i.e., the stiffness matrix may become singular, we have re-
stricted ourselves to the cases a = 10,100. In the first tests we use the hierarchical
LU decomposition as a direct solver. Table 4.16 contains the results for the case
a = 10. Note that a symmetry of the stiffness matrix could not be exploited for this
kind of problems. Table 4.17 contains the respective results for a = 100.

Although the computational effort has increased compared with the diffusion
problem, it still scales almost linearly. Again, a dependence on the coefficient β can
hardly be observed.

Table 4.18 shows the time and the amount of memory needed to compute the ex-
act LU decomposition using SuperLU [78]. Both methods seem to scale in a similar
way with n, while SuperLU is 6.4 times faster for the smallest n and 2.5 times faster
for the largest n in our tests. The direct solution using the hierarchical LU decom-
position does not pay for two-dimensional problems. Here, multifrontal solvers are
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Table 4.16 H -matrix LU decomposition for a = 10.

εH = 110−2 εH = 110−6
n time MB kmax E time MB kmax E

39 061 4.5s 65 14 1.110−3 7.1s 92 17 2.610−7
78 961 10.5s 136 10 1.510−3 17.8s 201 13 1.410−7

159 201 25.7s 269 14 1.710−3 43.8s 447 17 3.910−7
318 096 61.2s 618 10 1.510−3 112.8s 969 13 2.310−7
638 401 152.3s 1319 14 1.710−3 318.5s 2110 17 4.110−7

1 276 900 356.9s 2728 10 2.510−2 1 103.9s 4515 13 2.310−7

Table 4.17 H -matrix LU decomposition for a = 100.

εH = 110−2 εH = 110−6
n time MB kmax E time MB kmax E

39 061 4.5s 65 14 1.310−3 7.1s 92 17 3.510−7
78 961 10.4s 136 10 1.610−3 18.0s 201 13 2.610−7

159 201 25.6s 296 14 1.710−3 43.0s 447 17 3.610−7
318 096 59.3s 618 10 1.510−3 112.3s 969 13 2.610−7
638 401 152.3s 1318 14 1.810−3 315.4s 2109 17 3.910−7

1 276 900 357.4s 2726 10 1.610−3 1 120.6s 4514 13 2.410−7

Table 4.18 LU decomposition using SuperLU.

n time MB
39 061 0.7s 43
78 961 2.2s 96

159 201 6.4s 217
318 096 17.6s 461
638 401 57.8s 1 051

1 276 900 142.5s 2 145

well developed and provide an exact and robust solution. However, the H -matrix
LU decomposition is attractive for preconditioning.

4.4.2.1 Preconditioning

The number of iterations for different parameters a are shown in Table 4.19. The
third and seventh column contain the time used to construct the preconditioner while
columns six and ten show the CPU time required by preconditioned GMRes.

4.4.3 Three-Dimensional Diffusion

As we have seen in Chap. 1, the structure of H -matrices can be equally applied
to any quasi-uniform FE discretization of Ω given just by the grid information.
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Table 4.19 H -matrix LU preconditioned GMRes for convection-diffusion problems.

a = 10 a = 100
n εH time MB #It time time MB #It time

39 601 7.210−1 3.3s 27 16 0.6s 3.1s 26 30 1.1s
78 961 7.410−1 6.8s 55 22 1.7s 6.8s 55 30 2.5s

159 201 2.310−1 18.7s 120 28 4.6s 18.8s 120 28 4.6s
318 096 6.010−2 39.1s 258 24 9.0s 39.1s 258 30 10.4s
638 401 3.910−2 108.3s 582 30 26.5s 108.5s 584 29 24.0s

1 276 900 3.910−2 207.0s 1206 14 22.3s 214.4s 1191 28 49.2s

In order to demonstrate that the H -matrix LU decomposition is also efficient for
three-dimensional problems, we test the proposed method on two tetrahedral dis-
cretizations (n = 147339 and n = 1237831 of unknowns) of the volume shown in
Fig. 4.10. The meshes were generated using NETGEN [233].

Fig. 4.10 The computational domain.

In the next experiments we compare the numerical effort for generating a hierar-
chical Cholesky decomposition of the stiffness matrices arising from the Dirichlet
boundary value problem

−divC(x)∇u = f in Ω ,

u = 0 on ∂Ω ,

where C(x) ∈ R
3×3 is a symmetric positive definite matrix for all x ∈ Ω . The coef-

ficients ci j, i, j = 1,2,3, are set to one in the left half-space and to a random number
from the interval [0,103] in each point of the right half-space.

In the second column of Table 4.20 the time that was needed to compute the ap-
proximate Cholesky decomposition is shown for different rounding precisions εH .
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The memory consumption can be found in the third column. Columns four and five
contain the maximum rank among the blocks and the backward error. In the last
row according results obtained by SuperLU are shown. Compared with the two-

Table 4.20 H -matrix Cholesky decomposition for three spatial dimensions.

n = 147339 n = 1237831
εH time MB kmax E time MB kmax E

110−1 20.6s 97 86 3.510−2 458.9s 1 222 115 4.010−2
110−2 30.6s 133 98 4.710−3 782.4s 1 858 127 5.510−3
110−4 52.2s 202 106 6.010−5 1 701.0s 3 251 134 5.510−5
110−6 78.8s 266 107 4.210−7 2 950.8s 4 689 134 4.810−7

SuperLU 142.5s 905 1.510−14 – – –

dimensional problems from Sect. 4.4.1, the CPU time for decomposing the matrix
has increased. However, a similar behavior as in the two-dimensional tests can be
observed: The computational complexity scales almost linearly and the backward er-
ror does not seem to depend on n. Again, the proposed method is able to adapt itself
to the varying coefficients. The comparison with SuperLU shows that SuperLU is
slower and requires more storage. The decomposition algorithm ran out of memory
when it was applied to the larger problem. Here, the higher asymptotic complexity
of SuperLU is revealed. The proposed approximate LU decomposition still scales
linearly and therefore becomes more efficient the larger n is. This is especially true
for low-precision approximations.

Table 4.21 contains the time required to solve a linear system by forward/back-
ward substitution. The third and fifth column contain the error

Ex :=
‖x̃− x‖2

‖x‖2

of the solution vector x̃ compared with the exact solution x. These tests show that

Table 4.21 Forward/backward substitution for in R
3.

n = 147339 n = 1237831
εH time Ex time Ex

110−1 0.1s 6.210−02 1.6s 2.710−1
110−2 0.2s 8.710−03 2.8s 5.410−2
110−4 0.3s 2.910−05 4.2s 2.610−4
110−6 0.4s 2.310−07 6.3s 1.310−6

SuperLU 0.8s 1.410−14 – –

an approximate LU decomposition can be computed in the set of H -matrices with
logarithmic-linear complexity. The approximation is robust with respect to large
and nonsmooth coefficients. The comparison with a recent direct solver shows that
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a direct solution using the approximate LU decomposition pays for the considered
problem sizes in three spatial dimensions.

4.4.3.1 Preconditioning

Instead of using the H -matrix LU decomposition as a direct solver, it is advanta-
geous to use it as a preconditioner. In order to be able to compare the numerical
effort with the costs of the direct solver, we test the preconditioner on the two tetra-
hedral discretizations (n = 147339 and n = 1237831 of unknowns) of the volume
shown in Fig. 4.10.

Table 4.22 shows the time needed to compute the preconditioner, its memory
consumption, the number of iterations, and the time required to obtain a relative
residual below 110−6. The parameter a denotes the amplitude of the randomly cho-
sen coefficients. For computing the preconditioner, the rounding precision εH was
set to 0.8.

Table 4.22 Iterative solution using H -matrix Cholesky preconditioner.

a = 102 a = 106

n time MB #It time time MB #It time
147 339 4.0s 42 27 3.0s 4.0s 42 33 3.6s

1 237 831 82.4s 494 51 58.4s 81.8s 494 62 72.4s

The same observation as in the previous tests can be made: The number of it-
erations depends neither on the amplitude a nor on the discretization parameter n.
Furthermore, the computational effort scales almost linearly with respect to n.

4.5 Nested Dissection LU Factorization

It is well-known that the LU decomposition suffers from fill-in. This effect is re-
duced by nested dissection reorderings [99, 144], which recursively subdivide the
index set I into clusters separated by separator clusters; see Remark 1.30. In this
section we will adopt the ideas of nested dissection LU factorizations to hierarchi-
cal matrices, thereby improving the efficiency of hierarchical LU factorizations of
finite element discretizations. A major advantage of nested dissection is that due to
the idea of separation it allows to parallelize the LU factorization algorithm.

The ideas of nested dissection can be applied to both geometrical (see [213])
and algebraic clustering. Since the efficiency of the whole method depends signifi-
cantly on the size of the separators and since the algebraic approach is closer to the
actual properties of the finite element matrix A, we favor the latter kind of matrix
partitioning for this purpose.
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4.5.1 Matrix Partitioning

Our aim is to construct a nested dissection block cluster tree TI×I of I× I based
on the matrix graph (see Definition 1.14) of A. We adapt the usual definition (see
Definition 1.16) of a cluster tree to the special situation of nested dissection. A
cluster tree TI is called a nested dissection cluster tree for an index set I if it satisfies
the following conditions:

(i) I is the root of TI ;
(ii) if t ∈ TI is not a leaf and if it is not a separator cluster, then t is a disjoint union

of its sons SI(t) = {t1, tsep, t2} ⊂ TI . Furthermore, it holds that At1t2 = 0 = At2t1 ;
(iii) if t ∈ TI is not a leaf and if it is a separator cluster, then t is a disjoint union of

its sons SI(t) = {t1, t2} ⊂ TI .

Due to (ii), the matrix Att for a cluster t ∈ TI \L (TI) that is not a separator has the
structure

Att =

⎡
⎣ At1t1 At1tsep

At2t2 At2tsep

Atsept1 Atsept2 Atseptsep

⎤
⎦ ,

i.e., the cluster tsep separates t1 from t2.
The construction of nested dissection cluster trees can be done by first construct-

ing a usual cluster tree based on spectral bisection as explained in Sect. 1.4.1.3.
After that, for each cluster t and its two sons t ′1 and t ′2 one computes the vertex set
tsep. To this end consider the matrix graph Gt = (t,Et) of Att , where

Et := {(i, j) ∈ t× t : ai j �= 0 or a ji = 0}.

Furthermore, we define the boundaries

∂ t ′1 := {u ∈ t ′1 : ∃v ∈ t ′2 such that (u,v) ∈ Et},
∂ t ′2 := {v ∈ t ′2 : ∃u ∈ t ′1 such that (v,u) ∈ Et}

of t ′1 and t ′2 and the edge set E12 := {(u,v) ∈ Et : u ∈ ∂ t ′1,v ∈ ∂ t ′2} between ∂ t ′1 and
∂ t ′2. To get a small separator tsep, the minimal vertex cover algorithm [147] is
applied to the bipartite graph (∂ t ′1∪ ∂ t ′2,E12). Finally, the vertices belonging to the
minimal vertex cover are moved out of t ′1 and t ′2 to tsep. This generates the desired
partition {t1, tsep, t2} of t. The construction is recursively applied to t1 and t2, while
tsep is recursively subdivided using spectral bisection.

Having constructed a nested dissection cluster tree from the matrix graph of the
sparse matrix A, we can compute the block cluster tree TI×I . Since we want to use
the algebraic way of matrix partitioning, according to the results of Sect. 4.1.3 for
the construction of the latter tree one has to take into account the algebraic admissi-
bility condition

min{diam(t),diam(s)} ≤ η dist(t,s). (4.50)

The difficulty with this condition is that a naive evaluation would spoil the overall
complexity. In [25] a multi-level Dijkstra algorithm is presented which computes
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approximations to the expressions appearing in (4.50) in such a way that the over-
all logarithmic-linear complexity is preserved. A block cluster tree can hence be
constructed using the descendant mapping SI×I defined by

SI×I(t,s) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

/0, if SI(t) = /0 or SI(s) = /0,

/0, if t �= s and neither t nor s are separators,
/0, if t or s are separators and satisfy (4.50),
SI(t)×SI(s), else.

Notice that we have already proved the boundedness of csp and cid for the alge-
braic admissibility condition (4.50); see Example 1.38 and Lemma 2.29. Since the
complexity analysis of the hierarchical matrix arithmetic in Chap. 2 is based on
the latter constants, the algebraic partition leads to the same order of complexity as
the geometric one.

4.5.2 Approximation of the Factors of the LU Decomposition

The existence of H -matrix approximants to the inverse of A is important for the-
oretical purposes. In this chapter we have already seen that for practical purposes

Fig. 4.11 Nested dissection Cholesky decomposition.

one is better off using H -matrix approximations to the factors of the LU decom-
position. We want to remind the reader of Theorem 4.35, which states that the local
rank of an H -matrix approximation of the factors of the LU decomposition can
be related to the rank of the approximation of Schur complements in a matrix on
the same partition. In particular this result remains valid for nested dissection par-
titions. Hence, as long as we can guarantee that Schur complements of sub-blocks
b ∈ L (TI×I) in A can be approximated with logarithmic rank, we know that the
factors of the LU decomposition can be approximated with logarithmic-linear com-
plexity. Therefore, in the rest of this section we concentrate on the approximation of
the Schur complements.
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Let A be partitioned as in (4.38). We will show that each block b = t× s of the
Schur complement

S := Ar′r′ −AT
rr′A

−1
rr Arr′

satisfying (4.50) can be approximated by a matrix of rank k, where k depends log-
arithmically on both the approximation accuracy and n. The proofs will use argu-
ments similar to those used in Sect. 4.2 in the case of geometric matrix partitions.

Let t ∈ TI be a cluster. By

N (t) = {i ∈ I : dist(i, t)≤ 1} and Fη(t) = {i ∈ I : η dist(i, t)≥ diam(t)}
(4.51)

we denote the neighborhood and the far-field of t. The following lemma states that
the neighborhood of t is in the far-field of the neighborhood of s if t is in the far-field
of s.

Lemma 4.36. Let η > 0 and diams ≥ 4(1 + η). If t ⊂ Fη(s), then N (t) ⊂
F2η(N (s)).

Proof. Since diamN (s)≤ diams+2, we obtain

η dist(N (t),N (s))≥ η dist(t,s)−2η > diams−2η

≥
(

1− 2
diamN (s)

(1+η)
)

diamN (s)

≥ 1
2

diamN (s),

which proves the assertion. ��
Using the previous lemma, we can prove that the Schur complement S of each

block in A can be approximated. For this purpose we have to assume that there is a
constant c > 0 such that

‖A−1
rr ‖2 ≤ c‖A−1‖2 (4.52)

for all r ∈ TI . Additionally, motivated by Theorem 4.15 and Theorem 4.16, we as-
sume that for each r ⊂ I there is CH ∈H (Tr×r,k), k ∼ | logε|m, such that

‖A−1
rr −CH ‖2 ≤ ε ‖A−1

rr ‖2. (4.53)

Theorem 4.37. Let A ∈ R
n×n be partitioned as in (4.38). Then for the Schur com-

plement
S = Ar′r′ −AT

rr′A
−1
rr Arr′

of Arr in A and all ε > 0 there is SH ∈H (TI×I ,k), where k ∼ | logε|m, such that

‖S−SH ‖2 < (logn)ε cond2(A)‖A‖2.

Proof. We have to show that for each admissible block t × s ∈ L (TI×I) from the
rows and columns of Ar′r′ and any prescribed accuracy ε > 0 we can find a low-rank
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matrix which approximates Sts with accuracy ε . Since t× s is admissible, (Ar′r′)ts =
0 holds. Hence,

Sts =−AtrA−1
rr Ars =− ∑

i, j∈r
Ati(A−1

rr )i jA js.

If i �∈ N (t), where N (t) is defined in (4.51), then Ati = 0. If on the other hand
j �∈N (s), then A js = 0. With the notation N ′(t) := N (t)∩ r, we have

Sts =− ∑
i∈N ′(t), j∈N ′(s)

Ati(A−1
rr )i jA js.

Since t× s is admissible, t ⊂Fη(s) or s⊂Fη(t) holds. According to Lemma 4.36,
it follows that N (t) ⊂ F2η(N (s)) or N (s) ⊂ F2η(N (t)) is valid. According
to (4.53) (with η replaced by 2η), there is U ∈ R

N ′(t)×k and V ∈ R
N ′(s)×k with

k ∼ | logε|d such that

‖(A−1
rr )N ′(t)N ′(s)−UV T‖2 < ε‖A−1

rr ‖2.

Let U and V be extended to Û ∈ R
r×k and V̂ ∈ R

r×k by adding zero rows. Observe
that

AtrÛV̂ T Ars = ∑
i∈N ′(t), j∈N ′(s)

k

∑
�=1

AtiUi�Vj�A js

=
k

∑
�=1

(
∑

i∈N ′(t)
AtiUi�

)(
∑

j∈N ′(s)
Vj�A js

)
= XY T ,

where X ∈ R
t×k, Y ∈ R

s×k with the entries

Xt� := ∑
i∈N ′(t)

AtiUi� and Ys� := ∑
j∈N ′(s)

Vj�A js, � = 1, . . . ,k.

Define B ∈ R
r×r with entries

bi j =

{
(A−1

rr )i j, if i ∈N ′(t) and j ∈N ′(s),
0, else,

then using (4.52)

‖Sb−XY T‖2 = ‖Atr(B−ÛV̂ T )Ars‖2 ≤ ‖Atr‖2‖(A−1
rr )N ′(t)N ′(s)−UV T‖2‖Ars‖2

< ‖Atr‖2‖A−1
rr ‖2‖Ars‖2 ≤ ε cond2(A)‖A‖2.

The assertion follows from Lemma 2.16. ��



4.5 Nested Dissection LU Factorization 253

4.5.3 Numerical Results

The results shown in Table 4.23 were obtained for a finite element discretization of
the operator L := −divC(x)∇ with random coefficients on the computational do-
main shown in Fig. 4.12. The computations were done on an Intel Xeon 3.0 GHz
with 16 GB of core memory. The times required to compute the matrix partition
based on the algebraic admissibility condition (4.50) and the geometric admissibil-
ity condition (4.11) scale almost linearly with the number of degrees of freedom.
The accuracy of the approximate Cholesky factorization was chosen εH = 0.1.
Compared with the usual geometric approach to matrix partitioning, the algebraic
method leads to a significantly faster computation of the approximate factorization,
which is used for preconditioning. Additionally, the memory consumption of the al-
gebraic H -Cholesky factorization is reduced compared with the geometric method.
In Table 4.23 we compared the results with the direct solver PARDISO1 [230]. The
core memory of 16 GB did not suffice for the largest example.

Depending on the needs of the user, it is possible to raise or decrease the ac-
curacy εH of the algebraic H -Cholesky factorization, which influences both the
preconditioning effect and the cost of the preconditioner.

Table 4.23 H -matrix preconditioned CG vs. direct solution.

algebraic partitioning geometric partitioning PARDISO
setup PCG setup PCG setup solver

size time MB #It time time MB #It time time MB time
32429 2s 15 8 0s 4s 22 6 0s 2s 41 0s

101296 8s 48 10 1s 17s 85 8 1s 7s 209 1s
271272 26s 157 13 4s 59s 270 11 5s 31s 775 1s
658609 78s 437 13 10s 177s 725 13 16s 166s 2642 2s
906882 110s 552 18 20s 282s 1073 16 29s 297s 4047 3s

2538854 392s 1840 23 77s 1197s 3400 20 112s – – –

4.5.4 Parallel Approximate LU Factorization

Assume that p = 2L, L ∈ N, processors are at our disposal. It is well-known that
in addition to reducing the fill-in, nested dissection reorderings have the advantage
that the LU factorization allows for an efficient parallelization. This follows from
the special structure of the matrix.

We present a parallel LU factorization as a recursion over �. Consider a diagonal
block A from the �th level, � < L, of the block cluster tree. The LU factorization of
A can be computed from

1 as contained in Intel Math Kernel Library 9.1.023
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Fig. 4.12 Computational domain.

⎡
⎣A11 A13

A22 A23
A31 A32 A33

⎤
⎦=

⎡
⎣L11

L22
L31 L32 L33

⎤
⎦
⎡
⎣U11 U13

U22 U23
U33

⎤
⎦ .

Indices 1 and 2 correspond to clusters separated by an interface. The latter corre-
sponds to the index 3. The previous factorization is equivalent to computing

L11,U11 from A11 = L11U11, L22,U22 from A22 = L22U22, (4.54a)
U13 from A13 = L11U13, U23 from A23 = L22U23, (4.54b)
L31 from A31 = L31U11, L32 from A32 = L32U22, (4.54c)
X1 := L31U13, X2 := L32U23, (4.54d)

and
L33,U33 from L33U33 = A33−X1−X2. (4.55)

Hence, the two tasks in (4.54a), (4.54b), (4.54c), and (4.54d) can be done in parallel.
Since in the �th level 2L−� processors can be used to compute the factorization,

we use 2L−�−1 processors to solve the left part of (4.54) (the part corresponding
to the first cluster) and the other 2L−�−1 processors to solve the right part (the sec-
ond cluster). If � = L, then the sequential H -matrix factorization algorithm from
Sect. 2.9 is used.

Problem (4.54b) is a block forward substitution, i.e., a problem of type⎡
⎣A11 A12

A21 A22
A31 A32

⎤
⎦=

⎡
⎣L11

L22
L31 L32 L33

⎤
⎦
⎡
⎣X11 X12

X21 X22
X31 X32

⎤
⎦ (4.56)
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has to be solved for Xi j, i = 1,2,3, j = 1,2. Assume this problem is to be solved with
p processors. Then p/2 processors will be used to solve the left and the other p/2
processors will solve the right column of the following block forward substitutions

A11 = L11X11, A21= L22X21,

A12 = L11X12, A22= L22X22,

and multiplications

Y1 := L31X11, Y2 := L32X21,

Z1 := L31X12, Z2:= L32X22.

To parallelize the latter operations on p processors one can exploit the substructure

C := [A1,A2,A3]T [B1,B2,B3] = A1B1 +A2B2 +A3B3,

which can be accomplished by computing each of the products

C1 := A1B1, C2 := A2B2,

on p/2 processors and computing C = A3B3 +C1 +C2 on one of the p processors.
The last step to solve (4.56) is the computation of X31 and X32 from

L33X31 = A31−Y1−Y2 and L33X32 = A32−Z1−Z2.

Since L33 does not possess a nested dissection substructure, we solve each of the two
problems sequentially on the first processor of each half of the p processors. To this
end, Z1 and Y2 have to be sent to the respective processor, while Z2 and Y1 are already
in the right place. Again, the case � = L is treated by applying the sequential H -
matrix block forward substitution presented in Sect. 2.9. The backward substitution
(4.54c) can be done analogously.

Only the last step (4.55), the computation of L33 and U33, requires the completion
of all previous steps (4.54a) through (4.54d). We solve (4.55) sequentially, which
requires to communicate either X1 or X2. Since the dimension of (4.55) is signif-
icantly smaller than the previous problems, one can expect a reasonable speedup.
The resulting distribution of blocks (and hence the memory distribution) among the
processors is shown in Fig. 4.13 for p = 4.

4.5.4.1 Numerical Experiments

We test the parallel hierarchical LU factorization on the following magnetostatic
problem
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processor 0

processor 1

processor 2

processor 3

Fig. 4.13 Distribution of blocks among processors.

curl
1
µ

curl A = j0 in Ω , (4.58a)

curl ∂Ω (A×ν) = 0, A ·ν = 0 on Γi, (4.58b)
A×ν = 0 on Γc. (4.58c)

Here, curl ∂Ω denotes the surface vector curl and j0 is a given source current. The
bounded domain Ω = ΩC ∪ΩI ⊂ R

3 (see Fig. 4.15) is of simple topology and con-
sists of different materials, which are characterized by their magnetic permeability
µ := 4π10−6µr. The computational domain consists of a coil with material para-
meter µr = 1 and a highly permeable core with µr = 500, which are surrounded
by air with µr = 1. Therefore the magnetic permeability jumps between a value
of 1.3 · 10−6 in the air and the coil to a value of 6.5 · 10−4 in the core. The con-
tacts are denoted by Γc := ∂Ω ∩ ∂ΩC, and the rest of the boundary is given by
Γi := ∂Ω ∩∂ΩI .

The magnetostatic problem (4.58) is singular. The magnetic field B := curl A,
which is the measurable physical quantity of interest, is not affected by an alternative
solution Anew = A+∇φ . An obvious idea to regularize the “magnetostatic operator”
is adding a multiple of the identity. Hence, we consider the operator

L := curl
1
µ

curl +αI (4.59)

with a constant 0 < α ∈ R as a regularization of the magnetostatic operator

L0 := curl
1
µ

curl .



4.6 Solving Nonlinear Problems with Broyden Updates 257

In the following tests we compute an approximate nested dissection Cholesky de-
composition of edge element discretizations (see [146]) of the operator L in (4.59)
with α = 500 · 106. This approximate Cholesky decomposition is used for precon-
ditioning discretizations of L0 in the conjugate gradient method. For the spectral
properties of the preconditioned systems the reader is referred to [31].

The results shown in Table 4.24 were obtained on a system consisting of four In-
tel Xeon 3.0 GHz processors. The hierarchical matrix rounding accuracy was chosen
εH = 110−2 in all tests, and the relative residual error of CG was set to 110−4. Ap-
parently, the complexity scales almost linearly (see Fig. 4.14) and the parallelization
of the hierarchical Cholesky factorization algorithm shows a competitive speedup.
The number of iterations is bounded independently of n.

Figure 4.15 presents the computed magnetostatic field. The upper left picture
shows the setting, the upper right picture shows the current density j, and the lower
pictures show the resulting magnetic field B = curl A on two different scales.

Table 4.24 Results obtained on p = 1,2,4 processors.

Cholesky fact. time
n partition p = 1 p = 2 p = 4 #It

163 693 5.8s 39.9s 20.1s 12.7s 60
297 302 17.7s 88.0s 45.2s 24.6s 75
420 881 30.7s 151.6s 80.9s 46.9s 79
523 989 40.5s 182.5s 91.8s 56.6s 92
664 539 64.9s 266.9s 136.0s 75.5s 89
742 470 68.3s 310.0s 175.8s 93.2s 79
810 412 76.8s 340.9s 198.5s 108.1s 84
955 968 89.0s 399.3s 242.6s 126.3s 36

4.6 Solving Nonlinear Problems with Broyden Updates

The purpose of this section is the efficient numerical solution of second-order non-
linear elliptic Dirichlet problems

−∇ · [α(u)∇u−β (u)u]+ γ(u)u = f in Ω , (4.60a)
u = g on ∂Ω , (4.60b)

where Ω is a bounded Lipschitz domain in R
d and f , g are given. The coefficient

functions α , β , and γ are assumed to be in W 1,∞(Ω). In addition, for the coefficient
α appearing in the principal part there is a real number α0 > 0 such that α(u)≥ α0.

Nonlinear elliptic problems arise from many applications in physics and other
fields, for instance in elastoplasticity, magnetic potential problems, viscous fluid
flow problems, chemical reactions, and pattern formation in biology. During the
past three decades, many numerical approaches have been developed for solving
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Fig. 4.14 Preconditioner setup time for p = 1,2,4 processors.

Fig. 4.15 Results of the magnetostatic field computations.

nonlinear problems; see, e.g., [8, 64]. Undoubtedly, Newton’s method (see [155,
82])

uk+1 = uk− (F ′(uk))−1F(uk), k = 0,1,2, . . . , (4.61)

for the solution of the nonlinear problem F(u) = 0 is one of the most popular meth-
ods, which receives attention from applications due to its quadratic convergence.
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Newton’s method approximates the nonlinear problem (4.60) or equivalently

F(u) :=−∇ · [α(u)∇u−β (u)u]+ γ(u)u− f = 0 (4.62)

by a sequence of linear problems

F ′(uk)(uk+1−uk) =−F(uk), k = 0,1,2, . . . . (4.63)

Note that since

F ′(u)v =−∇ · [α(u)∇v−{β (u)+β ′(u)u−α ′(u)∇u}v]+{γ(u)+ γ ′(u)u}v,

the assumption α(u)≥ α0 > 0 guarantees that each linear problem is in the class of
second-order elliptic Dirichlet boundary value problems (4.1).

Newton’s method can be used to treat nonlinear elliptic equations discretized not
only by the finite element method (see [150]) but also by the finite volume method;
see [64]. From the Galerkin method applied to (4.63) we obtain in each Newton step
a linear algebraic system

A(uk)δ k =−F(uk) (4.64)

for the unknown vector
δ k := uk+1−uk.

Here, uk ∈ R
n defines the Galerkin approximation ∑n

i=1(uk)iϕi of uk. Starting from
a given vector u0 ∈ R

n, uk is updated by setting uk+1 = uk + δ k until some given
tolerance is reached. For the sake of readability in the following we will not distinct
between the vector uk ∈ R

n and uk from (4.63).
The update of uk requires the solution of (4.64). Since its exact solution is expen-

sive for large n, it is advisable to replace the coefficient matrix A(uk) by an approx-
imation which allows a more efficient solution. This class of variants of Newton’s
method is called quasi-Newton methods. Avoiding the computation of the Jacobian
and its inverse in each Newton step, instead of (4.61) the iteration reads

uk+1 = uk−BkF(uk), k = 0,1,2, . . . ,

where Bk denotes a matrix which approximates the inverse (F ′(uk))−1 of the Ja-
cobian. A general description of quasi-Newton methods can be found in [80, 13,
81, 82, 155] and its applications to elliptic problems in [8, 153]. Another class
are inexact Newton methods [76], which compute the vectors (F ′(uk))−1F(uk),
k = 0,1,2, . . . , usually by a Krylov subspace method. This approach, however, re-
quires a robust and efficient preconditioner.

Since F ′(uk) is an elliptic second order of type (4.2), due to Theorem 4.28 it is
possible to compute an approximate inverse of A(uk) with almost linear complexity.
Hence, we can easily accelerate Newton’s method by employing H -matrices.
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4.6.1 Broyden Updates

A special quasi-Newton method is Broyden’s method [53], which starts from a
given approximation A0 ∈R

n×n of A(u0) and computes approximations Ak of A(uk)
using rank-1 updates

Ak+1 = Ak +
(yk−Akδk)δ T

k

δ T
k δk

, (4.65)

where yk := F(uk+1)−F(uk). The matrix Ak+1 can be seen to be the closest matrix B
to Ak satisfying the secant equation Bδk = yk; i.e., with Q := {B∈R

n×n : Bδk = yk}
it holds that

‖Ak+1−Ak‖2 = min
B∈Q

‖B−Ak‖2.

As for other quasi-Newton methods, the quadratic convergence of Newton’s method
is reduced to a super-linear one; cf. [81]. Hence, usually more steps will be re-
quired to obtain the same accuracy as Newton’s method. Despite this fact, Broyden’s
method is significantly cheaper than Newton’s method. A disadvantage of Broyden’s
method is that the whole history of update vectors has to be stored. If many iteration
steps are required, then this will seriously affect the required amount of storage.

Since one is interested in the solution of (4.64), it is crucial that the inverse Bk :=
A−1

k can be updated in a similar way as Ak is updated in (4.65). With the Sherman-
Morrison formula (1.3) we have that

A−1
k+1 = A−1

k +
(δk−A−1

k yk)δ T
k A−1

k

δ T
k A−1

k δk
. (4.66)

Hence, if B0 = A−1
0 has been found, Bk+1 can be computed from Bk by

Bk+1 = Bk +
(δk−Bkyk)δ T

k Bk

δ T
k Bkyk

= Bk +
ckzT

k

‖δk‖2
2−δ T

k ck
,

where we have exploited that Bkyk = BkF(uk+1)−BkF(uk) = δk− ck with

ck :=−BkF(uk+1) and zk := BT
k δk.

Furthermore, using a trick from [83],

δk+1 =−Bk+1F(uk+1) =−
(

I +
ckδ T

k

‖δk‖2
2−δ T

k ck

)
BkF(uk+1)

=
(

I +
ckδ T

k

‖δk‖2
2−δ T

k ck

)
ck =

(
1+

δ T
k ck

‖δk‖2
2−δ T

k ck

)
ck.

Hence, ck and δk+1 are linearly dependent. We obtain Algorithm 4.1, which involves
only two matrix-vector multiplications and a rank-1 update per iteration step.
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Let u0 be given; Compute B0 = A(u0)−1.
δ0 =−B0F(u0)
for k = 0,1,2, . . . do

uk+1 = uk +δk
ck =−BkF(uk+1)
r := δ T

k ck, s := ‖δk‖2
2− r

zk = 1
s BT

k δk
Bk+1 = Bk + ckzT

k
δk+1 =

(
1+ r

s

)
ck

Algorithm 4.1: Broyden’s method.

Compared with Newton’s method, only one inversion has to be computed when the
initial matrix B0 is generated.

Multiplying a matrix by a vector and adding a rank-1 matrix with fixed yet arbi-
trary precision can be performed in the set of H -matrices with almost linear com-
plexity. Hence, we obtain another obvious but efficient variant of Newton’s method.
Note that in this approach it is not necessary to store the update vectors separately.
We are able to gradually add the updates to B0, if we form B0 instead of only ap-
plying it to a vector. It is known (cf. [81]) that Bk is an approximation of the inverse
(F ′(uk))−1 of the Jacobian. Hence, the complexity of Bk+1 can be expected to be of
the same order as Bk; cf. Theorem 4.28. Compared with the H -matrix accelerated
Newton method only one H -matrix inversion has to be computed when the initial
matrix B0 is generated. Matrix-vector multiplications and rank-1 updates can be ex-
pected to be done with much less time consumption than computing an approximate
inverse in each step.

Remark 4.38. Since adding the rank-1 updates explicitly to the matrix requires some
additional time, it may be worth gathering a constant number ν of updates before
this rank-ν matrix is actually added to the approximation of the Jacobian.

According to Theorem 4.35, also the factors L and U in the LU decomposition
of the discretization of the Jacobian can be approximated with almost linear com-
plexity. As we have seen, the computation of these approximations can be done
in significantly less time than the computation of the hierarchical inverse while the
same robustness with respect to varying coefficients of the operator can be observed.
Hence, it seems desirable to replace the role of the inverse in (4.66) by the LU de-
composition. However, no update formula like the Sherman-Morrison formula is
known for the factors of the LU decomposition. In the following paragraph we
present a method which can be used for updating the factors L and U of an LU
decomposition of A whenever A is updated by a rank-1 matrix.

4.6.2 An Update Method for the LU Decomposition

Let A be decomposed using the LU decomposition A = LU . Assume we want
to update the matrix A with a given rank-ν matrix XY H , X ,Y ∈ R

n×ν , such that
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A + XY H is still non-singular. Then the triangular factors of A + XY H can be com-
puted from an LU decomposition of I +ABH = L′U ′, where LA = X and UHB = Y .
This can be seen from

A+XY H = L(I +L−1XY HU−1)U = L(I +ABH)U = (LL′)(U ′U)

and the fact that the product of unit lower and upper triangular matrices is unit lower
and upper triangular, respectively.

The following lemma (see [24]) shows that the LU decomposition of low-rank
updates of the identity leads to diagonal-plus-semi-separable triangular factors; cf.
Sect. 1.2.

Lemma 4.39. Let A,B ∈ C
n×ν and assume that I +ABH has the LU decomposition

I +ABH = L′U ′

with a unit lower triangular matrix L′ and an upper triangular matrix U ′. Then L′
and U ′ are diagonal-plus-semi-separable, i.e., there are matrices S� ∈ C

ν×ν , � =
1, . . . ,n, defined by S1 = I and

S�+1 = (I− S�b�aH
�

1+aH
� S�b�

)S�, � = 1, . . . ,n−1,

such that for � = 1, . . . ,n it holds that U ′
�� = 1+aH

� S�b�,

L′i� =
1

U ′
��

aH
i S�b�, U ′

�i = aH
� S�bi, i > �. (4.67)

Here, a�,b� ∈ C
ν denote the �th row of A and B, respectively.

Proof. The assertion is proved by induction over �. For the first column and the first
row of L′U ′ one has U ′

11 = (L′U ′)11 = 1+aH
1 b1 and for i > 1

L′i1U ′
11 = (L′U ′)i1 = aH

i b1, U ′
1i = (L′U ′)1i = aH

1 bi.

Assume that (4.67) is valid for �− 1, then the following entries appear in the �th
column and the �th row of L′U ′

U ′
�� = (L′U ′)��−

�−1

∑
j=1

L′� jU
′
j� = 1+aH

�

(
I−

�−1

∑
j=1

1
U ′

j j
S jb jaH

j S j

)
b�,

L′i�U
′
�� = (L′U ′)i�−

�−1

∑
j=1

L′i jU
′
j� = aH

i

(
I−

�−1

∑
j=1

1
U ′

j j
S jb jaH

j S j

)
b�, i > �,

and

U ′
�i = (L′U ′)�i−

�−1

∑
j=1

L′� jU
′
ji = aH

�

(
I−

�−1

∑
j=1

1
U ′

j j
S jb jaH

j S j

)
bi, i > �.
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Setting S� = I−∑�−1
j=1

1
U ′j j

S jb jaH
j S j, we obtain

S�+1 = S�− 1
U ′

��

S�b�aH
� S� = (I− 1

U ′
��

S�b�aH
� )S� = (I− S�b�aH

�

1+aH
� S�b�

)S�

and hence the assertion. ��
For the computation of the factors L′ and U ′ it is sufficient to compute the matri-

ces S� ∈ C
ν×ν and U ′

��, � = 1, . . . ,n, which requires (ν2 + 1)n units of storage and
O(n) arithmetic operations.

Instead of storing the matrices L′ and U ′ for each rank-ν update ABH , we account
for them by explicitly updating the factors L and U . Hence, we devise an explicit
update procedure for the factors of the LU decomposition. Exploiting the semi-
separable structure of L′ and U ′, the products LL′ and UU ′ can be computed with
small effort as described in Sect. 2.7.4. Hence, the update of the LU decomposition
A = LU with XY H can be done by the following three steps

(i) Solve LA = X and UHB = Y for A,B ∈ C
n×ν ;

(ii) Compute S� and U ′
��, � = 1, . . . ,n, as described in Lemma 4.39;

(iii) Update L and U by multiplying L by L′ from the right and U by U ′ from the
left; see Algorithms 2.6 and 2.7.

It is obvious how to modify the previous algorithms if the Cholesky decomposi-
tion of a symmetric positive definite matrix A is to be updated by a rank-ν matrix
XXH .

With these ideas, a variant of Broyden’s method which is based on the LU decom-
position can be constructed. In the rest of this section this method will be referred
to as the H -Broyden-LU method. We have seen in Sect. 2.7.4 that the third step in
the preceding algorithm can be done with complexity O(r2n logn) if the updates are
explicitly added to an H (P,r)-matrix; see part (b) of Remark 2.32.

The complexity of the hierarchical forward/backward substitution required in (i)
is of the same order as the hierarchical matrix-vector multiplication; cf. [23]. The
initial hierarchical LU decomposition of A0 requires r2n(logn)2 operations. Hence,
the number of arithmetic operations for k steps of this variant (see Algorithm 4.2)
of Broyden’s method in H (P,r) is of the order r2n logn(k + logn).

Let u0 be given; Factorize A(u0) = L0U0.
Set b := F(u0).
for k = 0,1,2, . . . do

solve LkUkδk =−b for δk
uk+1 = uk +δk

set b = F(uk+1)
solve Lksk = b for sk

solve UT
k zk = δk/‖δk‖2

2 for zk

update Lk+1Uk+1 = Lk(I + skzT
k )Uk.

Algorithm 4.2: Broyden’s method based on triangular update.

The gathered version (see Remark 4.38) of Algorithm 4.2 additionally requires
the forward/backward solution with triangular semi-separable matrices. The forward
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problem Lx = b (and similarly the backward problem) can be solved with linear
complexity O(n) due to x1 = b1 and

xi = bi−wi−1

i−1

∑
j=1

z jx j, i = 2, . . . ,n.

4.6.3 The Influence of Truncation Errors

The truncation of the sum of low-rank matrices introduces an additional error matrix
Ek, i.e., instead of the Broyden update (4.65) we have Ak+1 = A′k+1 +Ek+1, where

A′k+1 = Ak +
(yk−Akδk)δ T

k

δ T
k δk

.

In this section we will prove super-linear convergence of this perturbed method if
we assume that

‖Ek‖ ≤ c‖δk‖, (4.68)

where c does not depend on k. This can be done by adaptation of the proofs pre-
sented in [81].

In [81, Thm. 8.2.2] it is shown that the local convergence of Broyden’s method
follows from the so-called bounded-deterioration property

‖A′k+1− J(x)‖ ≤ ‖Ak− J(x)‖+
γ
2
(‖ek+1‖+‖ek‖), (4.69)

where ek := uk− u and γ is the Lipschitz constant for F ′ at u. In our case we need
this property for Ak+1 rather than for A′k+1. By the triangle inequality and (4.68) it
follows that

‖Ak+1− J(u)‖ ≤ ‖A′k+1− J(u)‖+ c‖δk‖ ≤ ‖Ak− J(u)‖+(
γ
2

+ c)(‖ek‖+‖ek+1‖)

due to ‖δk‖≤‖ek‖+‖ek+1‖. Hence, we obtain property (4.69) with a larger constant
and hence the local convergence.

A consequence of the local convergence is that

‖ek+1‖ ≤ ‖ek‖/2. (4.70)

The following arguments show that the convergence is actually super-linear. Let
Fk = Ak − J(u). According to [81, Thm. 8.2.4] a sufficient condition for {uk} to
converge super-linearly is

lim
k→∞

‖Fkδk‖
‖δk‖ = 0. (4.71)



4.6 Solving Nonlinear Problems with Broyden Updates 265

Just as in [81] one can derive the following improved property of bounded deterio-
ration

‖A′k+1− J(u)‖F ≤ ‖Fk‖F − ‖Fkδk‖2

2‖Fk‖F‖δk‖2 +
3
4

γ‖ek‖,

which proves that

‖Fk+1‖F ≤ ‖Fk‖F − ‖Fkδk‖2

2‖Fk‖F‖δk‖2 +
3
4

γ‖ek‖+‖Ek‖F

≤ ‖Fk‖F − ‖Fkδk‖2

2‖Fk‖F‖δk‖2 +
3
4
(γ +2c)‖ek‖.

The previous estimate follows from (4.68) and (4.70), and it is equivalent to

‖Fkδk‖2

‖δk‖2 ≤ 2‖Fk‖F

(
‖Fk‖F −‖Fk+1‖F +

3
4
(γ +2c)‖ek‖

)
. (4.72)

Since {Fk}k is bounded, i.e., there is c̄ > 0 such that ‖Fk‖F ≤ c̄ for all k ∈ N, and
since (4.70) implies that

∞

∑
k=0
‖ek‖ ≤ 2‖e0‖,

summing up (4.72) gives

∞

∑
k=0

‖Fkδk‖2

‖δk‖2 ≤ 2c̄
(
‖F0‖F +

3
2
(γ +2c)‖e0‖

)
≤ 2c̄

(
‖F0‖+

3
2
(γ +2c)‖e0‖

)
.

Hence, (4.71) is satisfied and the super-linear convergence is proved.

4.6.4 Numerical Experiments

In this section we report results of numerical experiments which confirm the ef-
ficiency of the H -Broyden-LU method when solving nonlinear elliptic problems.
It will be seen that the complexity of the latter method scales almost linearly with
respect to the number of degrees of freedom n. We compare this method with two
standard Broyden methods. One is based on the usual LU factorization instead of
the inverse. For the factorization we employ the PARDISO library [230] as part of
the Intel Math Kernel Library version 9.1. The columns containing the correspond-
ing results will be labeled “Broyden-PARDISO”. For the second standard Broyden
method we apply Boomer-AMG from the HYPRE software library [1] instead of
the inverse. The corresponding results will be labeled “Broyden-AMG”.

The experiments were carried out on a single processor of an Intel Core2 Duo
3.0 GHz with 16 GB of core memory. For all tests we use piecewise linear basis
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functions. In the following we list two examples of the model problem (4.60). The
first is in two spatial dimensions, the second is three dimensional.

Numerical results are listed in Tables 4.25 and 4.26. “#It” denotes the number
of iterations, “MB” stands for the memory requirement of the respective method in
MBytes. “time” consists of two parts: The first value is the time in seconds required
for computing the LU decomposition and for setting up AMG, respectively, and the
second value is for Broyden’s iteration. The iteration was stopped if the difference
of two consecutive approximations uk and uk+1 satisfies ‖uk+1−uk‖2 < 10−6.

Example 4.40. We consider the stationary viscous Burgers’ equation

−∆u+u(ux +uy) = f in Ω = (0,1)2,

i.e., we set A(u) = 1, b(u) = 1
2 (u,u)T , and c(u) = 0 in (4.60). To obtain the reference

solution
u = 50cos(2πx+

π
2

)(y2− y3),

we use the right-hand side

f = 100cos(2πx+
π
2

)
(
(y2− y3)[2π2 +25cos(2πx+

π
2

)(2y−3y2)

−50π sin(2πx+
π
2

)(y2− y3)]+3y−1
)

.

Table 4.25 Iterations and time for Example 4.40.

Broyden-PARDISO Broyden-AMG H -Broyden-LU
n #It time MB #It time MB #It time MB

62 001 55 1s 22s 155 55 0s 38s 52 65 1s 42s 60
123 904 54 3s 46s 344 54 1s 82s 103 58 3s 85s 128
249 001 52 6s 89s 679 52 1s 161s 198 57 7s 182s 265
498 436 54 15s 198s 1425 54 2s 348s 410 74 16s 521s 565
998 001 54 34s 362s 2959 54 4s 711s 821 57 35s 821s 1125

1 996 569 53 83s 751s 6191 53 8s 1408s 1611 58 71s 1705s 2230

Table 4.25 shows that the times for computing the classical and the approxi-
mate LU factorization are comparable. Updating the matrix during the Broyden
iteration and applying it takes 2–3 times more time than applying the updates in
Broyden-PARDISO. One of the reasons is that a slightly larger number of iterations
is required in H -Broyden-LU . However, the memory consumption of Broyden-
PARDISO (including the update vectors) is almost three times the memory used
by H -Broyden-LU . Broyden-AMG is almost two times slower than Broyden-
PARDISO but slightly faster than H -Broyden-LU . We were not able to find out
the memory consumption of Boomer-AMG. Therefore, the column labeled “MB”
contains only the memory required for storing the update vectors.

Example 4.41. As the second example we consider the so-called nonlinear Schrö-
dinger equation with nonlinear diffusion
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−div(u+1)∇u+2|u|2u = f in Ω := (0,1)3.

Hence, in view of (4.60) we choose A(u) = u + 1, b(u) = 0, c(u) = 2|u|2. In order
to validate the solution, we use the right-hand side f such that (4.60) has the exact
solution

u = x(1− x)sin(πy)cos(πz+
π
2

).

Table 4.26 Iterations and time for Example 4.41.

Broyden-PARDISO Broyden-AMG H -Broyden-LU
n #It time MB #It time MB #It time MB

54 872 51 7s 28s 375 51 1s 73s 42 56 15s 54s 106
117 649 51 29s 69s 1039 50 2s 193s 90 65 28s 118s 251
238 328 49 104s 134s 2480 49 5s 410s 167 52 69s 211s 541
474 552 50 448s 350s 6783 50 10s 965s 365 64 157s 596s 1115
970 299 – – – – 50 23s 2031s 740 74 378s 1523s 2543

In this example H -Broyden-LU requires less time than Broyden-AMG although
the number of iterations is slightly larger. The memory consumption of Broyden-
AMG could not be determined. The value for Broyden-AMG in Table 4.26 is the
memory required for the update vectors. While Broyden-PARDISO was the fastest
method in Example 4.40 in two spatial dimensions, the asymptotic super-linear
complexity of the classical LU factorization is revealed in this three-dimensional
example. While the latter method is faster than H -Broyden-LU for small n, it be-
comes less efficient for larger n. We were not able to compute the largest problem
(n = 970299) since the method ran out of memory.

We want to remark that the fixed Newton method could not be used in our nu-
merical experiments, since the iteration did not converge in any example.
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42. S. Börm. H 2-matrix arithmetics in linear complexity. Computing, 77(1):1–28, 2006.
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2nd level (4 parts) 3rd level (8 parts) 4th level (16 parts)

Fig. 1.4 Three levels in a cluster tree.

Fig. 1.8 Computational domain with an interface cluster.
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Fig. 2.1 H -matrices with their blockwise ranks.

Fig. 2.2 A sparse H -matrix (nonzero blocks are shown).

Fig. 2.4 List scheduling (left) versus sequence partitioning (right).
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Fig. 2.9 H -matrix before and after coarsening.

Fig. 3.4 Surface mesh of a foam with n = 494616 degrees of freedom.
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Fig. 3.8 Low-precision Cholesky decomposition.

Fig. 3.9 Device with electric potential.

Fig. 3.10 Geometry with computed surface current.
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Fig. 3.11 Computational geometry with solution.

Fig. 4.2 The coefficient α(x).

Fig. 4.7 Approximate LU decomposition.
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Fig. 4.9 Geometry of skin fragment with diffusion coefficient.

Fig. 4.10 The computational domain.

Fig. 4.11 Nested dissection Cholesky decomposition.
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Fig. 4.12 Computational domain.

Fig. 4.15 Results of the magnetostatic field computations.



Index

(p,q)-banded matrix, 200
strictly, 200

H 2-matrix, 91
k-center problem, 39

adaptive cross approximation, 139
admissibility condition, 22

algebraic, 24, 45
weak, 120, 207

admissible, 24
agglomeration, 18
asymptotically

smooth, 109
well-conditioned, 94

biharmonic operator, 110, 114
block cluster tree, 43
boundary concentrated FEM, 195
bounded-deterioration property, 264
Broyden’s method, 260
bulk synchronous parallel computer, 53
Businger-Golub algorithm, 15

Caccioppoli inequality, 110, 212
Calderón-Zygmund property, 109
Chebyshev

center, 120
nodes, 125
radius, 120

Clenshaw algorithm, 174
cluster

main direction, 34
of eigenvalues, 96

cluster basis, 90
nested, 91

cluster tree, 29
balanced, 30

depth, 31
geometrically balanced, 35
nested dissection, 249

coercive, 106
collocation method, 107
conjugate gradient method, 92

preconditioned, 94
Coulomb potential, 118
curl-curl operator, 100

degenerate, 117
degree of degeneracy, 117
domain decomposition methods, 196
double-layer potential operator, 105
Dunford-Cauchy integral, 84

eddy current simulations, 114
edge cut, 40
essential boundary, 206

factorized sparse approximate inverse, 196
far-field, 41, 251
farthest-point clustering, 39
fast multipole method, 92
FETI method, 196
Fiedler vector, 39
fill-in, 232
Frobenius norm, 11

Galerkin method, 107
Gauß transform, 120

fast, 121
Gram matrices, 15
Green

formula, 105
function, 199
matrix, 200
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290 Index

heavy edge matching, 40
Helmholtz operator, 105
hierarchical matrix, 50

uniform, 90
Hilbert-curve, 57
hypersingular operator, 106

idempotency constant, 77
incomplete LU factorization, 196, 233
index blocks, 21
interior regularity, 110, 211

jump relations, 105

Kernighan-Lin algorithm, 40

Lamé equations, 100
Laplacian, 100
Lebesgue constant, 124
Legendre-Hadamard condition, 99
level, 29
localizers, 108
low-rank matrix, 11

structured, 19

matrix graph, 24
method of generalized minimal residuals, 92
method of pseudo-skeletons, 144
minimal vertex cover algorithm, 249
minimum degree algorithm, 232
MinRes, 191
multigrid methods, 196

algebraic, 196
multipole expansion, 118

near field, 42
nested dissection, 40, 232
Newton method, 258

inexact, 259
quasi-, 259

numerical range, 97
Nyström method, 107

operator cosine family, 84
operator exponential, 84
outer-product form, 10

orthonormal, 12

parallel
efficiency, 54
speedup, 54

partition, 21
Poincaré-Steklov operators, 229
preconditioner

AMLI, 196
BPX, 196
left, 93
right, 93
symmetric, 188

principal component analysis, 34
product tree, 75

quasi-uniform, 33

rank-revealing QR decomposition, 14
reverse Cuthill-McKee algorithm, 232
rounded addition, 16

scheduling
list, 55, 163
longest process time, 59, 164

Schulz iteration, 83
secant equation, 260
semi-separable

diagonal-plus-, 20
hierarchically, 21
matrix, 20

sequence partition, 57
optimal, 57

sequence partitioning, 57
shape regular, 33
sharing constant, 56
Sherman-Morrison-Woodbury formula, 11
sinc interpolation, 132
single-layer potential operator, 105
singularity function, 105
Sobolev spaces, 100
space-filling curves, 57
sparse approximate inverse, 195
sparsity constant, 42, 44
spectral bisection, 39
spectral norm, 11
spectrally equivalent, 180
symmetric boundary integral formulation, 106

Taylor expansion, 22

variable order techniques, 92

Yukawa operator, 114

Z-curve, 57
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