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Preface

Hierarchical matrices are a subclass of usual matrices which are data-sparse in the
sense that they allow to represent large-scale fully populated matrices with linear or
logarithmic-linear complexity. In addition to storing such matrices, approximations
of the usual matrix operations can be computed with logarithmic-linear complexity,
which can be exploited to setup approximate preconditioners in an efficient and
convenient way.

Besides the algorithmic aspects of hierarchical matrices, the main aim of this
book is to present their theoretical background in the context of elliptic boundary
value problems. The emphasis is laid on robustness with respect to nonsmooth coef-
ficients in the differential operator. Furthermore, the book presents in full detail the
adaptive cross approximation method for the efficient treatment of integral operators
with non-local kernel functions.

The book originates from a habilitation thesis that was accepted in January 2007
by the Faculty of Mathematics and Computer Science of the University of Leipzig. It
is intended to present the vast material on the topic of hierarchical matrices in a self-
contained way. Hence, it is written for both researchers and students in mathematics
and engineering.

Leipzig, February 2008 M. Bebendorf
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Introduction

The simulation of physical phenomena arising in applications from science and en-
gineering often leads to integral equations or to boundary value problems of elliptic
partial differential equations. Since such problems usually cannot be solved explic-
itly, their numerical solution is done by approximating the exact solution from finite-
dimensional spaces and solving the resulting problems on a digital computer. The
success of numerical simulations together with the rapid development of computers
has led to a constant demand for higher accuracy and more sophisticated tasks. In
order to be able to satisfy these requirements from industrial applications, the num-
ber of degrees of freedom 7 of the finite-dimensional approximations has to be large
enough. The typical size of n in today’s computations can reach several millions.
This size will further increase in the future since many interesting and important
problems still cannot be treated by existing methods.

Numerical schemes which require a number of operations that scales asymptot-
ically like n> or higher will not be acceptable in the future. If the next generation
of computers has twice the memory, users want to solve problems that are twice as
large. However, an algorithm of quadratic complexity requires four times the num-
ber of operations, which actually doubles the execution time if we presume that the
CPU speed of future processors increases in the same way as the memory does. It
is therefore of particular importance to develop numerical schemes which can solve
the problem with almost linear complexity, i.e., with a complexity which is linear
up to logarithmic factors.

The finite-dimensional approximation is usually done by finite element or finite
difference methods. The latter lead to linear systems of algebraic equations whose
solution is usually the bottleneck of the whole simulation. The coefficient matri-
ces arising from the discretization of differential operators are sparse; i.e., only a
bounded number of entries per row or column do not vanish. Such linear systems
are preferably solved by iterative methods, which in contrast to direct methods do
not change the sparsity of the matrix during the computation. The usage of modern
Krylov subspace methods requires only the ability to multiply the coefficient matrix
by a given vector. The convergence of the latter methods, however, is determined
by the spectrum of the matrix, which for discretizations of the considered problems
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behaves in such a way that the convergence rate of iterative methods deteriorates
for large n. Hence, so-called preconditioning, i.e., multiplying the linear system by
a non-singular matrix which improves the spectral properties of the coefficient ma-
trix, is unavoidable. Although finding appropriate preconditioners seems to be a
purely algebraic problem at first glance, efficient preconditioners usually rely on the
analytic background of the linear system.

One of the most efficient and best known solution strategies are multigrid meth-
ods [125, 46], which use an approximation of the solution on a coarse grid to com-
pute a better approximation on the next finer grid. These methods are able to solve
elliptic boundary value problems with asymptotic complexity of optimal order n.
They can either be used as an iterative solver, or they can be used for preconditioning
other iterations. From the point of efficiency, multigrid methods hence seem to sat-
isfy the requirements of future applications. However, these methods are not robust;
i.e., their efficiency depends on many factors such as the geometry, its discretiza-
tion, the coefficients of the differential operator and so on. Although considerable
advancements have been achieved in adapting geometric multigrid methods to any
kind of problem, for the application of numerical methods in practical computations
it is often expected that the method works in a black-box manner, i.e., with mini-
mal user interaction. In order to account for this requirement, so-called algebraic
multigrid methods [220] have been introduced which try to achieve the robustness
by mostly heuristic strategies.

Multigrid methods can be regarded as the application of an approximate inverse.
Robustness, however, can be expected in general only if the exact inverse of the
discrete operator is used for solving the problem. The inverse is a fully populated
matrix which requires ¢(n*) operations for its computation. A very popular idea to
avoid fully populated matrices are approximations of the inverse, so-called sparse
approximate inverses (SPAI), which possess the same sparsity pattern as the discrete
differential operator. The incomplete LU decomposition (ILU) is based on similar
ideas; see [223]. Although the construction of these preconditioners is attractively
fast, their preconditioning effect is limited due to the unnatural restriction of fully
populated matrices to sparse matrices.

With the advent of data-sparse matrix representations, it has become possible to
treat fully populated matrices with almost linear complexity. The introduction of
hierarchical matrices (#-matrices®) by Hackbusch et al. [127, 132] has paved the
way to methods which have almost linear complexity and which are robust. Hierar-
chical matrices are an algebraic structure which represent sub-blocks and thus each
entry of a fully populated matrix by low-rank matrices. In addition to efficiently stor-
ing matrices, #-matrices provide approximate variants of the usual matrix opera-
tions such as addition, multiplication, and inversion with almost linear complexity.
Many of the existing fast methods are based on multi-level structures; see, for in-
stance, sparse grids [262, 54] and hierarchical bases [261]. In contrast to multigrid
methods, the efficiency of .77-matrices is based on a suitable hierarchy of partitions
of the matrix indices.

2 #/-matrices should not be confounded with H-matrices known from linear algebra; see [149].
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While the discretization of differential operators leads to sparse coefficient matri-
ces, discrete integral operators are usually fully populated. It is obvious that already
computing the entries of the coefficient matrix does not meet the above require-
ments. Hence, various efficient numerical schemes for the efficient treatment of non-
local operators have become widely popular in the last decades. The origin of one
class of methods are algorithms [6, 14] for the efficient evaluation of many-body
interactions. Well known are the fast multipole method [215] and the panel clus-
tering method [137, 138], to name just a view. J#-matrices and mosaic-skeletons
[252] can be regarded as algebraic generalizations of such methods. A second class
are wavelet compression techniques [3], which lead to sparse and asymptotically
well-conditioned approximations of the coefficient matrix. All previous methods
approximate the discrete integral operator in their specific way. This additional er-
ror has an insignificant contribution as long as it is of the order of the discretization
error. A direct solution with standard methods is prohibitively expensive. The iter-
ative solution of linear systems arising from the discretization of integral operators
is usually less sensitive with respect to the number of degrees of freedom. It will
actually be seen in the course of this book that the influence of boundary conditions,
for instance, on the convergence properties may be more severe than the dependence
on n. For such problems it is necessary to have preconditioners which, in addition
to the asymptotic dependence on n, are also able to account for large constants.

Aims

The aim of this book is to introduce a new class of approximate preconditioners
for discretizations of both differential and integral operators. The basic structure
which is used to compute the approximations are hierarchical matrices. Since these
matrices can handle fully populated matrices with almost linear complexity, we are
enabled to approximate each entry of the inverse of discretizations of differential
operators, for instance, with arbitrary accuracy. The main advantage of approximate
preconditioners over existing preconditioners is that problem-independent conver-
gence rates can be achieved. Established preconditioning techniques guarantee at
most the boundedness of the condition number with respect to n such that the dis-
cretization or the coefficients of the operator may still lead to a large number of
iterations. High-precision approximations of the solution operator can also be used
as direct solvers. The usage as preconditioners of iterative schemes is however more
efficient unless systems with many right-hand sides are to be solved.

Any matrix can be approximated by a hierarchical matrix with arbitrary accuracy.
Most of the matrices, however, will lead to a complexity of the approximant that is
at least as high as the complexity of the original matrix, because the required block-
wise rank may grow linearly with n and with the approximation accuracy. One of the
main aims of this book is to show that .7°-matrices can be used to approximate solu-
tion operators of elliptic boundary value problems with almost linear complexity. In
order to be able to guarantee this complexity of the 7#-matrix approximants, it is in-
dispensable to analyze the approximation of discrete inverses. It will be proved that
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the efficiency of the approximation by #-matrices depends logarithmic-linearly on
the number of degrees of freedom n and logarithmically on the accuracy of the ap-
proximation. The complexity is influenced neither by the shape of the domain or its
discretization nor by the smoothness of the coefficients and at most logarithmically
by their sizes. Blockwise low-rank approximants seem to be capable of adapting
themselves to the respective problem. Especially the analysis of the dependence of
the approximation on the coefficients of the operator is a main concern of this book.
It will be seen that L™ coefficients are enough for the existence of approximants —
a quite surprising result, because the existence of such kind of approximants used
to be attributed to the local smoothness of the Green function, which is only locally
Lipschitz continuous in the case of L™ coefficients.

The approximation theory for both scalar and systems of elliptic partial differ-
ential operators will be derived under quite general assumptions. All results can be
ascribed to one single principle, the interior regularity, which is characteristic for
elliptic boundary value problems. This allows to treat also higher order partial dif-
ferential operators such as the biharmonic operator. In addition, it will show that all
problems from the class of elliptic operators can be treated by the same kind of hier-
archical subdivision of the computational domain. Hence, low-precision .7#-matrix
approximations of the inverse can be expected to provide robust preconditioners
which can be computed with almost linear complexity in a purely algebraic manner.
The robustness of 7Z-matrices is however paid by the disadvantage that these pre-
conditioners are often slower for standard problems than a preconditioner which is
tailored to the specific problem.

A lack in both, practice and theory, is that the approximation by 5#-matrices
requires the grid to be quasi-uniform although special types of non-uniform grids
have been shown to be treatable. The reason for this is that general grids cannot be
subdivided such that the number of degrees of freedom and their geometric size are
halved at the same time. In order to be able to treat especially graded meshes, which
arise, for instance, from adaptive refinement, we introduce a matrix partitioning
that is based on the matrix graph. A first algebraic approach to the approximation of
inverses of general sparse matrices by .7#-matrices is presented. This approach helps
to explain the phenomenon of so-called weak admissibility; i.e., the observation that
blocks can be approximated by low-rank matrices although they are not admissible
in the usual sense, i.e., far enough away from the singularity.

In addition to the existence of J#-matrix approximants to the inverse, it will
be proved that the factors of the LU decomposition can be approximated by
¢ -matrices. For this purpose we present a proof which is based on an approxi-
mation result for the Schur complement. The latter result is particularly important
if domain decomposition methods are to be accelerated by .7Z-matrices. Although
it is not required to use domain decomposition methods in the presence of variable
coefficients, the combination of #’-matrices with the latter methods provides an ef-
ficient means to improve the computation time by parallelization. The existence of
¢ -matrix approximants to the factors L and U of the LU decomposition is of great
practical importance, because such approximations can be computed with signifi-
cantly less numerical effort than the inverse requires. The ideas of nested dissection
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LU decomposition will be used to further improve the efficiency of the hierarchical
LU factorization.

The efficient treatment of integral equations by .7Z-matrices is a second major
concern of this book. Integral equations may arise directly from physical modelling,
but they may also result from reformulating boundary value problems under suitable
conditions as boundary integral equations. This reformulation is of particular impor-
tance if exterior boundary value problems are to be solved. In [17, 18, 32] we have
presented a method, the adaptive cross approximation (ACA), which can be used
to construct ##’-matrix approximants from few of the original matrix entries. One
of the advantages of ACA over the established multipole methods is that existing
computer codes can be used to compute the original matrix entries, while multipole
methods require a complete recoding. In this book we present a short proof which
treats Nystrom, collocation, and Galerkin discretizations in a unified way. From the
convergence analysis it will be seen that ACA is quasi-optimal in the sense that the
constructed low-rank matrices are optimal up to constants. Just as in the case of
discretizations of differential operators, the complete theory will be derived from
interior regularity. Applications of ACA to nonsmooth boundaries have shown that
a thorough choice of rows and columns is important to satisfy the assumptions of
the convergence proof of ACA. We present a pivoting strategy which guarantees that
ACA converges reliably. Since the construction of the coefficient matrix is still the
most expensive part of the computation, scheduling algorithms for the paralleliza-
tion of the matrix construction using ACA will be presented. Furthermore, we will
present a recompression technique based on ACA which achieves the same order of
complexity as fast multipole methods and .7#2-matrices.

After constructing the coefficient matrix, preconditioners can be obtained from
low-precision LU factorizations of the approximants in a purely algebraic way. We
will construct preconditioners for mixed boundary value problems with almost van-
ishing Dirichlet part. Since the coefficient matrices of such problems are close to
singular, it is likely that perturbations introduced by the #’-matrix approximation
change important properties such as the positivity of the matrix. In order to preserve
these, we introduce stabilization techniques for the approximation by 7#’-matrices.

Overview

This book can be subdivided into three main parts. In the first part we review the
structure of hierarchical matrices. The basic principles which the efficiency of 7-
matrices is based on are presented in Chap. 1. The first ingredient are matrices of low
rank. We review basic properties of low-rank matrices in Sect. 1.1. The second prin-
ciple is a suitable partition of the matrix into sub-blocks. It will be seen in Sect. 1.3
that a hierarchical matrix partitioning is required for an almost linear complexity.
A very basic example of .7-matrices, which demonstrates all important effects,
can be found in Sect. 1.3.1. The construction of general partitions will be based on
cluster trees; see Sect. 1.5. It will be proved that a matrix partition which is based
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on the matrix graph has the same key properties as usual partitions, although it does
not use any geometric information.

In Chap.2 we estimate the complexity of 7#-matrices and the complexity of
algorithms which can be used to compute approximate matrix operations such as
addition, multiplication, and inversion. The efficient multiplication of a matrix by
a vector is a central problem when solving linear systems by a Krylov subspace
method. In order to improve the execution time, we show how J#-matrices can
be multiplied by a vector in parallel; see Sect. 2.3. Since adding 7#-matrices leads
to approximation errors, it may happen that important matrix properties such as
the positivity are lost. A stabilization technique is presented in Sect.2.5.1 which
guarantees that the sum of two positive definite matrices remains positive definite.

The quality of the underlying matrix partition is crucial for the efficiency of
¢ -matrices. Since the initial matrix partition is generated from a condition on
the respective block that is only sufficient, one can expect that it contains re-
dundancies which are to be removed. We analyze the complexity of an algebraic
technique which can be used to improve partitions by agglomerating neighboring
blocks; see Sect.2.6. In Sect.2.9 and Sect.2.10 we present the hierarchical LU
decomposition and the hierarchical QR decomposition. In Sect.2.12 we will find
sufficient conditions on the precision of .7-matrix approximants to guarantee the
desired preconditioning effect. It will be seen that arbitrarily bad condition num-
bers of the original matrix can be equalized by sufficiently accurate approximations.
Since the approximation accuracy enters the complexity estimates only logarithmi-
cally, the complexity of the preconditioner will depend only logarithmically on the
condition number of the discrete elliptic operator.

In this first part we regard #-matrices from a purely algebraic point of view.
Hence, all complexity estimates will assume that the blockwise rank is bounded.
In Chap. 3 and Chap. 4, .77-matrices will be applied to boundary element and finite
element discretizations of elliptic operators. By restricting the class of problems it
will be possible to prove bounds on the required rank of the #-matrix approx-
imation thereby proving almost linear complexity of the computed 7 -matrices.
After giving evidence that elliptic problems lead to asymptotically smooth singu-
larity functions in Sect. 3.2, we show in Sect. 3.3 that asymptotically smooth ker-
nel functions can locally be approximated by degenerate kernels. This, in turn, can
be used to define low-rank matrix approximants of discrete integral operators. In
Sect. 3.4 we prove the convergence of the adaptive cross approximation method.
The storage complexity of ACA generated .77-matrices can be brought down to
level of .7#%-matrices using the recompression technique presented in Sect. 3.5. In
order to demonstrate the reliability of ACA, we apply it to complicated geometries
in Sect.3.6. We report the results of numerical experiments with the hierarchical
LU preconditioner and demonstrate the efficiency and ease of use of these methods
when they are applied to real applications from electromagnetism and from linear
elasticity.

In Chap. 4 we first prove the fundamental result that the inverse of discrete dif-
ferential operators can be approximated by .7-matrices with logarithmic-linear
complexity. Based on the existence results for the inverse we show in Sect.4.2
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that .7Z-matrices can be used to efficiently treat Schur complements. This result
paves the way to complexity estimates for the approximation of the factors L and
U of the LU decomposition. The ideas of nested dissection can be adopted in or-
der to improve and parallelize the hierarchical matrix LU factorization algorithm;
see Sect.4.5. As we have mentioned, .7/-matrix approximants are mainly used for
the purpose of preconditioning in this book. Their efficiency is demonstrated in
Sect. 4.4 when low-precision hierarchical LU preconditioners are applied to finite
element discretizations. We compare the LU preconditioner with current sparse di-
rect solvers. The property that the same algorithm can be used for all operators from
the class of elliptic boundary value problems is helpful when nonlinear problems
are to be treated efficiently. Such problems are usually solved by Newton’s method,
which approximates the nonlinearity by a sequence of linear problems with possibly
varying properties of the operators. In Sect. 4.6 we present an .77 -matrix accelerated
version of Broyden’s method which is based on explicitly updating the LU decom-
position if a rank-1 matrix is added.



Chapter 1
Low-Rank Matrices and Matrix Partitioning

In this chapter we introduce the two principles the efficiency of hierarchical matri-
ces is based on. In Sect. 1.1 we consider low-rank matrices and their approximation
properties. Compared with general matrices the members of this subclass contain
less independent information, which can be exploited to reduce their storage re-
quirement and to speed up arithmetic operations such as addition, multiplication,
and even their singular value decomposition. Matrices usually cannot be represented
globally by low-rank matrices. A generalization are semi-separable matrices (cf.
Sect. 1.2) which are low-rank on each block in the upper or lower triangular part.
Semi-separable matrices can be used to treat boundary value problems of one spa-
tial dimension. For boundary value problems in general spatial dimension the matrix
has to be appropriately partitioned using the techniques from Sects. 1.3—1.5.

1.1 Low-Rank Matrices

Let m,n € N and A € C"™" be a matrix. The range of A is defined as the result of
multiplying A by any vector from C”

ImA :={Ax e C",x € C"}.
The rank of A is the dimension of its range
rankA :=dimImA.

We will make use of the following well-known relations; see for instance [148].
Theorem 1.1. Let m,n,k € N. Then it holds that

(i) rankA < min{m,n} for all A € C"™*";
(ii) rank(AB) < min{rankA,rank B} for all A € C"™*? and all B € CP*";
(iii) rank(A + B) < rankA +rank B for all A,B € C"™*".

M. Bebendorf, Hierarchical Matrices. Lecture Notes in Computational Science and Engineering 63, 9
(© Springer-Verlag Berlin Heidelberg 2008
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We denote the set of matrices A € C™*" having at most k linearly independent
rows or columns by

Cpr":={AeC"™" :rankA < k}.

Note that C;"*" is not a linear space. The rank of the sum of two rank-k matrices is
in general only bounded by 2k; see Theorem 1.1. An important property is that the
rank of each sub-block of A € C}'*" is bounded by .

Matrices having a rank that is relatively small compared with their dimensions m
and n are one of the basic structures the efficiency of hierarchical matrices is based
on. Therefore, in the next section we remind the reader of some of their important
properties.

1.1.1 Efficient Representation

In this book only two kinds of matrix representations will be considered. One is
the (usual) entrywise representation and the other is the outer-product form (1.1).
There are many other ways to represent matrices if additional information about
their structure is given. For instance, it is sufficient to store only the first row and the
first column of a Toeplitz matrix. Such additional information, however, is available
only in special situations. Our aim is to exploit properties that are present for a whole
class of problems.

Since among the n columns of A € C;"*" only k are sufficient to represent the
whole matrix by linear combination, the entrywise representation of A contains re-
dundancies which can be removed by changing to another kind of representation.

Theorem 1.2. A matrix A € C"™*" belongs to C;"*" if and only if there are matrices
U e C™*and V € C™ such that

A=UVH. (1.1)

The representation (1.1) of matrices from C};'*" is called outer-product form. If
ui, vi, i = 1,...,k, denote the columns of U and V, respectively, then (1.1) can be
equivalently written as

k
H
A= Z uv;' .
i=1
Hence, instead of storing the m - n entries of A € C}"*", we can equally store the
vectors u;, vi, i = 1,... k, which require k(m + n) units of storage.

In addition to reducing the storage requirements, the outer-product form (1.1)
also facilitates matrix-vector multiplications

Ax=UVHx=U(V"x),
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i.e, instead of computing the update y := y+ Ax in the entrywise way, A can alterna-
tively be multiplied by x using the following two-step procedure:

1. define z:= VHx e Ck,
2. compute y :=y+Uz.

Hence, instead of 2m - n arithmetic operations which are required in the entrywise
representation, the outer-product form amounts to 2k(m + n) — k operations. Note
that these fundamental properties are also exploited when dealing, for instance, with
Householder reflections.

Assume for a moment that m = n. Although the outer-product form replaces one
dimension in the complexity of matrices from C}'*" by 2k, i.e., instead of m-n = m?
we have k(m + n) = 2km, this representation might not be advantageous compared
with the entrywise representation. If we are dealing, for instance, with full-rank
matrices, i.e., k = m, k(m+ n) will have the size 2m?, which is twice as large as the
expression m - n appearing as the complexity of the entrywise representation. By the
following definition we characterize matrices for which the outer-product form is
advantageous compared with the entrywise representation.

Definition 1.3. A matrix A € (CZ’X” is called a matrix of low rank if
k(m+n) <m-n. (1.2)

Thus, low-rank matrices will always be represented in outer-product form (1.1),
while the entrywise representation will be used for all other matrices.

If A,B € C"*" are non-singular matrices and B arises from A by adding a matrix
UVH € C*", then provided that I +V#A~!U is non-singular also the inverse of B
arises from the inverse of A by adding a matrix from C}™":

B'=A""-Ava+viatu)y-lviaT (1.3)

The previous identity is usually referred to as the Sherman-Morrison-Woodbury
formula; cf. [148].

Besides arithmetic operations also the norm of a matrix is often required. The
Frobenius norm

12
m n
lA||lF := VitraceAFA = (Z Z aij|2>
i=1j=1
of A € C}"" can be computed with 2k?(m + n) operations due to
) k
IOV =Y (uf'uj) (). (1.4)
ij=1

Similarly, the spectral norm

I4ll2 = /p(a"4) = \[o(vUHUVH) =\ [p(urUvHY),
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where p(A) denotes the spectral radius of A, can be evaluated with & (k*(m + n))
arithmetic operations by first computing the k x k matrices U”U and V¥V and
then computing the largest eigenvalue of the product. Note that this is advanta-
geous compared with the entrywise way of computing the Frobenius or the spectral
norm only if k>(m -+n) < m-n, which is a stronger condition on the size of k than
condition (1.2).

Sometimes it is useful that U and V have orthonormal columns; i.e., it holds that
UHU = I, = VHV . In this case we have to introduce an additional coefficient matrix
X € RF*k and replace (1.1) by the orthonormal outer-product form

A=UXVH, (1.5)

If the previous representation is employed, the computation of the Frobenius norm
simplifies to

k
XVl =X]r= | ¥ il

1

LJ

which requires only ¢ (k?) operations. Since the spectral norm is unitarily invariant,
too, we have
lXVH 2 = X[,

which leads to the computation of the largest eigenvalue of a k X k matrix.

1.1.2 Adding and Multiplying Low-Rank Matrices

In addition to multiplying low-rank matrices by vectors, also the problem of effi-
ciently multiplying and adding low-rank matrices will occur.
We first consider the multiplication of two low-rank matrices A € (CkmAX" and B €

ng:" in outer-product representation A = Uy Vf and B = UgVZ. As we know from
Theorem 1.1, the rank of the product AB is bounded by min{k4,ks}. Hence, the
outer-product form will be advantageous for the product AB as well. There are two
possibilities for computing AB = UV:

(a) U:=Uy (VfUB) and V := Vp using 2kakp(m+ p) — kg(m+ k4) operations;

(b) U:=Uy and V := V(UL V) using 2kakp(p +n) — ka(n+ kg) operations.

Depending on the quantities kg4, kg, m, and n, either representation should be chosen.
If exactly one of the matrices A or B is stored entrywise, say B, we have the
following outer-product representation of AB:

AB=UVH,

where U := Uy € C™* and V := B¥V, € C"™k. This requires ky(2p — 1)n
operations.
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Remark 1.4. The previous complexity estimate seems to indicate that the number of
operations is quadratic with respect to the dimension. However, the situation that B
is not low-rank will occur only if its dimensions are bounded by a constant.

If the orthonormal outer-product form (1.5) is used, i.e., A = UAXAVf S (CZ"XP

and B = UpXgV§ € CL™", then
AB=UsXV}, where X := X,V UpXp.

Notice that X € C**k can be computed with k*(2p + 2k — 3) operations. In the
case that A € C"™*? is stored entrywise, the orthonormal outer-product form can
be reestablished for AUBXBVI? by a QR decomposition of AUp.

If two matrices A € C}"*" and B € C"*" having the representations A = Uuvi
and B= UBV,f are to be added, the sum A + B will have the following outer-product
representation

A+B=UV"

with U := [Ua,Up] € C™* and V := [V4, V5] € C™*, which guarantees that
rank(A + B) < ks +kp =: k. (1.6)

Hence, apart from the reorganization of the data structure, no numerical operations
are required for adding two matrices in outer-product form.

A lower bound than (1.6) for the rank of A + B cannot be found for general low-
rank matrices. Hence, the rank of A + B will be considerably larger than the ranks
of A and B although A + B might be close to a matrix of a much smaller rank.

1.1.3 Approximation by Low-Rank Matrices

Although matrices usually have full rank, they can often be approximated by ma-
trices having a much lower rank. The following theorem (see [231, 85, 188]) states
that the closest matrix in (CZ”” to a given matrix from C"™*", m > n, can be obtained
from the singular value decomposition (SVD) A = ULV with UHU = I, = ViV
and a diagonal matrix X € R™" with entries 0] > ... > 0, > 0. Interestingly, this
result is valid for any unitarily invariant norm.

Theorem 1.5. Let the SVDA=UXVH of A € C"™*", m > n, be given. Then fork € N
satisfying k < n it holds that

min A —M|| = [|A = Axl| = [|Z = Zl, (1.7)
MeTy"

where Ay :=UX V¥ € CJ™" and X := diag(o, ..., 0%,0,...,0) € R™",

Note that the approximant UX; V¥ has the representation (1.5). If the outer-product
representation is preferred, either U or V has to be multiplied by X;.
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If the spectral norm || - ||, is used in the previous theorem, then
|A = Arll2 = Gt

while in the case of the Frobenius norm one has

n
IA-Ad7= Y of
=kt

Hence, the approximation error in unitarily invariant norms can be obtained by in-
specting the singular values of A.

The information about the error ||A —Ag|| = || X — Zi|| can be used in two different
ways. If the maximum rank k of the approximant is prescribed, one gets to know the
associated error. If on the other hand a relative accuracy € > 0 of the approximant
Ay, is prescribed (say with respect to the spectral norm), i.e.,

1A —Axll2 < el|All2,
then due to (1.7) the required rank k(€) is given by
k(¢) :=min{k e N: opy < €01 }.

Remark 1.6. Later on it will be seen that appropriate blocks of matrices arising from
the discretization of elliptic operators will have the property that they can be approx-
imated by exponentially converging low-rank matrices Sg; i.e.,

1A = Skll2 < ¢“lIAll2

for some 0 < g < 1. As a consequence of this exponential convergence the singular
values
Gir1 = A —All2 < |4 = Sill2 < ¢*||A]l2 = ¢ o

of such blocks decay exponentially. Hence, the rank k(€) of the approximant will
depend only logarithmically on the given accuracy €. Since the approximant Sy will
not be generated from the SVD, its rank cannot be expected to be optimal. In this
case S; can be recompressed, i.e., an approximant with lower rank can be found
which also guarantees the prescribed accuracy. A similar situation occurs if the ac-
curacy of the approximant S; can be reduced. This happens, for instance, when
computing low-precision preconditioners from a given matrix.

Instead of the SVD one could also obtain low-rank approximations by a rank-
revealing OR decomposition (RRQR). Let k € N, A € C"™*", m > n, with non-
increasingly ordered singular values o7 > 0> > --- > 0, > 0. A rank-revealing OR
decomposition is a QR decomposition

AIT = OR
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with Q € C™*" having orthonormal columns and a permutation matrix IT € R**"
such that Ry; € C¥ in

__|R11 Rz
k= [ 0 Ry

} E CHXYL7

is upper triangular and ||Ra|| = @(0y1). In this case let U € C™** be the first k
columns of Q and V :=I1 [Rn Rlz]H. Then

|A—UVH |y = |Rall2 < O

The computation using &(kmn) operations can be done using, for instance, the
Businger-Golub algorithm [56]. Rank-revealing factorizations, however, are less
reliable than the SVD. In order to find the optimum approximant Ay, it remains to
compute the singular value decomposition, which requires ¢ (mn?) operations for
general matrices A € C"™*", m > n. If the given matrix A has low rank and if it is
stored in outer-product form, then its SVD can be computed with significantly less
operations. How this is done is explained in the following section.

1.1.4 Singular Value Decomposition of Low-Rank Matrices

The singular value decomposition of matrices C™*", m > n, is an expensive opera-

tion. From [106, §5.4.5] it can be seen that the cost of computing an SVD for general

matrices from C”*" is 14mn* + 8n (complex operations). However, for matrices

A=UVH € C]™" itis possible to compute an SVD with complexity &' (k*(m+n)).

A method based on Gram matrices was proposed in [127]. The following method,

which was introduced in [18], uses the QR decomposition and is more efficient.
Assume we have computed the QR decompositions

U= QURU and V = QvRV

of U € C™* and V € C™**, respectively. According to [106, §5.2.9], this can be
done with 4k*(m +n) — §k3 operations. The outer product Ry RI! of the two k x k
upper triangular matrices Ry and Ry is then decomposed using the SVD

A A

RyRE =0%VH.

Computing RURI\Z needs %(2k2 + l—zlk — 1) operations, and the cost of the SVD
amount to 22k operations. Since QyU and QyV both have orthonormal columns,

A=UV" = (QuU)E(QyV)H

is an SVD of A. Together with the products Oy U and Qy V, which require k(2k — 1)
(m+ n) operations, the number of arithmetic operations of the SVD of a rank-k
matrix sum up to
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OR decomposition of U and V  4k*(m+n) — 313

Computing Ry RY 2K 4+ a2 — Lk
SVD of RyRE 2243
Computing QyU and QyV k(2k—1)(m+n)

~ 6k*(m +n) +20k>

operations.

1.1.5 Approximate Addition of Low-Rank Matrices

When computing the sum of two low-rank matrices, we have to deal with the prob-
lem that C}"" is not a linear space. If two matrices A € (CZ;X” and B € C; " having

the representations A = Uy VI and B = UgV}! are to be added, the sum
A+B=UV"

with U := [Ua,Up] € C"™* and V := [V4, V] € C"™ might however be close to a
matrix of a much smaller rank. In this case the sum of two low-rank matrices can
be truncated to rank k. This truncation will be referred to as the rounded addition.
Employing the SVD of low-rank matrices from the previous section, the rounded
addition can be performed with &'((ka + kg)?(m +n)) operations.

Theorem 1.7. Let A € CZZX", Be (CZ;X", and k € N with k < ks + kg. Then a matrix
S e C" satisfying

JA+B—S|= min [JA+B— M|
MeCy*"

with respect to any unitarily invariant norm || - || can be computed with 6(ks +
kg)?(m+n)+20(ks + kg)* operations.

In some applications it may also occur that the sum of several low-rank matrices
A; € CZX”, i=1,...,4, has to be rounded. In this case, the complexity analysis
reveals a factor (Zle k;)? in front of m + n. In order to avoid this, we gradually

compute the rounded sum pairwise. In this case the number of operations reduces to

-1 (-1

6 Y (ki+kis1)*(m+n)+20Y (ki+kit1)’
i=1 i=1

for the price of losing the best approximation property.
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1.1.5.1 Exploiting Orthogonality for the Rounded Addition

The rounded addition is the most time-consuming part in the arithmetic of hierar-
chical matrices. Therefore, it is worth investigating other algorithms for the rounded
addition. In Theorem 1.7 it is assumed that A and B enter the computation through
the outer-product representation (1.1). If the representation (1.5) is used instead, the
numerical effort can be further reduced. Assume that

A=UsXyVH and B=UpXpV}i,

where Uy, V4, Ug, and Vg have orthonormal columns and X, € Rk *ka | X € Rks>ks,
Then

A+B = [Uy,Us] {XA ] [Va, V]

Xp

Assume that k4 > kp. In order to reestablish a representation of type (1.5), we
have to orthogonalize the columns of the matrices [Uy,Up] and [V4, V3]. Let

Zy :=UlUg e CM*k8 and Yy = Up — UpZy € C™s,
Furthermore, let QyRy = Yy, Qu € C™**8, be a QR decomposition of Yy;. Then

[Us, U] = [Us, Qu] {I Izﬂ

is a QR decomposition of [Uy, U], because the columns of Uy are already orthonor-
mal. Similarly,

[V, Vi) = [Va, Ov] {I IZ?‘;]

is a OR decomposition of [V4, V], where Zy := VVg € Ck*ks and QyRy =Yy is
a OR decomposition of Yy :=Vp —V4Zy € C™<ks_We obtain

Xa +ZyXpZl ZyXpRY

_ H
A+B_ [UAvQU] |: RUXBZ‘I;I RUXBRI‘}I:| [VA7QV} .

From this point on one proceeds in the same way as for the SVD of low-rank matri-
ces.
The orthogonalization of [Uy, Ug| using the previous method requires

Computing Zy kakg(2m—1)
Computing Yy 2kakpm
Decomposing Yy 4k123m - %kg
Ak (ka + kg)m — kp(ka + 3k3)

operations, while applying the QR factorization algorithm to [Uy, Up] needs 4(ks +
kg)>m — %(kA + kg)? operations. If k := k4 = kg, then the proposed variant re-
quires 8k%m — kz(%lﬂ— 1) operations, while 16k?m — IO%k3 operations are needed to
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decompose [Uy, Up] directly. In Table 1.1 we compare the two ways of computing
the rounded addition for five problem sizes. The presented CPU times are the times
for 10000 additions with accuracy € = 1;90—2. Hence, using the modified addition
algorithm almost half of the time can be saved by exploiting the property that the
columns of Uy and V4 are already orthonormal.

Table 1.1 10000 executions of the old and the new rounded addition.
mXxn ky kg|time old time new  gain

200 x 100 8 5| 5.23s 478s 9%

300 x200 10 7| 12.57s 8.51s 32%

400 x 200 11 8| 16.05s 9.92s 38%

600 x 300 12 9| 30.05s 1594s 47%

800 x 400 13 10| 4597s 23.82s 48%

1.1.6 Agglomerating Low-Rank Blocks

We will come across the problem of unifying neighboring blocks to a single one for
the purpose of saving memory. This operation will be referred to as agglomeration.
Assume a 2 x 2 block matrix

Ay Ay| H

[ As A4] ~UXV

consisting of four low-rank matrices A; = U,-X,-ViH withU;, V;,i=1,...,4, each hav-
ing k orthonormal columns is to be approximated by a single matrix A = UXVH ¢

Cp™". Since
AL Ay A Ay
s At B X PR B O £

this problem may be regarded as a rounded addition of four low-rank matrices.
Therefore, a best approximation in C;"*" can be computed using the SVD of low-
rank matrices.

Compared with the rounded addition of general low-rank matrices, the presence
of zeros should be taken into account. Since

AL Ay Ao A~ UL U2 s 1 V3
|:A3A4:| =UXV", whereU := Us Us|’ V= AR

and X = diag(X;,i=1,...,4), it satisfies to compute the QR decompositions

[U1,Uz] = Q1R1, [U3,Us) = Q2Ro, [V1,V3] =Q3R3, and [V2,V4] = Q4R4.



1.2 Structured Low-Rank Matrices 19

Let R; = [R},R!'] be partitioned with R}, R/ € C***k_ then

[ RAu ) 1

DRVH — 01 RX\ R RIXRHE [0
02| |RAX3RYM RYX4RYH ol

The number of arithmetic operations can be estimated as

Computing the QR decompositions 16k% (m +n) — IS%k3
Computing R\ X\ R, R{XoRIH, RAX3 R, RYXGR)T 2k3, 4k3, 4k3, 6K
Computing the SVD of Ry XR{/ 22(4k)?

Building the unitary factors 8k (m+n)

~ 24k*(m+n) + 14085k

The amount of operations can be reduced if each of the matrices [A,A;] and [A3,A4]
is agglomerated before agglomerating the results. However, in this case we cannot
expect to obtain a best approximation in C};"*".

1.2 Structured Low-Rank Matrices

We have seen in the previous section that low-rank matrices are an efficient means
to approximate matrices having exponentially decaying singular values. A global
approximation by low-rank matrices, however, is possible in only few applications.
A generalization of the class of low-rank matrices are structured low-rank matrices.

Definition 1.8. A matrix A € C"™*" is called matrix of structured rank k if ma-
trices U € C™*, vV € C™* and numbers j; € {1,...,n}, i = 1,...,m, satisfying
Ji < ji+1 can be found such that

Here, u;,v; € C* denote the ith rows of U and V, respectively.

If the j;, i = 1,...,m, are not monotonously increasing, then the rows have to be
reordered such that this assumption is fulfilled.

Structured rank-k matrices require k(m + n) units of storage for the matrices U,
V and m units for the indices j;. Although such matrices usually have full rank, they
can be multiplied by a vector x with & (k(m+ n)) operations due to the following
observation:

Ji
— _ H _H
yi = (Ax); = Z Viwxj = s u;,
Jj=1
RN o Ji T
where s; '—_ijliVJf‘91*1+):j:jiil+1xlvf' o
An obvious alternative representation of structured rank-k matrices is
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k
A=Y diag(u) E diag(vy),
(=1

where uy € C™ and vy € C" now denote the ¢th column of U and V, respectively,
and the entries of E are given by

o 17 J<Ji
e,-j =
0, else.

Before we define what (p, ¢)-semi-separable matrices are, we introduce (similar
to the respective MATLAB commands) the notation triu(A, p) for the matrix which
results from A by setting the diagonals below the pth supdiagonal to zero. Analo-
gously, tril(A, p) denotes the matrix with zero diagonals above the pth subdiagonal
of A.

Example 1.9. For

123
A:=1456
789
we have
23
triu(A, 1) = 6| and tril(A,1)= |4

78

Definition 1.10. A matrix A € C"*" is said to be (p, ¢)-semi-separable if matrices
U,V € C"*P and W,Z € C"*4 can be found such that

A = triu(UVH0) +il(WzH ) 1).
The matrix A is called diagonal-plus-semi-separable if
A =trin(UVH 1)+ D+ uil(Wz 1)
with some diagonal matrix D € C"™*".

Therefore, semi-separable matrices (see [254]) can be represented as the sum of
a structured rank-p and a structured rank-g matrix. Hence, they can be multiplied
by a vector with complexity &'((p + ¢)n) using Algorithm 1.1.
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y:=Dx
fork=1,...,qdo
S 1= Z1kX1
fori=2,....,ndo
Yi = Yit+Wwiks
S =8+ ZigXi
fork=1,...,pdo
S 1= VyiXn
fori=n—1,...,1do
Yik 7= Yik + UikS

S =S5+ ViX;
Algorithm 1.1: Diagonal-plus-semi-separable matrix times a vector.

The multiplication with the Hermitian transposed A” can be done in the same way
after interchanging the roles of U, Z and V, W, respectively. Multiplying semi-
separable and general matrices A € C"*" can therefore be done with &'((p + g)mn)
arithmetic operations.

Semi-separable matrices can be used to explicitly represent inverses of banded
matrices and solution operators of elliptic boundary value problems in one spatial
dimension; see Sect. 4.1.1. They can be factored by triangular matrices with linear
complexity; cf. [86, 87, 179, 60, 59]. A generalization of semi-separable matrices
are hierarchically semi-separable matrices [62, 61]. The latter class of matrices
is based on a hierarchical matrix partition which, however, is too restrictive to treat
problems in more than one spatial dimension. The following section on matrix parti-
tioning will describe how to generate partitions which are appropriate for problems
of arbitrary dimension.

1.3 Admissible Partitions

Typically, matrices A € C™*" can be approximated by low-rank matrices only on
sub-blocks of an appropriately chosen partition of the matrix indices I x J. Here and
in the rest of this book, I and J will be used as the set of row and column indices
I:'={1,...om}and J:={1,...,n}.

Definition 1.11. Let /,J C N. A subset P C Z(I x J) of the set of subsets of I x J
is called partition if
IxJ=|]Jb
beP
and if by Nby # & implies by = b, for all by, b, € P. The elements b € P will be
called index blocks or just blocks.

It is common to denote the ith component of a vector x € C! by x;. We will use
the following generalization. If t C I, then x, € C' denotes the restriction of x to the
indices in 7. Note that C’ is used in contrast to C!! in order to emphasize the index
structure of x € C'. Analogously, A, or A, denotes the restriction of a given matrix
A € C"™*" to the indices in b :=1t x s, where t C [ and s C J.
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The aim of this section is to introduce algorithms for generating partitions P of
matrices A € C'*/ such that the restriction A, of A to each block b € P can either
be approximated by a matrix of low rank or is small. When constructing partitions,
we have to account for two contrary aims. On one hand the partition has to be
fine enough such that most of the blocks can be successfully approximated. On the
other hand the number of blocks must be as small as possible in order to be able to
guarantee efficient arithmetic operations. Finding an optimal partition is a difficult
task since the set of all possible partitions is too large to be searched for. Instead
of searching for the best partition, we will therefore construct partitions which are
quasi-optimal in the sense that they can be computed with almost linear costs and
allow approximants of logarithmic-linear complexity.

The question whether a block b can be approximated by a matrix of low-rank is
usually connected with the underlying problem the matrix A stems from. Since we
do not want to restrict ourselves to a specific problem in this part of the book, this
dependence will be incorporated into an abstract condition, the so-called admissi-
bility condition, which is required to satisfy

(i) if b is admissible, then the singular values of A; decay exponentially;
(i) the admissibility condition can be checked for each block ¢ x s € (I x J); the
required amount of arithmetic operations is & (|¢| 4 |s]);
(iii) if b is admissible, then any subset ' C b is admissible, too.

The following three examples give an idea what this admissibility condition
could be.

Example 1.12. Consider the function f(x,y) = (x+y)~! for x,y > 0. This function
is singular for x =y = 0 only. If the matrix A € R"*" arises from evaluating f at
given points x; > 0,i=1,...,n,i.e,

aij = f(xi,xj), i,j=1,...,n,

min diamX,  diamX; <
M dist(0,x,) dist(0,x,) f =P

then the condition

where X; := {x;,i € t} C R, leads to exponentially decaying singular values of the
block ¢ x s of A provided that 0 < 1 < 1. As usual, we define
diamX = — d dist(X,Y)= inf |x—
famX = max [x—y[ and dist(X,Y) ent lx =yl
for X,Y C R,

The exponential decay of the singular values is visible from the Taylor expansion
of f with respect to y > 0 about yp := max X;

v =) e Y 01
Floy) =Y, =0 f(xy0) = Y, Go—y) (x+y0) "+ Re(xy), (1.8
(=0 : (=0

k

where Ry (x,y) = (yo —y)¥(x +30) %! with some i € [y,yo0]. If y € X;, then
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diam X;

k
< —1.,k
dist(O,XS)) S @y)m

Re(x,y)] < (x+50)"! (

provided that diam X, < ndist(0,X;). Interchanging the roles of x and y, a similar
result can be obtained under the condition diamX; < 1 dist(0,X;).
According to (1.8), the matrices U € R”** and V € R**¥ defined by

)~ and ngz(yo—xj)é, icet,jes, £=1,...k,

uig = (xi + Yo
satisfy
jaij — OVl <ntlayl, i€t jées.
Hence, A;; can be approximated by a rank-k matrix UV with relative error n*. The
exponential decay of the singular values follows from Remark 1.6.

The condition from the next two examples will be important for the second part
of this book.

Example 1.13 (Elliptic problems). In the case of finite element discretizations of
elliptic operators each index set ¢ will be associated with a subdomain

Xt = LJ)(,’7

i€t

which is the union of supports X; C 2 of finite element basis functions defined on
the computational domain Q = [ J;; X;. For this class of problems a block ¢ x s will
be called admissible if the condition

min{diamX,,diam X, } < 7 dist(X;, Xs) (1.9)

is satisfied. Condition (1.9) reflects the fact that the Schwartz kernel S(x, y) of elliptic
solution operators is singular for x =y only; see Lemma 3.5 and (4.21). Depending
on the parameter 1 > 0, the singular values of blocks A, satisfying condition (1.9)
will be shown to decay exponentially.

Checking condition (1.9) is expensive. Especially the computation of dist(X;, X;)
requires O (|t| - |s|) operations. In order to be able to achieve an almost linear overall
complexity, we have to replace condition (1.9) by a sufficient condition which can
be evaluated with &(|t| + |s|) operations; cf. requirement (ii) on the admissibility
condition. We assume that the X, i € I, are polygonal. For t C I we set

pr = sup{|x —my|, x € X, },
where m; denotes the centroid of X;. If for t C I and s C J it holds that
2min{py, ps} +n(p: + ps) < Nlmy —my, (1.10)
then min{diam X;, diam X, } < 1 dist(X;,X;). This follows from diamX; < 2p, and

diSt(XtaXs) > |mt - ms‘ — Pr — Ps-
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The evaluation of condition (1.10) can be done with €(|¢| + |s|) operations.

It will be seen that in some cases it is enough to consider only information that is
contained in the matrix and omit the geometric information of the underlying grid.

Example 1.14 (Algebraic admissibility). For a given sparse and invertible matrix A €
CI*T Tet

G(A):={(i,j) €IxI:a;j#0o0ra;; #0} (1.11)

be its matrix graph. We assume that A is irreducible, i.e., for each pair (i, j) € I x I
there is a path connecting i and j in the matrix graph. By d;; we denote the minimal
length of such paths. For¢,s C I let

dist(r,s) = min d;; and diam7 = maxd;; (1.12)
ict, jes i,jet

A condition that is similar to (1.9) is, for instance,
min{diamz,diams} < ndist(z,s). (1.13)

In Sect.4.1.3 another and even relaxed condition of this kind will be used for the
approximation of inverses of sparse matrices.

Consider the admissibility condition (1.9) from Example 1.13, for instance. It
will be seen by arguments similar to those used in Example 1.12 that blocks con-
taining matrix indicies from the set

2 :={(i,j) € I xI: dist(X;,X;) = 0}

cannot be approximated by low-rank matrices because 2 represents the part on
which the Schwartz kernel S(x,y) is singular. In order to guarantee that such blocks
do not spoil the overall complexity, we have to make sure that they are small. This
leads to the following definition.

Definition 1.15. A partition P is called admissible if each block ¢ x s € P is either
admissible or small; i.e., the cardinalities |¢| and |s| of ¢ and s satisfy min{|¢|,|s|} <
Nmin With a given minimal dimension 7y, € N.

Figure 1.1 shows an admissible partition of the set of matrix indices I x I. Ob-
viously, the diagonal {(i,i),i € I} is a subset of Z. Depending on the problem,
% may however contain also off-diagonal pairs. This happens, for instance, if the
problem is defined in more than one spatial dimension. This partition guarantees
that the matrix entries corresponding to each block shown in Fig. 1.1 can be approx-
imated by a matrix of small rank. The rank of blocks containing indices from 2
will obviously be small since their dimensions are small.

The way we will construct admissible partitions is common practice for J7-
matrices; see [133, 18, 114]. In Sect. 1.4 we will define so-called cluster trees, which
are hierarchies of partitions of / and J. Their construction in view of the admissibil-
ity condition (1.9) will be described in Sect. 1.4.1. Based on a cluster tree for /, an
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Fig. 1.1 An admissible partition of 7 x I.

algorithm for partitioning / X J with a minimum number of blocks is presented in
Sect. 1.4.2. This partition is suitable for storing and multiplying A by a vector, but
it does not allow to perform matrix operations such as the matrix product and the
matrix inverse. If the latter operations are required, the partitioning from Sect. 1.5
has to be used instead. In that section partitions of / x J for arbitrary admissibility
conditions will be constructed based on cluster trees for / and J. Although this will
usually not result in an optimal partition, it will satisfy the mentioned requirements.
Since the definition of hierarchical matrices will be based on the partitioning from
Sect. 1.5, the quality of the partition mainly determines the efficiency of hierarchical
matrices. We remark that the purely algebraic method from Sect. 2.6 may be helpful
to improve a given partition.

Before we turn to the partitioning of general matrices, the aim of the next section
is to see that tensor partitions cannot satisfy the complexity requirements while hi-
erarchical partitions give promising complexities if blocks intersecting the diagonal
are assumed to be non-admissible.

1.3.1 Tensor vs. Hierarchical Partitions

In this section we assume that I = J. For the comparison of tensor and hierarchical
partitions we will investigate the memory consumption and the number of arithmetic
operations required to multiply such matrices by a vector if

(i) each diagonal block is stored as a dense matrix;
(i1) all other blocks 7 x s are assumed to be admissible and are stored as rank-1
matrices, i.e., A;; = uv!, where u € C! and v € C¥.

Let us first consider the case of tensor partitions (see Fig. 1.2)

P:P[XPIZ{thl‘gitk,lgGPI},
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where Py := {ty,k=1,..., p} is a partition of the index set I; i.e.,

P
I:Utk and fNty=0 fork=#/.
k=1

Storing A requires ZZ:] |t,|? units of storage for the diagonal and

Iy

I

Fig. 1.2 Tensor product partition.

)4
Z|fk|+\fé|—222\fk|_2 —1) ka|_ p—D|
] 127;C =

units for the off-diagonal blocks. Due to the Cauchy-Schwarz inequality

2
)4 )4

P> = (Z |tk|> <pY Il
=1

k=1

atleast |I|>/p+2(p—1)|I| units of storage are necessary to hold A. The minimum of
the previous expression is attained for p = /|I|/2 resulting in a minimum amount of
storage of order |1 |3/ 2. Hence, the required amount of storage resulting from tensor
product partitions is not competitive.

Let us now check whether a hierarchical partition leads to almost linear com-
plexity. For the ease of notation we restrict ourselves to a number n of unknowns
which is a power of 2; i.e., n = 27 for some p € N. By the following recursion we
will define a special hierarchical partition of a matrix A € C'*/. Assume that ¢ has
already been generated from I after ¢ subdivisions. Subdividing ¢ = {iy,...,i5p¢}
into two parts

tl = {l’h...,l‘zp—k—l} and t2 - {iz,)—k—l+1,...,i2p_z}
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of equal size, we obtain a 2 x 2 block partition of A, € C'*':

Ay = [Afm Afm} , (1.14)

i Alzfz

where A, € C'*%, i, j =1,2. Similarly to the case of tensor partitions, we restrict
the set of all A € C™*/ by the condition that the off-diagonal blocks Ay,;, and Ay,
are rank-1 matrices. The diagonal blocks A;;, and A;,;,, however, are subdivided
in the same way as A; i.e., its off-diagonal blocks are again restricted to rank-1
matrices while its diagonal blocks are subdivided and so on. This recursion stops
after p steps when the diagonal blocks are 1 x 1-blocks and cannot be subdivided
any further. The resulting partition in the case p = 4 is depicted in Fig. 1.3. The
set of such matrices will be denoted by .7Z,. Since apart from dense blocks on the

Fig. 1.3 Hierarchical partition.

diagonal, only low-rank blocks will appear in this example, we do not consider the
most general case of a hierarchical matrix. However, the structure is general enough
to study all important effects.

Let le,‘ denote the amount of storage which is required to hold an Z},-matrix.
By the following considerations it will be seen that N;‘ scales almost linearly with
respect to 7. Since the off-diagonal blocks in level p require 4-27~! = 27! units of
storage, we find the recursive relation

st __ st p+1
Np = 2N,,,1 +2
with N(S)t = 1. Resolving this recursion, we obtain that

Ny = (2p+1)2” =2nlogyn+n.
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Hence, this hierarchical partition satisfies the efficiency requirements that were men-
tioned in the introduction. Compared with the tensor partition, the expensive diago-
nal part in the hierarchical partition is significantly smaller.

In addition to storing the matrix, usually also arithmetic operations have to be
performed. We consider the matrix-vector product Ax of a matrix A € 4, of this
special hierarchical structure and a vector x € C’. Using the blocking (1.14), this is
done recursively by
Allllxtl +Alltlez]

)

Ayx; =
Atztlxtl +A'2t2x12

where x; = [xtTl ,xth]T and x,, € C", x;, € C". Hence, for evaluating Ax we need the

results of the products A, ;, x;, and A, x;,, which both are the same kind of problems
as A;x; but have half the size. If Ng/w denotes the number of arithmetic operations
that are required to multiply a 27 x 2P-matrix A € JZ, by x € C", then it holds that

)

NV =2NY 4272 2

because multiplying the rank-1 matrices A, and A, by x;, and x;, and adding
the results each requires 4 -27~ ! — 1 operations; cf. Sect. 1.1.1. With N}V = 2 this
relation results in

N,I:/IV = p2Pt2 12 = 4nlogyn+2.

Therefore, hierarchical partitions seem to provide a means to guarantee competitive
complexities. If rank-k matrices are used instead of rank-1 matrices, the complex-
ities for storing and multiplying A by a vector are of the order knlog, n. Table 1.2
shows that although the hierarchical representation reduces the complexity by al-
most an order of n, this representation pays compared with the entrywise represen-
tation, which requires 21 operations, only for n which are large enough.

Table 1.2 NB’[V for standard and hierarchical representation.

n|  2n?|4knlog,n + 2|improvement
1 2 2 no
2 8 8k+2 no
4 32 32k+2 no
8| 128 96k +2 no

16| 512 256k+2| yesiff k <1
32| 2048 640k +2| yes iff k <3
64| 8192 1536k +2| yesiff k <5
128(32768 3584k +2| yesiff k <9

NN AW~ O

The presented partition is too special since non-admissible blocks can only ap-
pear on the diagonal. Such a situation occurs, for instance, for one-dimensional
elliptic operators. For higher spatial dimensions non-admissible blocks will also
appear in other parts of the matrix. In the following sections it will therefore be
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described how hierarchical partitions can be constructed for arbitrary admissibility
conditions.

1.4 Cluster Trees

Since searching the whole set of partitions of / x J for an optimal partition is not an
option, we restrict the search to blocks b =t X s consisting of sets of indices ¢ and
s which are generated by recursive subdivision of I and J, respectively. Note that
this will usually not lead to an optimal partition. However, it will be shown under
realistic assumptions that the resulting partition is good enough in the sense that it
leads to almost linear complexity. In order to partition the set of matrix indices I x J
hierarchically into sub-blocks, we first need a rule to subdivide the index sets / and
J. This leads to the so-called cluster tree (cf. [138]), which contains a hierarchy of
partitions.

Definition 1.16. A tree T; = (V,E) with vertices V and edges E is called a cluster
tree for a set I C N if the following conditions hold

(i) I is the root of Tp;
(ii) @ # 1t = Upest’ forall 1 € V\ Z(Tp);
(iii) the degree degt := |S(t)| > 2 of each vertex ¢t € V' \ £ (T}) is bounded from
below.

Here, the set of sons S(z) :={t' € V : (¢,¢') € E} of t € V is pairwise disjoint and
L(T):={teV:St) =0}
denotes the set of leaves of 7j.

The level of ¢ € T; is the distance to the root, i.e., the number of applications of
S to [ that are required to obtain ¢. Condition (ii) implies that # C I for all ¢ € 7; and
that each level
TI(Z) = {r €T :levelt = (}

of T; contains a partition of I.

In the sequel we will identify the set of vertices V with the cluster tree 77. This
slight abuse in notation will not be harmful since the tree structure of 77 can always
be constructed by recursively applying the mapping ¢ — S(z) to I. Hence, two cluster
trees for I differ only by the mapping S. The actual way clusters are subdivided
depends on the application. In Example 1.13 each cluster ¢+ was associated with
a part of the computational domain. In this case the purpose of S is to generate
subdomains of minimal diameter; see Fig. 1.4.

Remark 1.17. For practical purposes it is useful to work with clusters having a min-
imal size of npyj, > 1 rather than subdividing the clusters until only one index is
left. One reason for this is that the outer-product representation does not pay off
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2nd level (4 parts) 3rd level (8 parts) 4th level (16 parts)

Fig. 1.4 Three levels in a cluster tree.

for small blocks; see Definition 1.3. A minimal cluster size npi, > 1 will finally
lead to a minimal blocksize in the matrix partition. Hence, another reason for the
introduction of a minimal cluster size is the exploitation of cache effects on modern
computer architectures.

Since the number of leaves |-Z(1})| is bounded by |I|/nmi, provided that |¢| >
nmin for all ¢ € T;, the following estimate shows that the complexity of storing a
cluster tree is still linear. The proof uses the property that each sub-tree of 7; is a
cluster tree.

Lemma 1.18. Let g := min;c7)\, o (7;) degt > 2. Then for the number of vertices in Tj
it holds that

77 < <202(T)| - 1.

q|-Z (1) -1
q—1
Proof. We cut down the tree 7 := T vertex by vertex starting from the leaves of
T\ .Z(T) in k steps until only the root is left. Let 7; denote the tree after ¢ steps and
qy the degree of the (th vertex. Then |Ty.1| = |Ty| — q¢ and | £ (Tp11)| = | L (Ty)| —

qe+ 1. After k steps |Ti| = 1 = |.Z(T})|, where

k=1 k=1
T =IT|= Y}, ¢ and [L(Ty)|=|ZL(T)| -} (g0 1).
(=1 (=1
Hence, |T| = |-Z(T)|+k—1 and from g > q it follows that k(g — 1) < | Z(T)|+
q-2. O

In order to be able to estimate the asymptotic complexity of algorithms working
on trees, we need to consider families of trees parametrized by the cardinality |/| of
I. As we have seen in the previous lemma, the number of vertices in 77 is always
linear. For a logarithmic depth of 7; we have to ensure that each subdivision by S
produces clusters of comparable cardinality.

Definition 1.19. A tree 7 is called balanced if

R:= i |/, t1,t0 € S(¢
tenf{lwlél(m{|l|/\2| 1,02 €S(t)}

is bounded independently of |I| by a positive constant from below.
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Figure 1.5 shows two cluster trees for / := {1,...,n} each consisting of three levels.
The left tree is balanced in the sense of the previous definition since R = 2, while
the right tree is unbalanced since for this tree R =1/(]1| — 1).

{1,...,n} {1,...,n}
/ \
{1,....5} {5+1,...,n} {1} {2,...,n}
/ \ /\
{18 {2+41,...,8) (8+1,....2) 3+1,...n} {2} {3,...,n}

Fig. 1.5 A balanced and an unbalanced cluster tree.

By L(Tj) := maxcy; levelr + 1 we denote the depth of the cluster tree 77. The
depth of balanced cluster trees depends logarithmically on |/|.

Lemma 1.20. Let T; be a balanced cluster tree with q := min,cp,\ o (1, degt > 2.
Then for the depth of Ty it holds that

L(T1) <logg (] /nmin) +1 ~ log|/|

and |t| < 1|, where ( denotes the level of t € Ty and & := R(q— 1)+ 1.
Proof. Forr e T\ £ (T;) and ¢’ € S(t) we observe that

|t] |t'] +Zt’7ésES(t) Is| |s |
i T W EARCDIEDL
t'#£seS(t)
>1+(q—1)R=¢.
Letey,...,er—1 be a sequence of edges from the root v; := I to a deepest vertex vy,
in T;. Furthermore, let v, ...,v. | be the intermediate vertices. Then from

Evert| <|vel, €=1,...,L—1,
we obtain that
g el < 1,
which gives (L—1)log& <log(|1|/|vc]) < log(|I|/nmin)- O

The following lemma will be helpful for many complexity estimates in the rest
of this chapter.

Lemma 1.21. Let Ty be a cluster tree for I, then

Z [t| < L(Ty)|I| and Z |t|log|t| < L(T;)|I|1og|I|.

teTy teTy
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Furthermore, for any ¢ > 0 it holds that

Y min{c,|¢[*} <3/l (1.15)

tel;

Proof. Each of the L(T;) levels in T; consists of disjoint subsets of I. The second
estimate follows from log |¢| < log|I| for 7 € T;.
For the proof of (1.15) we restrict ourselves to cluster trees with constant degree

degt =g >2and |t| = [I|g* forallteTI( ) o= 0,...,L(T;) — 1. If npin > +/c, then
from Lemma 1.18 it follows that
Y. min{c, |2} < Zc—c|m< < 2. (1.16)
= =) 1 Aimin g—1

If, on the other hand, nyi, < v/c, then let ¢, € {0,...,L(T;) — 1} be the largest index

such that || > \/c forall t € T,( ), 1< £.. Estimate (1.16) applied to this part of the
cluster tree gives

Z Y, minfe, |rf? }<7\f|1|,

= OtET(>
while
L(Tp)—1 5 L(Tp)—1 5 L(Tp)—1 oo |I|2 o
Y Y min{efP}= Y Y = q'lPq* < =g
(=te+1 yeq(® (=te+1 yeq(® (=le+1 q

(Le+1)

The assertion follows from |t| = |I|g~%~! < \/cforallt € T, O

We have seen that the number of vertices in 7; scales linearly with respect to
|1]. For each vertex ¢ in 7; its indices have to be stored. Hence, by Lemma 1.21 the
amount of storage for a balanced tree 7; is of the order ||log|I|.

It is desirable that clusters are contiguous. For this purpose, the set I should be
reordered. If 7 is to be subdivided into #; and #,, we rearrange the indices in 7 so that
max?; < min#,. This can be done during the construction of 7;. In this case a cluster
t can be represented by its minimal and maximal index. With this simplification,
Ty requires |T;| ~ || units of storage even for unbalanced trees. The permutation
requires additional || units of storage. Note that due to the nested structure of cluster
trees, this reordering does not change the previously generated clusters.

Remark 1.22. If the indices are reordered during subdivision, we have only two pos-
sibilities, ¢ = [t1,52] or t = [f2,1;], for arranging the indices of ¢ satisfying degt = 2;
i.e., the usage of cluster trees leaves room for only 25 !n.:,! permutations of 1.
Here, we assume that the size of the leaves in 7 is exactly np,i,. Hence, build-
ing a binary cluster tree determines the numbering of the indices in 7 up to &'(n)
permutations.
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1.4.1 Construction of Cluster Trees

A cluster ¢ is subdivided for the purpose of refinement. A refined cluster pair and
its sub-blocks may be admissible while the father pair is not. The latter principle is
reflected by the required property (iii) of the admissibility condition from Sect. 1.3.
Hence, a certain aim which depends on the admissibility condition and therefore on
the application has to be kept in mind when subdividing ¢. The following section is
hence divided into two parts. In the first part we will present clustering algorithms
for the case that geometric information is associated with the indices. The second
part treats the construction of cluster trees based on the matrix graph of a sparse
matrix.

1.4.1.1 Geometric Clustering

In the case of finite element discretizations of elliptic operators each cluster ¢ is
associated with the union
Xt = LJ.)(,'7

ict

where X; denotes a part of the computational domain 2 C R?; see Example 1.13. In
this case subdividing ¢ has the purpose of reducing the diameter of X;. Hence, in this
section we will concentrate on how a cluster tree 77 is constructed from an index set
I C N such that the diameters of X; are as small as possible. For other applications
the purpose of subdivision may be different. In this case the following algorithm has
to be replaced by an appropriate one.

In this section we assume that X;, i € I, are quasi-uniform, i.e., there is a constant
cy > 0 such that

max i (X;) < cy min u(X;), (1.17)
il i€l
and shape regular, i.e.,
w(X;) > cg(diamX;)", i€l (1.18)

with some constant cg > 0. The expression (M) denotes the measure of an m-
dimensional manifold M C R, i.e., the area if M is (d — 1)-dimensional and the
volume if M is d-dimensional. We assume that the computational domain €2 is an
m-dimensional manifold, i.e., there is a constant ¢ > 0 such that for all z € Q2

w(R2NB(z)) <cqr™ forallr>0. (1.19)

In the case m = d, cq coincides with the volume @, of the unit ball in R?. For
m = d — 1 the constant cq will depend on the curvature of the hypersurface Q C R?.
In addition, we assume that only a bounded number of sets X; overlap; i.e., there is
v € N such that for each i € [
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max [{jel:x€intX;}| <v. (1.20)
x€intX;

The above assumptions are in accordance with usual applications such as finite ele-
ment discretizations.

Due to Definition 1.16, for the construction of 7; we only have to devise a pro-
cedure which divides a cluster ¢ appropriately. An obvious approach (cf. [103]) is
to find an axial parallel box Q which contains X;. By recursively dividing Q into 2¢
sub-cubes of equal size in each step, one obtains a hierarchy of decompositions of
1. The disadvantage of this procedure is that no information about the shape of X; is
used for its subdivision. As a consequence, branches of the tree may be empty. This
situation occurs, for instance, in applications where the data is clustered on low-
dimensional manifolds. Then the cluster tree is likely to be unbalanced; see Fig. 1.6.

4

< mt

Fig. 1.6 Bounding box and PCA subdivision.

We favor the following alternative clustering strategy which is based on the prin-
cipal component analysis (PCA) that provides well-balanced cluster trees. This
method was originally designed to find the main direction of a set of points; cf.
[201]. In order to be able to apply it, we select arbitrary but fixed points z; € X;,
i=1,...,n,e.g., the centroids of X; if X; are polygonal.

A cluster ¢ C [ is subdivided by the hypersurface through the centroid

.: Yiet ,LL(X,-)z,'
) Yie: U(Xi)

of ¢+ with normal w;, where w; is the main direction of 7.

t

Definition 1.23. A vector w € RY, ||w]||y = 1, satisfying

Z|WT(ZI' —m)> = max Z|VT(Zi —my)|?

ict Ivl2=1ig
is called a main direction of the cluster 7.

Note that with the symmetric positive semi-definite covariance matrix
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C = Z(z,- —m;)(zi—m;)T e R¥*4

i€t
it holds that

Z|vT(z,- —m;))? = ZVT(Z,' —m)(zi—m)v=vICy forallve R

ict ict
Hence, by the variational representation of eigenvalues

max Y VT (zi—my)* = Hmax VIGY = Anax (Gr)

Ivlla=1ig v[2=1

one observes that the maximum is attained for the eigenvector corresponding to
the largest eigenvalue Apax of C;. The power method (cf. [148]) is well-suited for
the computation of the main direction since it converges the faster the more the
extensions of X; differ.

Using wy, one possibility is to define the sons S(r) = {#;,1,} of t by

n={ict:w (z—m)>0} (1.21)

and t, ;=1\ #;. This subdivision generates geometrically balanced cluster trees in
the sense that there are constants cg, ¢ >0 such that for each level £=0,...,L(T;)— 1

(diamX,)" < ¢,27% and p(X,)>2"/cg forallt € TI(O. (1.22)

Geometrically balanced cluster trees will be important later on for the complexity
of admissible partitions; see Example 1.36.

Another possibility is to reorder the set ¢ by sorting the indices with respect to the
sizes of their projections w! (z; —m,), i.e., by finding a bijection 7 : {1,...,[t|} — ¢
such that

W Zn(y SWl 2y fori<j, ij=1,...t.

Sorting a set of |¢| elements can be done with &'(|¢|log |¢|) operations. Define #; Ct by

n={n(),i=1,...[t/2]}. (1.23)

and 1, as the second half of ¢. This construction of course leads to a balanced tree
(in the sense of Definition 1.19 with R = 1), but (1.22) will not hold in general.
In the non-uniform case, these two properties cannot be satisfied in parallel (see
Example 1.28) such that one has to concentrate on a balanced tree in order to guar-
antee a competitive overall complexity; cf. [131]. This problem can be solved by the
the algebraic clustering from the second part of this section.

An important property of both subdivisions (1.21) and (1.23) is that always the
largest extension of X; is reduced. As a consequence, the generated clusters will not
degenerate. To be more precise, we make the following considerations. Assume that
a cluster X; of level ¢ is enclosed in a cuboid which is aligned with the orthogonal

eigenvectors of C; with non-increasingly ordered side lengths agé) >...> aff). Let

X;, and X;, be generated using either subdivision from above; i.e., each time two
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parts are generated by dividing the longest side length agb of the cuboid at a ratio
of 0 < A < 1. Since X, is subdivided only with respect to one direction, d — 1 of the
side lengths will stay the same. Depending on which the largest side length after the
subdivision is, three cases have to be distinguished:

ad? a0 (1)
a(é,) § [17)7 lflal :al s
a4 o O (+1)
1 a _ . 4 +
W: %SA 17 lflal :ad s (124)
a; Aay
d BUNNG
ﬁ < %, else.
ad' ad'

Hence, the smallest and the largest side length of X;, differ by a factor of at most
max(A~",a\" /al").

The same ratio for X;, is bounded by max((1 — k)’l,a(le) / aff)).
It is easy to see that quasi-uniformity (1.17) and assumption (1.20) lead to an
equivalence of the measure of a cluster and the number of contained indices.

Lemma 1.24. It holds that |t|/(cyv) < (X)) (max;e; w(X;)) ™! < Jt| forallt C .

Proof. Tt is obvious that

p(X) <Y p(Xp) < le|max p(X;).

ict i€l

On the other hand, (1.20) and (1.17) give viu(X;) > Yic, U(X;) > |t max;er 1 (X;)/cu.
O

Cardinality balanced clustering leads to geometrically balanced trees under suit-
able assumptions.

Theorem 1.25. Assume that X;, i € I, are quasi-uniform. Then the construction of
a cardinality balanced cluster tree using (1.23) results in a geometrically balanced
tree; i.e., (1.22) is satisfied.

Proof. We assume that |I| = 27 for some p € N. Since |t| =27|I| fort € T,(e), we
obtain from Lemma 1.24 that

%) > il max () (ewv) = 2| max (X0 (ewv) > 2~ (Q) /(ewv),
since 1(Q) < ¥Y;c; 1(X;) < |I|max;es 1(X;). On the other hand,
p(X,) < Jr|max p(X;) = 27 7| maxp (X;) < cyv2 ™' (@),
IS IS

because VU (Q) > Yy 1(X;) > |I| min;e; p1(X;). Hence, according to (1.18) for the
minimal extension 8 of X; it holds that
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8" < pu(X;)/er < cyv2 T pu(Q)/cr. (1.25)

In order to find a bound for the largest extension, we have to estimate the size of
A from (1.24). A detailed analysis for general clusters X; is cumbersome. We restrict
ourselves to the case of a cuboid Q with side length a; > ... > a,. Since

AuX) = u(Xy) =27 u(@)/(cuv)

and u(X;) < cyv2~‘u(Q), we find
1
A > 5(cuv)*z.

Due to (1.24), the smallest and the largest side length of X, differ by a factor of at

most ¢ := max (A, a; /ay) < max(2(cyVv)?,a1/aq). We obtain from (1.25) that
(diamX,)" < ey v2 ' u(Q)/cr,

which proves the assertion. ad

The following lemma shows that geometrically balanced cluster trees are bal-
anced in the case of quasi-uniform grids. Cardinality and geometrically balanced
clustering are therefore equivalent for this kind of grids.

Lemma 1.26. Assume that X;, i € I, are quasi-uniform. Then a geometrically bal-
anced cluster tree is balanced in the sense of Definition 1.19.

Proof. Let 1,1, € T,(é) be two clusters from the same level ¢ of T;. From (1.20),
(1.19), and (1.22) we see that

|t]\m1nu )< Y u(X:) < vu(X,) < veo(diamX;, )" < veqe,2™
i€t

The previous estimate together with

|t2|Iiré§2XH(Xi) > Y u(x) > p(X,) >2"/eg

i€ty
leads to
max; X;
‘ 1| < vcoc gccw < Veacegegey,
\t | minje,, 1(X;)
which proves the assertion. O

Since subdividing ¢ C I requires &(|t|) operations for geometrically balanced
clustering (1.21) and &'(|¢|log |¢|) for cardinality balanced clustering (1.23), we can
apply Lemma 1.21 to see that constructing 7; takes L(7})|I| and L(7})|I|log |I| op-
erations, respectively. For quasi-uniform polyhedrizations the cluster trees will be
balanced. The following theorem is a consequence of Lemma 1.20.
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Theorem 1.27. The construction of Ty using (1.21) or (1.23) requires O'(|I|1log|I])
operations for geometrically balanced clustering and O (|1|1og?|1|) for cardinality
balanced clustering. The resulting cluster tree Ty is both balanced and geometrically
balanced provided that the sets X;, i € I, are quasi-uniform. T; can be stored with
complexity O(]1|).

The assumption that the sets X; are quasi-uniform is essential if geometrically
balanced clusters are to be generated. This can be seen from the following one-
dimensional example.

Example 1.28. Let X; = [3277,327] with midpoints z; =27, i € t := {1,...,n}.
This kind of grid results, for instance, from adaptive refinement towards a singularity
at 0; see Fig. 1.7.

H—— :
SRS N |
0% 3

Fig. 1.7 Adaptive refinement.

Bl—
NI— +

If we subdivide this setintor; ={i €t :z; <m,} and r =t \ 1, where

=y Ly g o
mi= Y n= =) 27 = —(1-27"),

ict i€t

then for i € #; it holds that n2~! < 1 —27", which is satisfied for all i > log, 2n. The
cluster tree will not be balanced, since #; contains most of the indices while #, has
only few of them.

This situation becomes even worse if we use the centroid

= i H(Xi)zi
i u(Xi)

with 1 (X;) = 2277, From

YR 4T 11-4n
YR, 20 31-—2n

ny

we see that i € t1 is equivalent to 3-27/(1 —27") < 1 — 47", which is satisfied for
all i > log, 3.

1.4.1.2 A Construction Based on Aggregation
In contrast to the previous construction, which relies on subdivision, the following

idea is based on aggregation of clusters and constructs the cluster tree from its bot-
tom. Again, we denote by z; € X;, i = 1,...,n, points which represent centers of the
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sets X;. In order to generate k := n/ny;, clusters on the bottom level of 7}, we solve
the so-called k-center problem, i.e., given a set of n points, find a partition into
clusters 71, ...t with centers cy,...,c, SO as to minimize the cost functional

‘max max||z; —c¢il|2.
=l1,...k j€t;
This problem is known to be NP-hard; see [39]. The farthest-point clustering al-
gorithm (see [107]) computes an approximation with complexity &'(nk); see [90]
for a two-phase algorithm with optimal complexity &' (nlogk). The farthest-point
clustering algorithm chooses an arbitrary initial center ¢1. In step i = 1,...,k— 1
find c;y such that
di(civ1) = max di(z;),
j=1,...n

where d;(z) := minj<; ||z — ¢;|| denotes the distance of z to the computed centers c;,
J < i. After the computation of cy,...,cg, assign each point z;, i = 1,...,n, to its
nearest center.

Lemma 1.29. The farthest-point clustering algorithm computes a partition with
maximum radius at most twice the optimum.

Proof. Let ¢ denote the next center chosen in the farthest-point clustering algo-
rithm. Then the maximum radius of the farthest-point clustering solution equals
di(ck+1). Two of the centers cy,...,ckq1, say ¢; and ¢; with i < j, must be in
the same cluster with center ¢ of an optimum k-center solution. Since dj(cx11) <
dj_i(ck+1) and dj—1(cxs1) < dj—1(cj), it follows that

di(cr1) < dj1(cj) < llei—cjll2 < lei —ella+[le —¢jll2 < 2p,
where p denotes the maximum radius of an optimum k-center solution. a

Higher levels in the cluster tree can be constructed by clustering the respective
centers ¢y, ..., Ck.

1.4.1.3 Algebraic Clustering

In Example 1.38 it will be seen that we can sometimes do without geometrically
balanced clusters. The algebraic admissibility condition (1.13) does not involve any
information about the underlying geometry. In this case ¢ will be subdivided by par-
titioning the matrix graph G(A,,) = (¢, E;) of the restriction A, of a sparse matrix A.

The bipartition can be computed using spectral bisection [205] based on the
Fiedler vector, which is the eigenvector to the second smallest eigenvalue (see [91,
92]) of the Laplace matrix Lg(a,,) of G(A,,) defined as
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/- _13 lf(l,])GE,,
Y ) degree(i), ifi=j,

where degree(i) := |{j € t \ {i} : (i,J) € G(As)}|- Since computing eigenvectors
of large matrices is computationally expensive, multi-level ideas (cf. [154]) have
been presented to accelerate the process. For this purpose the graph G(A,,) is coars-
ened into a sequence GV, ..., G such that |¢] > |t > .- > Y. Given a graph
G = (t(i),E (i)), the next coarser graph G+ is constructed by finding a match-
ing of G and collapsing the matched vertices into multinodes. This is often done
by heavy edge matching [154], which can be obtained with &(|E(¥)|) operations.
Spectral bisection can then be applied to the smallest graph G™ . The resulting par-
tition P%) is projected back to G(A;;) by going through the intermediate partitions
Pe=1 P The partition P is obtained from P(+1) by assigning the vertices
100 (v) to the part of PU+1) which v belongs to. The partition PU+!) can be improved
by refinement heuristics such as the Kernighan-Lin algorithm [156].

As a result of spectral bisection, each of the resulting parts #; and #, will contain
approximately half of the vertices of #, i.e., we may assume that there are constants
¢p,Cp > 0 such that

27 I < [e] < G271 (1.26)

holds for ¢ € Tl(z), which implies that the resulting cluster tree is balanced. Fur-
thermore, we assume that the diameter of a generated cluster is equivalent to its
cardinality in the sense that there are constants m, c/;, c/; > 0 such that

chlt] < (diame)™ < cj|¢| forallt € T. (1.27)

Due to (1.26) the diameters of two clusters ¢ € TI(Z> andt' € TI(ZI) from the /th and
the £'th level of the cluster tree 77 are comparable; i.e.,

(diam?)" < ¢, 2"~ (diam?')™, (1.28)

where ¢, := (c/jCg) /(cycp).

The advantage of subdividing clusters ¢ in this manner is that it in some sense
minimizes the edge cut, i.e. a set of edges C C E, such that G, = (¢,E, \ C) is no
longer connected.

Remark 1.30. Sometimes (see Sect. 4.5) it is also useful to subdivide # into a “left”,
a “right”, and an interface cluster; see Fig. 1.8. The resulting cluster tree will then
be ternary. This clustering is closely related with nested dissection (see [99, 144]),
which is commonly used in domain decomposition methods.



1.4 Cluster Trees 41

Fig. 1.8 Computational domain with an interface cluster.

1.4.2 Example: An Easily Analyzed Partition

Once the cluster tree 7; for the index set / has been computed, an admissible partition
P of I x J can be constructed from it. The partition from this section achieves a
minimal number of blocks since the generated admissible blocks have maximum
possible size. In this example we use the admissibility condition

diamX; < ndist(X;,X;) (1.29)

on the block ¢ x s, which is similar to the condition from Example 1.13.

The basic idea of the following algorithm is to subdivide a given block # X s
into a maximum admissible part # X T and a non-admissible part 7 x (s \ T), where
T:=%(t)Nsand

F(t):={j €J:diamX, < ndist(X;,X;)}

denotes the far-field of + C 1. While ¢ x 7 fulfills (1.29) and hence is stored in P,
the remaining part ¢ x (s \ 7) of # X s does not satisfy (1.29) and the procedure is
recursively applied to its sub-blocks ¢’ X (s\ 1), ¢ € S(¢). If $(¢) = @, the recursion
stops by adding ¢ x (s \ 7) as a non-admissible but small block to P.

Remark 1.31. The computation of % (¢t) Ns requires &([¢| - |s|) operations, which
would lead to a quadratic overall complexity. Hence, we replace .% (¢), t € T, by the
set

Z(t) = {j € J:diamX; < %dist(z,,Xj)}, (1.30)

where z; € R? is an arbitrary but fixed point in X;. It can be easily seen that Z(t)C
Z (t). The computation of .% (¢) N s can be performed with &(|¢t| + |s|) operations.

Altogether we obtain the following algorithm.
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procedure Partition(z, s, var P)

Compute 7:=.%()Ns

if t £ o then P:=PU{rx 1}

ift € £(17) or |s\ 7| < nmin then
P:=PU{rx(s\1)}

else
for ' € S(¢) do Partition(s', s\ 7,P)

Algorithm 1.2: Maximum admissible partition.

It is obvious that applying Algorithm 1.2 to I x J results in an admissible partition
P if P was previously initialized by P = &. Notice that there is no need to construct
the cluster tree 77 in advance, since the partitioning algorithm only descends it,
which can be simulated by applying S without storing the tree.

The aim of the rest of this section is to estimate the computational cost of
Algorithm 1.2 in the case of quasi-uniform grids. Since for each cluster ¢ € T at
most the blocks # x 7 and 7 x (s\ 7) are added to P, we immediately obtain that the
maximum number

cop(P):=max|{sCJ:txs€P}|
teT;

of blocks in P belonging to a given set of row indices 7 is bounded by 2. The previous
expression will later be generalized to the so-called sparsity constant cg,.

Lemma 1.32. The number |P| of generated blocks is bounded by 2|T;| ~ |1|.

Proof. Since csp(P) is bounded by 2, we observe that

IPl=Y [{sCJ:txseP}|<cy(P)|Ti| <2|T3.
teT;

The assertion follows from Lemma 1.18. O

In order to be able to estimate the complexity of constructing P, we first have to
find a bound for the size of the near field .4 (r) := J\ .# (r). We assume that the
sets Xj, i € I, are quasi-uniform and shape regular; i.e.,

maxdiamX; < cg mindiam Xj; (1.31)
icl il

see (1.17) and (1.18).

Lemma 1.33. Let T; be a geometrically balanced cluster tree, i.e. (1.22) holds. Un-
der the above assumptions | A ()| < c(141/1)™|t| holds for all t € T;.

Proof. From (1.31) it follows that diamX; < cgdiamX;, j € J. Since due to (1.30)
dist(z:,X;) < (14 1/n)diamX;

for j € A (t), the ball B, (z,) with p := (cs+ 1+ 1/n) diam X, covers X (1)- Hence,
according to (1.19)

KX p) < cap™ = cales+1+1/n)"(diamX,)™.
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Using (1.22), we obtain

WX 7)) < cgegeales+1+1/m)"1(Xr).
Lemma 1.24 leads to the desired estimate. O

Theorem 1.34. The number of operations and the amount of storage needed to ap-
ply Algorithm 1.2 to I x J is of the order 1" |I|1og 1.

Proof. Algorithm 1.2 descends the cluster tree 77. In each node ¢ € 77 at most
c(le[+ |4 (@)]))

operations are needed since Algorithm 1.2 is applied only to blocks 7 x s for which
s C A (t) is valid. Lemma 1.21 together with Lemma 1.33 finishes the proof. O

The advantage of the previous partition P is that the number of contained blocks
does not depend on 1. Blocks have the largest possible size. This is advantageous if
only the partition is required, for instance, for storing, adding, and multiplying the
matrix by a vector. However, the cluster T will usually not be a vertex in the cluster
tree 7;. The latter property makes it difficult to define recursive block algorithms,
which require a recursive subdivision of both the columns and the rows. If we want
to apply algorithms that are defined on a hierarchy of block partitions, we have to
use a partition that is constructed as the leaves of a so-called block cluster tree.

1.5 Block Cluster Trees

Each level of a cluster tree 77 contains a partition of the index set /. Since our aim
is to find an admissible partition of / x J, we consider cluster trees Ty, for I x J,
which due to the type of their vertices will be referred to as block cluster trees.

Since the number of possible hierarchies of partitions is by far too large, we re-
strict ourselves to those partitions which are induced from subdividing the rows and
columns. Let 77 and T be cluster trees for I and J with corresponding mappings Sy
and S;. We will consider block cluster trees 77« ; which are defined by the following
mapping Syx;:

St x 5) o, if # x s is admissible or S;(¢) = & or S;(s) = &,
s) =
P Si(t) x Sy(s), else.

The depth L(T;xs) of the tree Ty« is obviously bounded by the minimum of the
depths of the generating cluster trees 77 and Tj; i.e.,

L(Tis) < min{L(T}), L(T))}.
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The leaves of T;., constitute an admissible partition P := . (Tjx;). Any sub-tree
of Trwy with root 1 X s € Ty« is a block cluster tree (for ¢ x s) and will be denoted
by Tixs. Its leaves P’ := 2 (T, ) define an admissible partition of 7 X s.

Usually, a block cluster is built from binary cluster trees; i.e., degt =2 for ¢ €
T;\ Z(T;). In this case, Tjxy is a quad-tree due to the definition of S;.,. Note that
each block t x s € Ty« consists of clusters t € T; and s € Ty from the same level in
their respective cluster tree.

A measure for the complexity of a partition is the so-called sparsity constant; cf.
[116]. The name of this constant stems from the analogy with sparse matrices, where
the bounded number of nonzero entries per row or columns reduces the complexity.
For hierarchical matrices the “sparsity” is the maximum number of blocks in the
partition that are associated with a given row or column cluster.

Definition 1.35. Let 7; and T; be cluster trees for the index sets I and J and let
Ty« be a block cluster tree for I x J. We denote the number of blocks ¢ X s € Ty
associated with a given cluster ¢ € T; by

Cop(Tixsst) == [{s CJ:t x5 € Txy}|.
Similarly, for a given cluster s € Ty
Cop(Tixsys) == |{t Cl:t x5 € Ty} |

stands for the number of blocks ¢ x s € Ty« ;. The sparsity constant cg, of a block
cluster tree Ty is then defined as

csp(Tixs) 1= max {Itge;fc;(m!,t%ggjwip(ﬂms)} :

Although the complexity of 7#-matrices together with their arithmetic has been
analyzed before the introduction of the sparsity constant (see [127, 133, 132, 17]),
the usage of this constant is beneficial to the length and readability of the proofs. The
following example shows that for elliptic problems cp is bounded independently of
||. Note that for this result the sets X;, i € I, do not have to be quasi-uniform.

Example 1.36. Consider again Example 1.13 and assume that 77 and 7 are geomet-
rically balanced, i.e., (1.22) is satisfied. Then ¢y, < 2vcocycg(241/M)™ holds.

Proof. Lett € T,(Z) with an associated point z; € X;. The estimates (1.20) and (1.22)
guarantee that each neighborhood

_ (o <
Np={seT; :maxlx—z[<p}, p>0,

of 7 contains at most vegeg 2t p™ clusters s from the same level £ in 7. This follows
from

INo 27 Jec < Y (X)) < vin(Xn,) < veap™. (1.32)
SENp
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Let s € Tj such that ¢ X s € T}y ;. Furthermore, let t* and s* be the father clusters
of t and s, respectively. Assume that max,cx, |x —z| > po, where

Po := min{diam X;+, diam X, } /1 4+ diam X;» 4+ diam X+ < (ch_([_l))l/m(Z—i— 1/n).
Then

dist(Xp+, X5+ ) > max |x — z| — diam X;» — diam X+ > min{diam X;«, diam X+ } /0
XEXy

implies that £* x s* is admissible. Thus, T, cannot contain ¢ X s, which is a contra-
diction. It follows that

max x—z| < po < (2" ENm©2 4 1/m).
XEAs

From (1.32) we obtain that
cp=Hs €Tyt xs€P} <2veqceeg(2+1/0)".

Interchanging the roles of 7 and s, one shows that cg, is bounded by the same con-
stant. O

Remark 1.37. Note that the boundedness of cg, follows from (1.22). In particular,
csp will be bounded for graded meshes. An overall linear complexity, however, can
not be achieved for this kind of meshes since the depth of a geometrically balanced
cluster tree will be of order n in general; cf. Example 1.28. There are special grids
which are not quasi-uniform but which can still be shown to lead to almost linear
complexity; cf. [131, 116].

The ideas of the previous proof can also be used to show that cg, is bounded
for partitions satisfying the algebraic admissibility condition (1.13); cf. [25]. Note
that the power of this condition is that it does not involve the geometry of the dis-
cretization. Hence, the assumption that the cluster trees 7; and 7 are geometrically
balanced can be omitted, which allows to treat general grids including adaptively
refined ones. Instead, we can use cardinality balanced cluster trees. We assume that
I =J and that

| A5(t)| < cv(diamz +p)™  forall p > 0, (1.33)

where A} (¢) := {i € I : dist(t,i) < p}. diam7 and dist(z, s) were defined in (1.12).
Note that condition (1.33) restricts the class of considered matrices to matrices
which are in particular sparse.

Example 1.38. Under the assumptions (1.26), (1.27), and (1.33) it holds that ¢g <
ZCVCZC})/C[,(Z + I/T])m.

Proof. Lett € TI(E), ip€t,and N := {se Tl(a tmaxjesdiy; < p} for p > 0. Using
(1.26), we see from
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INples|1127 < Y Is| < [Apio)] < evp™ (1.34)

SENp

that the neighborhood N, of # contains at most ¢y / cpp™2'/|I| clusters s from the
same level / in Tj.

Let s € Ty be such that ¢ x s € Tj«;. Furthermore, let #* and s* be the father clusters
of ¢ and s, respectively. Assume that max je;d;,; > Po, where

po := min{diamz*,diams*} /1 +diam#* +diams* < (¢}C,[1[2" ")/ (24+1/7).
Then
dist(t*,s") > maxd;,; — diams* — diams™ > min{diam¢*,diams*}/n
JES
implies that t* x s* is admissible. Thus, 7T}, cannot contain ¢ x s, which is a contra-
diction. It follows that

maxd;y; < po < (4Cpl12-)/m(2 4 1/m).
JES

From (1.34) we obtain that
cy=Hs €Tt xse P} <2cyciCp/cpy(2+1/1)".

Again, by interchanging the roles of 7 and s, one shows that cg; is bounded by the
same constant. O

Many algorithms in the context of hierarchical matrices can be applied block-
wise. In this case, the cost of the algorithm is the sum over the costs of each block.
Assume that on each block the costs are bounded by a constant ¢ > 0. Then

Y c<c) H{sciirxseTng}| < cce|Tr| < cegplThl. (1.35)
txs€Trxy teTy

By interchanging the roles of # and s, we also obtain ¥, ez, , ¢ < ccsp|Ty|. If the
cost of the algorithm on each block ¢ x s € P is bounded by c(|¢t| + |s]), then the
overall cost can be estimated as

Y, clel+1sl)=c )] ) ] +c) ) K (1.36a)

txs€Tyxy €T} {seTr:xse€Txs} sET) {t€T:txs€Tyxy}

<cep | Y I+ Y Is| | < cepL(T)[T1+ 7] (1.36b)

! !
1€T] sl

< cenlL(TII|+ L(T) ] (1.360)

due to Lemma 1.21. Here, T,’ and TJ’ denote the sub-trees of 77 and T}, respectively,
which are actually used to construct Ty« ; i.e.,
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T/ :={t € Ty : thereist' Ct and s’ € T such thatt' x s’ € Tjxs}.

Lemma 1.39. Let T; and Ty be cluster trees for the index sets I and J, respectively.
For the number of blocks in a partition £ (T;xy) and for the number of vertices in
Ty it holds that

L (Trxa)| < |Trs| < 2epmin {|L(Th)], [£(T7)])} -
If [t| > nmin for all t € T UTy, then |2 (Tyxy)| < |Trxa| < 2cspmin{|1],1J|} /nimin.
Proof. Estimate (1.35) applied to [Tjx;| = ¥y er;,, 1 gives
|Tixs| < cpmin{|T],|T5[}.
Lemma 1.18 states that |T;| < 2|-Z2(T;)| and |T| < 2|-L(T))|. O

Lemma 1.40. Let T; and Ty be balanced cluster trees. Taking into account require-
ment (ii) on the admissibility condition, the number of operations for constructing
the block cluster tree is of the order cg||I|log|I| 4+ |J|log|J|].

Proof. Use (1.36) and Lemma 1.20. a

The time required for computing an admissible matrix partition can be neglected
compared with the rest of the computation. Using an admissible partition, we will
define the set of hierarchical matrices in the following chapter.



Chapter 2
Hierarchical Matrices

In this chapter let 7; and 7 be binary cluster trees for the index sets / and J, re-
spectively. A generalization to arbitrary cluster trees is possible; see Sect.4.5 for
nested dissection cluster trees, which are ternary. The block cluster tree Ty« is as-
sumed to be generated using a given admissibility condition as described in the
previous chapter. We will define the set of hierarchical matrices originally intro-
duced by Hackbusch [127] and Hackbusch and Khoromskij [133, 132]; see also
[128]. The elements of this set can be stored with logarithmic-linear complexity
and provide data-sparse representations of fully populated matrices. Additionally,
combining the hierarchical partition and the efficient structure of low-rank matrices,
an approximate algebra can be defined which is based on divide-and-conquer ver-
sions of the usual block operations. The efficient replacements for matrix addition
and matrix multiplication can be used to define substitutes for higher level matrix
operations such as inversion, LU factorization, and QR factorization.

After the definition of hierarchical matrices in Sect. 2.1, we consider the multi-
plication of such matrices by a vector in Sect.2.2. It will be seen that this can be
done with logarithmic-linear complexity. In Sect.2.3 we describe how to perform
this multiplication on a parallel computer. Matrix operations such as addition and
multiplication and relations between local and global norm estimates were investi-
gated in detail in [116]. We review the results and improve some of the estimates
in Sect. 2.4, Sect. 2.5, and Sect. 2.7, since these results will be important for higher
matrix operations. Furthermore, we adapt the proofs to our way of clustering and
present an improved addition algorithm which can be shown to preserve positiv-
ity. An accelerated matrix multiplication can be defined (see Sect.2.7.4) if one of
the factors is semi-separable. In Sect. 2.6 we analyze a technique for reducing the
computational costs of .7#’-matrix approximants by unifying neighboring blocks. In
Sect. 2.8, Sect.2.9, and Sect.2.10 the 7Z-matrix inversion, LU, and QR factoriza-
tion are presented. In Sect.2.11 we point out the similarities of .7#?>-matrices with
fast multipole methods. Finally, in Sect.2.12 we investigate the required accuracy
of .7Z-matrix approximants if they are to be used for preconditioning. It will be seen
that low-precision approximations will be sufficient to guarantee a bounded num-
ber of preconditioned iterations. .7#’-matrix preconditioners can be constructed in a

M. Bebendorf, Hierarchical Matrices. Lecture Notes in Computational Science and Engineering 63, 49
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purely algebraic way using the hierarchical inverse or the hierarchical LU decom-
position.

Since we do not want to exploit properties of the underlying operator at this
point, the complexity is estimated in terms of the maximum rank among the blocks
in the partition. The size of this rank will be analyzed depending on the prescribed
accuracy in the second part of this book when more properties of the underlying
operator can be accessed. If the blockwise rank is assumed to scale logarithmically
with the number of degrees of freedom, all presented operations can be seen to have
logarithmic-linear complexity.

2.1 The Set of Hierarchical Matrices

Definition 2.1. The set of hierarchical matrices on the block cluster tree T;.; with
admissible partition P := % (T}«) and blockwise rank k is defined as

ATy k) ={A € C'/ : rank A}, < k for all admissible b € P}.
For the sake of brevity, elements from ¢ (T}, k) will often be called .7#-matrices.

Remark 2.2. For an efficient treatment of admissible blocks the outer-product repre-
sentation from Sect. 1.1.1 should be used. Additionally, it is advisable not to use the
maximum rank k but the actual rank of the respective block as the number of rows
and columns. Storing non-admissible blocks entrywise will increase the efficiency.

Example 2.3. The left picture of Fig.2.1 shows an .#-matrix approximant for the
matrix a;; = (li— j|+1)7',i,j = 1,...,n. The right picture represents an approx-
imant for the Hilbert matrix hjj = (i+j—1)"',i,j=1,...,n. Depending on the
kind of “singularity”, the admissibility conditions from the Examples 1.13 and 1.12
have to be used. For the Hilbert matrix an approximant with accuracy € = 1;0—4
can be found which for n = 1000 reduces the amount of storage to 3.2% and for
n = 100000 to 0.32%.

A few easy consequences are gathered in the following two lemmas.
Lemma 2.4. Let A € 7 (T, k). Then

(i) any submatrix Ay, b € Ty, belongs to 7 (Ty,k);

(ii) the transpose AT and the Hermitian transpose A™ belong to H(Tyx1,k) pro-
vided that the admissibility condition is symmetric; i.e., any block s X t is admis-
sible if t X s is admissible.

We define the set
my:={t€T;:3s€Tysuchthatt xs€ Pand V' CtandVs' € Ty : t' x s’ & P},

which is the finest partition of / made from clusters appearing in the partition P.
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Fig. 2.1 J#-matrices with their blockwise ranks.

Lemma 2.5. Let Dy, D, be block diagonal matrices on the tensor partitions Ty X Ty
and 1y x 1y, respectively. Then D\AD, € € (T j,k) provided that A € F (Tyxy,k).

Proof. Due to the assumption, each block # x s € P of D{AD; arises from multiply-
ing A;; by (D1)y and (D3)ys. Hence, from Theorem 1.1 we have that rank (D1AD;);s
= rank (D), Ars(D3)ss < rankAy. |

We have already seen in Sect. 1.1.1 that the storage requirements for an admissi-
ble block b =1 x s € £ (Tjxy) of A € 7 (Tyxy,k) are

Nt(Ap) < k(Je[+s])-

A non-admissible block Ay, b € P, is stored entrywise and thus requires |¢||s| units
of storage. Since min{|¢|, |s|} < npmin (see Remark 1.17) we have

jtl[s| = min{ e[, |s|} max{[e[, |s|} < rmin(]t] +[s])- 2.1)

Hence, for storing Ap, b € P, at most max{k,ny, }(Jt| + |s|) units of storage are
required. Using (1.36), we obtain the following theorem.

Theorem 2.6. Let csp be the sparsity constant for the tree Ty, cf. Definition 1.35.
The storage requirements Ny, for A € 7 (T;«y,k) are bounded by

Ny (A) < espmax{k, nmin }[L(T7) 1| + L(T7)|J|].
If T; and T are balanced cluster trees (cf. Definition 1.19), we have
Nyt(A) ~ max{k, nyi, H|I|log |[I| + |J|log |J|].

Remark 2.7. Although J7’-matrices are primarily aiming at dense matrices, sparse
matrices A which vanish on admissible blocks are also in (T, nmin)- Since the
size of one of the clusters corresponding to non-admissible blocks is less than or
equal to np;,, the rank of each block A, does not exceed npi,. A deeper analysis
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Fig. 2.2 A sparse .7-matrix (nonzero blocks are shown).

(see Lemma 4.2) shows that finite element discretizations can actually be stored
with linear complexity.

2.2 Matrix-Vector Multiplication

The cost of multiplying an #-matrix A € 5 (Tj«y,k) or its Hermitian transpose
A by a vector x is inherited from the blockwise matrix-vector multiplication:

Ax= Y Ayx, and APx=Y (A )"x. (2.2)

txseP txseP

Since each admissible block ¢ x s has the outer product representation A, = UVH,
U € C*k, v € C*, at most 2k(|¢| +|s|) operations are required to compute the
matrix-vector products A;x; = UVAx, and (A;)fx, = VU"x,. If t x 5 is non-
admissible, then A is stored entrywise and min{|¢|,|s|} < nmin. As in (2.1) we
see that in this case

21]I5] < 2in (] + s

arithmetic operations are required. The same arguments that were used for
Theorem 2.6 give the following theorem.

Theorem 2.8. For the number of operations Nyy required for one matrix-vector
multiplication Ax of A € 5 (Tyxy,k) by a vector x € C’ it holds that

Natv(A) < 2¢qp max k. IL(T7) 1]+ L(T3) 1.
If T; and Ty are balanced cluster trees, we have

Nwvy (A) ~ max{k, nmin }[|1og|I] 4 |/|log |/]].
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Hence, 7 -matrices are well suited for iterative schemes such as Krylov subspace
methods (see [221]), which the matrix enters only through the matrix-vector product.

Obviously, the matrix-vector multiplication can also be done by a recursion
through the block cluster tree 77, ;. Since arithmetic operations are performed only
on the leaves of T}y, summing over the leaves of T as it is done in (2.2) is slightly
more efficient. The latter representation is also more convenient for the following
parallelization of the matrix-vector multiplication.

2.3 Parallel Matrix-Vector Multiplication

Although the product Ax of a matrix A € 5 (Tj«;,k) and a vector x € C’ can be done
with almost linear complexity, it can still be helpful to further reduce the execution
time especially if many matrix-vector products are to be computed as part of an
iterative solver, for instance. The parallelization of algorithms is always a promising
way to achieve this reduction provided that significant parts of the algorithm admit
independent execution. The following ideas were presented in [29].

Instead of a pure matrix-vector multiplication, in this section we examine the
more general update of a vector y € C/ by the operation

y:= aAx+ By

with scalars o, 3 € C. For this purpose we present two algorithms, one for distrib-
uted and the other for shared memory systems. For their description we use a unified
model of a general parallel computer, a so-called bulk synchronous parallel (BSP)
computer; see [253]. This model of a parallel system is based on three parameters:
the number of processors p, the number of time steps for a global synchronization
£, and the ratio g of the total number of operations performed on all processors and
the total number of words delivered by the communication network per second. All
parameters are normalized with respect to the number of time steps per second.

A BSP computation consists of single supersteps. Each superstep has an input
phase, a local computation phase and an output phase; see Fig. 2.3. During the in-
put phase, each processor receives data sent during the output phase of the previous
superstep. While all processors are synchronized after each superstep, all computa-
tions within each superstep are asynchronous.

The complexity of a BSP computation can be described by the parameters /, g,
the number of operations done on each processor, and the amount of data sent be-
tween the processors. The amount of work for a single superstep can be expressed by
w (hin + hout) - g + ¢, where w is the maximum number of operations performed and
hin, hoyt are the maximum numbers of data units received and sent by each proces-
sor, respectively. The total work of the BSP computation is the sum of the costs
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Fig. 2.3 BSP computation.

in each superstep, yielding an expression of the form W+ H - g+ S - ¢, where S is the
number of supersteps.

The complexity analysis of the presented methods will be done in terms of par-
allel speedup and parallel efficiency.

Definition 2.9. Let 7(p) denote the time needed by a parallel algorithm with p
processors. Then

its parallel efficiency.

We assume that both vectors x and y are distributed uniformly among p proces-
sors, each holding |/|/p and |I|/p entries of x and y, respectively. By x, and y, we
denote the part of x and y on processor 0 < g < p. This distribution ensures optimal
complexity of all vector operations.

2.3.1 Parallelization for Usual Matrices

As a first step towards the hierarchical matrix-vector multiplication on a parallel
machine we review the ideas of the BSP algorithm for dense matrices described in
[181].

Consider the case of a dense matrix A € C'*/. Let each of the p processors hold a
block A, of size (|I|/,/p) % (|J|/+/p) from a uniform partition of 7 x J. The BSP al-
gorithm is split into three steps. In the first step, each processor has to receive |J|//p
entries of x needed for the local matrix-vector multiplication, which is done in the
second superstep. The resulting entries of y are afterwards sent to the corresponding
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processors such that in the third step all local coefficients of y can be summed up
for the final result.

procedure dense_mult(a, A, x, B, y, q)
{ first step }
Vg ‘= B YVgs
send x, to all processors sharing it;
sync();
{ second step }
Vg = 0Agx;
send respective parts of y; to all processors sharing it;
sync();
{ third step }
Y, := {received vectors of local results};
Vg =Yg+ Zy;qu ylj;
sync();
end;
Algorithm 2.1: Dense matrix-vector multiplication.

The costs of Algorithm 2.1 are |I|/p+g-|J|/\/p + £ for scaling y and sending
x in the first step, |/||J|/p +g- |I|//p + ¢ for the local matrix-vector product in the
second step, and |/|/,/p + ¢ for the summation in the last superstep. Therefore, the
total costs required to multiply a dense matrix by a vector can be estimated as

uiy 1|+|J|) <|1|+|J>
| —+ +g-0 +3-/, 2.3
< p VP ¢ VP -

which can be shown to be optimal with respect to computation and communication
costs; cf. [181].

2.3.2 Non-Uniform Block Distributions

The uniform block distribution which was used in the previous section is not suit-
able for /#-matrices since the costs of a matrix-vector multiplication vary among
the blocks of an .7#-matrix due to their different sizes and their different representa-
tions. Unfortunately, changing the distribution pattern is likely to result in commu-
nication costs which are no longer optimal. For instance, the random distribution in
Fig. 2.4 (left) results from applying list scheduling, i.c., assigning the next not yet
executed job to the first idle processor. Although list scheduling guarantees an effi-
cient local multiplication phase in the second step of Algorithm 2.1, the vector x has
to be sent to all processors with communication costs of &(|J|) due to the scattering
of the matrix blocks across the whole .7Z-matrix. Furthermore, p vectors have to
be summed up in the third step with computational costs €(]I|). Such a situation
should therefore be avoided.

In order to be able to measure the communication and computation costs with
respect to the vectors x and y, we introduce the sharing constant of of block
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Fig. 2.4 List scheduling (left) versus sequence partitioning (right).

distribution, i.e., the maximum number of processors sharing one row or one column
of A.

Definition 2.10. Let P be a partition of / x J and let F, denote the blocks in P as-
signed to processor g. We define the sharing constant cy, of P as

esh = max {cy (i), ()} 24)
where ¢l (i) :=|{¢g| It xseP;:iet}|foricland ¢ (j) :=|{q|Ft xseP: jes}
for j € J.

The constant cg, can be used to express the costs for sending x in the first step and
for summing up all local vectors y, in the last step of Algorithm 2.1. The following
definition allows to describe the costs for receiving the vector x and sending the
local result y,,.

Definition 2.11. Let P be a partition of / X J and let P, denote the blocks in P as-
signed to processor g. We define

I(q) = U t and J(gq)= U s

tXsePy IXsEPy

as the rows and the columns associated with processor g. Furthermore, let
p = max {|1(q)|, /(q)]}.
=q<p

For the above uniform block distribution cg, equals |/p, whereas the random
distribution induced by list scheduling results in a constant cg, which is of order p.
Similarly, we find p = max{|/|,|J|}/,/p in the case of a uniform partition and p =
O (max{|I|,|J|}) for the random distribution resulting from list scheduling. Using
¢sh and p, (2.3) can be rewritten to obtain the following complexity of the matrix-
vector multiplication for general block distributions

Nuv (A I+ I+
ﬁ( M;( ) 4 eq l:' |)+g-ﬁ<csh H{;' |+p>+3-€. (2.5)
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Due to the definition of .7#-matrices, i.e., due to the admissibility condition, large
blocks tend to be of the order I x J. Although exactly this leads to efficient algo-
rithms, it also restricts the possibility of reducing p. Hence, without splitting large
matrix blocks, one always ends up with p = &(max{|I|,|J|}).

Fortunately, this negative result does not apply to cgn, which can be reduced using
space-filling curves and sequence partitioning. These methods produce a distribu-
tion of P with a much higher locality of the blocks associated to a specific processor
q; see Fig. 2.4 (right). Due to the “compactness” of the sets F,, the frequency of
sharing an index with another processor is reduced.

2.3.2.1 Load Balancing with Sequence Partitioning

In this section it will be described how to distribute the blocks among the processors
such that on one hand the numerical work for the processors are almost equal and
on the other hand cg, and p are small. In order to be able to balance the work, we
first have to know the costs associated with a processor. Depending on the represen-
tations of dense and low-rank matrix blocks, the costs of each block are

7] - |s], if 7 X s € P is non-admissible,

CMV,k(f7S) = { k(|t] +|s]), iff x s € P is admissible. 26

Assume that the set of blocks P has been rearranged as a sequence. A block distri-
bution will be generated by subdividing this sequence into p pieces of comparable
costs.

Definition 2.12. Let C = {cy,¢z,...,c,} be a sequence of costs ¢; > 0. Furthermore,
letR={ro,...,rp} withl=rg<r  <...<rp,=n+1,r€N,0<i<p.ThenR is
called a sequence partition of (C, p). R is optimal with respect to (C, p) if for all
partitions R’ = {r(,...,r,} of C it holds that

/
Tipr—1

rip1—1

max Z ¢j > max Z cj =: cmax (C).
0<i<p = 0<i<p j=r;
= =

For the computation of an optimal partition of a sequence C, the knowledge of
¢max (C), the costs of the most expensive interval in an optimal partition, is suffi-
cient. In [195] an algorithm is presented which computes cpax (C) with complexity
O(n- p). An optimal partition can then be obtained by summing up the costs of
each element of the list and starting a new subsequence whenever the costs exceed
Cmax(c)-

The required sequence of the blocks in P can be generated using space filling
curves. These curves describe a surjective mapping from the unit interval [0, 1] to
the unit square [0, 1]2. Two examples of such curves, the Z- and the Hilbert-curve,
are presented in Fig. 2.5. Since partitions of [ x J can be mapped to the unit
square, the order in which a leaf is reached by the curve defines a sequence usable
for sequence partitioning. The neighborhood relationship of adjacent subintervals
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Fig. 2.5 Space-filling curves.

of space-filling curves guarantees the “compactness” of the corresponding sets F,.
The application of the Z- and the Hilbert-curve to a block partition is depicted in
Fig. 2.6.

1
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Fig. 2.6 Space-filling curves applied to .7#’-matrices.

The restriction to quadtrees in the definition of block cluster trees allows a simple
computation of the ordering induced by space-filling curves. The basic algorithm is
a depth first search (DFS) (see [249]) in T7« ;. In contrast to the usual DFS algorithm,
the order in which the sons S(b) of anode b € Tj,; are accessed is defined by a mark
associated with each node. The marks and the corresponding order of the sons for
the Z- and the Hilbert-curve is presented in Fig. 2.7. Here, the root of the block
cluster tree always has the mark “A”.

The motivation of load balancing with sequence partitioning was the reduction
of the sharing constant ¢y, compared with a random distribution generated by list
scheduling. The value of ¢y, obtained using the Z- and the Hilbert-curve for different
numbers of processors is shown in Fig. 2.8 (left). For both space-filling curves one
can observe a behavior of the kind ¢y, ~ /p, which is equal to the uniform distrib-
ution in the case of dense matrices. This shows the reduction of cg, in comparison
to a random distribution.

We compare the proposed distribution of blocks with another standard scheduling
method which is not based on space-filling curves. Instead of assigning the blocks



2.3 Parallel Matrix-Vector Multiplication 59

Fig. 2.7 Construction of space-filling curves: Z (left) and Hilbert (right).
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Fig. 2.8 Value of ¢y, for space-filling curves and LPT scheduling.

randomly to the processors, longest process time (LPT) scheduling (cf. [113])
orders the blocks according to their costs, which usually results in a better load
balancing than list scheduling. However, it does not reduce cg; see Fig. 2.8 (right).
An O(p) dependence of ¢y, is visible especially for small p. The number of blocks
per processor becomes smaller if p > 50. Therefore, less processors share the same
index.

2.3.2.2 Shared Memory Systems

Although communication costs can be neglected on shared memory systems, i.e., it
can safely be assumed that £ = g = 0, we can use the same algorithm as in the case
of a distributed memory machine. This can be justified by examining the (hidden)
constants in the part of (2.5) which describes the computational work. Assuming
Csh ~ /P> We can rewrite this equation as

Nvv (A) 1| +1|J]|
ﬁ( » +c N )

with a small constant ¢ > 0. On shared memory systems usual values for p range
from 1 to 128. Since the influence of the second term can be seen only for large p,
the first term dominates the computational work. Hence, a high parallel efficiency
can also be expected on shared memory systems.
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Algorithm 2.1 can be simplified using a threadpool (cf. [165]) based on POSIX
threads. For this, the first two steps of the BSP algorithm, i.e., scaling y and the
matrix-vector multiplication, are combined because the vector x can be accessed by
all processors. The summation of the final result is done in a second step after all
threads have computed the corresponding local results y;. Another advantage of this
algorithm is that for the implementation only minor modifications of an existing
sequential version are necessary, e.g., the computation of the matrix-vector product
in the first step differs only by the involved set of matrix blocks.

procedure step_1(q,,y,4,A4,%)
Yo =B yg
Vg 1= 0AX;

end;

procedure step_2(q,y,)
Y=y [1()NI(q) # 2};
Vg =Ygt Zy’/-qu Yilig)s
end;

procedure tp_-mv_mul(a, A, x, 3,y)
for 0 < g < p dorun(step_1(q,B,y4,A4,%) );
sync_all();
for 0 < ¢ < p do run( step_2(q,y,) );
sync_all();
end;
Algorithm 2.2: Matrix-vector multiplication using threads.

2.3.3 Numerical Experiments

In this section we examine the performance of the presented parallel matrix-vector
multiplication. For simplicity the factors ¢ and 8 in the product y := otAx + By are
chosen 1. In all examples the time for 100 matrix-vector multiplications was mea-
sured. We apply the proposed methods to .77-matrices stemming from the Galerkin
discretization of the integral operator from Example 3.43.

Remark 2.13. Parallelizing the matrix-vector product cannot be regarded indepen-
dently of other operations such as generating the matrix approximant. Computing
¢ -matrix approximations is usually much more time-consuming than multiplying
the approximant by a vector. Therefore, an algorithm for the approximation of dis-
crete integral operators together with its parallelization is presented in Sect. 3.4.
Since we should not reassign the blocks to the processors after they have been
generated, we will use the block distribution of the matrix-vector multiplication
when approximating the matrix. Note that the blocks can be approximated inde-
pendently while for the matrix-vector multiplication the “compactness” is a critical
issue. Here, the problem arises that the rank & in (2.6) is not known before the matrix
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has been generated if a required accuracy has to be satisfied. In this case, we replace
k in (2.6) by a constant kuyg = 10.

2.3.3.1 Shared Memory Systems

For the experiments on a shared memory system an HP9000, PA-RISC with 875 MHz
was used. The first comparisons were done employing a square .7#°-matrix approx-
imant having a fixed rank of kK = 10 on each admissible block. The CPU times
resulting from using Algorithm 2.2 and the corresponding parallel efficiency are
presented in Table 2.1. The weak parallel performance for small problem sizes ||

Table 2.1 100 parallel matrix-vector multiplications for fixed k = 10.

|

p=1
time

p=4

time | E

p=28

time | E

p=12
time | E

p=16
time

3968
7920
19320
43680
89400
184 040

11.7s
30.9s
94.9s
251.7s
556.4s
1277.5s

88%
91%
92%
89%
91%
92%

3.3s
8.5s
25.9s
70.9s
152.2s
347.7s

80%
84%
88%
87%
87%
86%

1.8s
4.6s
13.5s
36.0s
80.0s
186.0s

1.35|73%
3.55(74%
9.55|83%
23.95|88%
53.45(87%
120.1s5|89%

57%
66%
79%
84%
85%
82%

1.3s
2.9s
7.5s
18.9s
41.1s
97.5s

is probably due to the sequential parts in the algorithm, i.e., management overhead.
Since this part remains constant independently of the problem size, the parallel effi-
ciency grows with |I| and stabilizes at about 80-90 %.

Table 2.2 shows the results for the same operation but with an .7#’-matrix obtained
from approximation with fixed accuracy € = 119—4 but variable rank k. The same

Table 2.2 100 parallel matrix-vector multiplications for variable .

/]

p=1
time

p=4

time | E

p=38

time | E

p =
time

12
E

p=16
time

3968
7920
19320
43680
89400
184 040

9.6s
23.8s
66.7s
169.6s
346.2s
780.5s

93%
95%
97%
95%
95%

2.6s
6.3s
17.2s
44.6s
91.1s

202.65|96%

1.6s
3.7s
9.6s
22.8s
47.1s
107.1s

73%
80%
87%
93%
92%
91%

1.3s
3.1s
7.0s
15.7s
32.8s
69.8s

61%
65%
80%
90%
88%
93%

1.3s
2.4s
5.6s
13.0s
25.7s
55.0s

48%
63%
74%
82%
84%
89%

behavior as in the previous table is visible: the parallel efficiency grows with |/| and

reaches an almost optimal value of about 90 %.
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2.3.3.2 Distributed Memory Systems

The following tests were carried out on an AMD Athlon 900 MHz cluster. Due
to memory restrictions, problems for large || could not be computed with a small
number of processors p. The corresponding parallel efficiency for these problem
sizes is therefore computed with respect to the smallest available p, i.e.,

)

E(p): oi(p)

where p’ denotes the smallest number of processors which was able to compute the
problem. The presented storage size in these cases is approximated by p’Ny, where
Nt denotes the memory consumption per processor on a system with p’ CPUs. The
results from Table 2.3 were obtained for fixed rank k = 10. One observes the same

Table 2.3 100 parallel matrix-vector multiplications for fixed k = 10.

p=1 p=4 p=38 p=12 p=16
1] time | time | E | time | E | time | E | time | E
3968| 16.2s| 4.85|85%| 2.8s|72%| 2.1s|65%| 1.6s| 65%
7920( 43.8s| 12.1s|91%| 6.7s(81%| 4.8s|76%| 4.0s| 69%

19320{141.1s| 39.5s(89%| 20.25(87%| 14.7s|80%| 11.1s| 80%

43680 107.9s 57.05|95%| 42.0s|86%| 32.1s| 84%
89400 129.9s 90.85|95%| 69.7s| 93%
184 040 209.4s 157.4s|100%

behavior for the parallel performance as in the case of a shared memory system: a
better efficiency is obtained for larger |I|. This effect is also visible for fixed accuracy
€ = 119—4 as the results in Table 2.4 indicate. Due to the approximation of the actual

Table 2.4 100 parallel matrix-vector multiplications for variable .
p=1| p=4 p=28 p=12 p=16
7] time |time| E |time| E | time | E |time| E
3968| 12.0s| 3.6s|83%| 2.1s|71%| 2.0s{50%| 1.3s5|57%
7920( 30.0s| 8.6s5|87%| 5.0s|76%| 3.65(69%| 3.0s|64%
19320| 84.6s(27.0s|79%(13.2580%| 9.5s|74%| 7.5s|70%
43680|221.0s|64.0s|86%|34.55(80%| 23.25(80%25.5s|54%
89400 74.1s 53.65|92%|42.4s|87 %
184 040 119.6s 90.85|99%

costs (see Remark 2.13), the parallel efficiency is not as high as for an .7-matrix
with fixed rank.

As a conclusion of these test, we observe that starting from an existing sequential
implementation of .7#’-matrices, only a minimal programming effort is necessary to
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make use of multiple processors on a shared memory machine. The resulting al-
gorithms show a high parallel efficiency and are therefore recommended for the
acceleration of the .7Z-matrix arithmetic on workstations and compute-servers. If
a larger number of processors is needed, distributed memory machines are usually
preferred due to their lower costs. Using the BSP model, the design and implemen-
tation of parallel algorithms on such computer systems is similar to shared memory
systems. The corresponding parallel matrix-vector multiplication also shows a high
parallel efficiency if the problem size is sufficiently large.

While the matrix-vector multiplication is exact up to machine precision, the fol-
lowing replacements of the usual matrix operations are approximate. Since most of
the algorithms guarantee a prescribed accuracy on each block, it is important to be
able to relate blockwise accuracy estimates to global ones.

2.4 Blockwise and Global Norms

From the analysis we will usually obtain estimates on each of the blocks b of a
partition P. However, such estimates are finally required for the whole matrix. If we
are interested in the Frobenius norm, blockwise estimates directly translate to global
estimates:

|Apllr <eforallbe P = |A|lr </|P|e

and
|ApllF < ||Bpl|F forallbe P = |[|All[r < ||B]|F.

Both implications follow from

IAIF = Y 1457 2.7)
beP

For the spectral norm the situation is a bit more difficult. We can, however, exploit
the structure of the partition P together with the following lemma.

Lemma 2.14. Consider the following r x r block matrix
A= : : (2.8)
with Ajj € C"*%, i, j=1,...,r. Then it holds that

, 1/2 p 1/2
, max il < flAll2 < (l.H}?X’rZ ||Aij||2> (}.n}ﬁfrz |Aij||2> . (29

AAAAAAAAAA =1 =

Proof. Let x = [xi,...,x,]" € C", where x; € C", j=1,...,r, and n:= ¥_ n;.
Observe that
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2
r r r r

lAxE=Y Iy Axli <Y (Z IAijIIzIXjIz> = ||A%]3,
i=1 j=1 i=1 \j=1

where A € R™" has the entries @;; = ||A;;||2 and £ € R” is the vector with components
£j=|1xjll2, j=1,...,r. Itis well known that [|A||3 < ||A]|1|A||.. Hence,

1AZ113 < AN 1Al 112113 = 11111l lx113

gives the first part of the assertion. The lower bound follows from the fact that the
spectral norm of any sub-block of a matrix A is bounded by the spectral norm of A.
O

For block matrices generated from recursive subdivision we obtain

Theorem 2.15. Assume that the partition P is generated from I x J by recursively
subdividing each block into a 2 X 2 block structure at most L times. Furthermore,
let A,B € CP such that || Ay |2 < ||By||2 for all blocks b € P. Then it holds that

1A]l2 < 2"(1B]]2.

Proof. The assertion is proved by induction over the depth L of the cluster tree. The
estimate is trivial if L = 0. Assume that the assertion holds for an L € N. Let

Al Az B Bz
A= and B=
[A21 Azz} {le 322}

have depth L+ 1. Since A;}, i, j = 1,2, have depth L, we know from the induction
that
IAijll2 < 25|Byjll2, i,j=1,2.

The previous lemma shows

Al A L+1 L+1
- < Sl < sy <
Il = 1[4 42 e = 2 ma g < 2640 ma By < 241 8

which proves the assertion. a

For the usual choice L ~ min{log, |I|,log, |J|}, the coefficient 2L in the previous
theorem will be of the order min{|Z|, |J|}. If more structure of P than just a recursive
subdivision is known, then this estimate can be significantly improved. Note that
block cluster trees have |Tj, ;| ~ min{||,|/|} elements while recursive subdivision
in general leads to || |J| blocks.

An important consequence of (2.9) is that for matrices (2.8) vanishing in all but
Vv blocks in each row and each column it follows that

. max ||Aij||2 < ||A||2 <V max ”AinZ'
J=Lr i,j=1,...,r
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The previous estimate was also proved in [114] with a different technique. This
equivalence of the global and the blockwise spectral norm is useful in translating
blockwise errors to a global one. When relative error estimates are to be derived, we
will additionally need to estimate how a local norm relation is carried over to the
whole matrix.

Theorem 2.16. Let P be the leaves of a block cluster tree Tjwj. Then for A,B €
I (Tyxy,k) it holds that

(i) maxpep [|Ap][2 < [JA][2 < CSPL(TIXl)maXbeP 1A |25
(ii) |All2 < cspL(Tixs)||B||2 provided maxpep [|Apl|2 < maxpep || Bp||2-

Proof. Let Ay denote the part of A which corresponds to the blocks of P from the
fth level of Ty i.e.,

Ay, beT NP
A — ’ IxJ )
(Ae)s {0, else.

Then A = Z?g’“ )Ag, 1- Since Ay has tensor structure with at most ¢, blocks per

block row or block column, Lemma 2.14 gives ||A/||2 < cgp max, . ., l1Ap]|2, such
IxJ
that
L(Ti«y) L(Tyxr)
Alz< Y, Al <ep ), max  [|A]] < epL(Trcs) max [|Ap 2.
=1 (=1 e’ Vnp beb
The estimate
max [|Ap||2 < max||By||2 < B2
beP beP
gives the second part of the assertion. O

The computation of the Frobenius norm of A € 5 (Tjx;,k) can be done using
(2.7) and (1.4) with at most ¢y max{k>, nmin }[||log|1| +|J|log |J|] arithmetic oper-
ations. The spectral norm of A can also be computed with logarithmic-linear com-
plexity, for instance, by the power method applied to A#A, which A enters only
through the matrix-vector product.

2.5 Adding s7-Matrices

The sum of two matrices A, B € 5 (Tj«;,k) will usually be in .7 (T;,,2k) but not
in S (Tyxs,k). The reason for this is that C}"" is not a linear space as we have seen
in Sect. 1.1.5. Hence, % (T;xy,k) is not a linear space and we have to approximate
the sum A + B by a matrix S € S (Tj«,,k) if we want to avoid that the rank and
hence the complexity grows with each addition. Obviously, this can be done using
the rounded addition from Sect. 1.1.5 on each admissible block. On non-admissible
block, the usual (entrywise) addition is employed. The addition of .7Z-matrices can
therefore easily be parallelized using the scheduling algorithms from Sect. 2.3.2.1.
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Since the rounded addition gives a blockwise best approximation (see
Theorem 1.7), S is a best approximation in the Frobenius norm

|A+B—S|lr <||A+B—M|p forall M € 5 (Ti«;,k).
Using Theorem 2.16, this estimate for the spectral norm reads
|A+B—Sl|j2 <cspL(Tixy)||A+B—M|2 forall M € 7 (Tjxy,k).

The following bound on the number of arithmetic operations results from
Theorem 1.7, (1.35), and (1.36).

Theorem 2.17. Let A, B € 5 (Tjxy,k). The number of operations required for com-
puting a matrix S € 7 (Tyxy,k) satisfying the above error estimates is of the order

cspk® [L(TP) |+ L(T7) V] + cspk® min{| T3, | T3 }.

Alternatively, not k but the blockwise accuracy € of the approximation can be
prescribed; i.e.,

[(A+B)p— S|l < €l|(A+B)yll» forallbeP.

In this case, the required blockwise rank depends on the matrices and cannot be pre-
dicted without deeper knowledge of the underlying problem. Using Theorem 2.16,
we obtain the relative error estimate

|4+ B—S|l2 < cooL(Tr)e[| A + Bl

2.5.1 Preserving Positivity

In the rest of this chapter we will also define replacements for other common matrix
operations. Since these substitutes will all be based on the rounded addition, the
introduced error will propagate and will in particular perturb the eigenvalues of the
results of these operations. If the smallest eigenvalue is close to the origin compared
with the rounding accuracy €, it may happen that the result of these operations
becomes indefinite although it should be positive definite in exact arithmetic. Such
a situation can be avoided by the following ideas; cf. [28].

Assume that A € C'*/ is the Hermitian positive definite result of an exact addition
of two matrices from ¢ (T, k) and let A € 5 (Tjxs, k) be its /& -matrix approx-
imant. For a moment we assume that A and A differ only on a single off-diagonal
block t x s € P. Let EFH, E € C'*k, F € C***, be the error matrix associated with
tXxs;ie.,

Ats = Ats - EFH

and let
& := max{|[E|;, |F|3}- (2.10)



2.5 Adding .77-Matrices 67

Due to symmetry, FE? is the error matrix on block s x t.

We modify the approximant A in such a manner that the new approximant A can
be guaranteed to be positive definite. This is done by adding EE to A;; and FF!
to Ay, such that

An Ats | As Agg 4 EEH" . A,, A,s n EE? _EFH
AH AT |AH A FFH| = |Af A,| " |-FEH FFH |’

Since "

EE" —EFH| [-E]|[-E

—FEH FFH |7 | F || F
is positive semi-definite, the eigenvalues of A are not smaller than those of A. There-
fore, A is Hermitian positive definite and

Ay A Ay A EE" _—_EFH
l }-5 e Z " IIz*II et e |2 ZIEIZH|FI < 26
Al A Al FE" FF

If a relative error is preferred, we have to guarantee that
IE|3 < ellAull2, IFI3 < elAsll2 and [[EFT> < el Al

holds instead of (2.10). In this case, we obtain from Theorem 2.16 that

Ay A] _[AwAu], _ [EE" —EFT], o An Ass
|| Ass AHA HZ_ || 7FEH FFH ||2 H A ||2
ts <SS

Since ¢ x t and s x s will usually not be leaves in Tjj, it is necessary that EEH
and FF™ are restricted to the leaves of 7 x 7 and s x s when adding them to A;; and
Ag, respectively. Note that this leads to a rounding error which in turn has to be
added to the diagonal sub-blocks of # x ¢t and s X s in order to preserve positivity.
The computational complexity which is connected with the rounded addition makes
it necessary to improve the above idea. Once again, we replace an approximant with
another approximant by adding a positive semi-definite matrix. Let #; and #, be the
sons of 7 and let 51 and s, be the sons of s. If we define

H H
= - —E, | [-E E, E;] 0
A=Ay + 1 W =A,+2| ,
i 1 [Eﬁ][ﬂz] 1 [ 0 Eﬁg

the problem of adding EE* to A, is reduced to adding 2E,, EZII{ to A;,;, and 2Et2Eg
to Ay, . Applying this idea recursively, adding EE"M to A, can finally be done by
adding a multiple of E,/E to the dense matrix block A, for each leaf ¢’ in T; from

the set of descendants of . We obtain the following two algorithms addsym_stab
and addsym _diag.
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procedure addsym_stab(z,s,U,V, varA)
if # x s is non-admissible then
add UV* to A;, without approximation;
else
add UV* to A, using the rounded addition;
denote by EF* the rounding error;
addsym_diag(t,E,A);
addsym_diag(s, F,A);
endif
Algorithm 2.3: Stabilized Hermitian rounded addition.

The first adds a matrix of low rank UV# to an off-diagonal block ¢ x s while the
latter adds EE™ to the diagonal block ¢ x . Note that we assume that an Hermitian
matrix is represented by its upper triangular part only.

procedure addsym_diag(s,E,varA)
ifr x t is a leaf then
add EE" to A,, without approximation;
else
addsym_diag(t;, v2E,,,A);
addsym_diag(t, v2E,,,A);
endif
Algorithm 2.4: Stabilized diagonal addition.

We will now estimate the costs if the above algorithms are applied tot X s € Tj«;.

Denote by Ngtig( ) the number of operations needed if Algorithm 2.4 is applied to

t € T\ Z(T;) with E € C™, Since

Niiag (1) = Nitig (11) + Niiig (12)

and since at most k|t'|? operations are required on each leaf ¢’ of 7;, we obtain

b b 2
Nigg@) =Y Nigg@)< Y KP <nmink ), || = noink r].
e (L) t'eZ(Tr) e (T;)

Additionally, denote by Njfi*fib (t,s) the number of operations required to add
UVH € C** to Ay using Algorithm 2.3. If 7 X 5 is non-admissible, then min{|z|, |s|}
< Nmin, Which leads to

Nodd (t,5) < [ells] < rumin(It] + s]).

al

Since for admissible ¢ x s € Tj; a rounded addition and two calls to addsym _diag
have to be performed, the costs of Algorithm 2.4 can be estimated by

N3t (t,5) = max{k>, nmin }(|¢] + [s]) + Nijan (1) + Ngiae ()
< [max{k sPmin } + mink] (2] + [s]).

Hence, the stabilized addition has asymptotically the same computational complex-
ity as the rounded addition on each block.



2.6 Coarsening 7#-Matrices 69

If two #7-matrices are to be added, the stabilized addition has to be applied to
each block. The resulting .77-matrix will differ from the result S of the approximate
addition from Sect. 2.5 only in the diagonal blocks of P. Hence, it requires the same
amount of storage. The following theorem gathers the estimates of this section.

Theorem 2.18. Let A, B be Hermitian and let A;, i € I, denote the eigenvalues of
A+ B. Assume that S € 7 (Tj«y,k) has precision €. Using the stabilized rounded
addition on each block leads to a matrix S € 5 (Tyx1,k) with eigenvalues L > A,
i €1, satisfying

|A+B—S8|> ~ L(Ty)|I|e.

Hence, if A+ B is positive definite, so is S. At most (max{k?, nyin} + nmink)L(T7) 1|
operations are required for the construction of S.

Proof. Lett € Tl(k) be a cluster from the (th level of 7;. Since at most cgp blocks
t x s, s € Ty, are contained in P, addsym_diag is applied to ¢ only cg, times during
the stabilized addition of A and B. This routine adds terms 2PE,/EtI7 ,p<L(T;)— ¢,
to S,,. Hence, the error on ¢’ x ¢’ is bounded by

L(Ty)
Cop Z QLTN-1-Le < csp2L(T’)8 <ccgpllle
(=0

with some constant ¢ > 0. The previous estimate follows from the fact that the depth
L(T;) of T; scales like log, |/|. Since all other blocks blocks coincide with the blocks
of S, which have accuracy €, we obtain the estimate

1A+ B3l < e L(Ta)llle < e LT e
due to Theorem 2.16. O

The stabilized addition will be used in Sect. 3.6.3 when computing approxima-
tions to Cholesky decompositions of almost singular matrices.

2.6 Coarsening .77-Matrices

In this section we describe how a given matrix A € S (Tj«y,k) is approximated by
amatrix A € (T}, k'), where T}, is a sub-tree of T, with the same root 7 x J.
In the first part of this section, X’ < k will be a given number such that the accuracy
of A can be estimated only relatively to the best approximation. In the second part
we prescribe the accuracy and estimate the resulting rank '.

We have already got to know the following two coarsening techniques.

(a) Blockwise coarsening: Approximants of lower accuracy compared with the ac-
curacy of A are, for instance, sufficient when generating preconditioners of A. In
order to improve the data-sparsity and thereby the efficiency of the .7-matrix
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approximant, it is helpful to remove superfluous information from the blocks.
In Sect. 1.1.3 it was described how to compute a low-rank approximant of pre-
scribed accuracy and minimal rank to a given low-rank matrix. Especially in
the case of non-local operators (see Chap. 3), this recompression technique is
likely to improve the storage requirements even if the accuracy is not reduced.
The reason for this is that low-rank approximations are usually generated from
non-optimal constructions.

(b) Agglomeration of blocks: The partition P generated in Sect. 1.3 is admissible
and can be computed with logarithmic-linear complexity. We have remarked
that P, however, may be non-optimal. Hence, there is a good chance to improve
it by agglomerating blocks using the procedure from Sect. 1.1.6; see also [115].
The agglomeration of blocks will be particularly beneficial to the efficiency of
arithmetic operations such as multiplication and inversion of 7#-matrices due
to an improved sparsity constant.

Coarsening can be applied to a whole 7#-matrix but also to a submatrix. Without
loss of generality we consider only the case that T,’X ;=1xJ;ie., Ais coarsened to
a single matrix block A of rank k'.

2.6.0.1 Coarsening with Prescribed Rank

For the first part of this section assume that K’ < k is given. We start from the tree
Ty :=Tixy, L:= L(T;xy) — 1, and a matrix A, € 52 (T;,k') which is generated from
A by approximating each block Ay, b € £ (Tj«y), by a matrix of rank K’ using the
technique from Sect. 1.1.3. This first coarsening step requires

Y 6K ([t]+]s])+20K < 6cpk>L(Tyg) [[1| +1J] +40cspk® min{ |11, ||}/ min
txs€Z (Tixy)

arithmetic operations due to (1.36) and Lemma 1.39. Since A is approximated on
each block by a best approximation, for the Frobenius norm it holds that

|A—AL||lr < ||[A—M||F forall M € (T, k). @2.11)

The following rule defines a sequence of block cluster trees 7; and an associated
sequence of approximants Ay € J#(Ty,k'), £ = L—1,...,0. Let T; result from Ty,
by removing the sons of each block b € T;ﬂ \ Z(Tp+1) in the (th level of Tpyy.
Ay results from Ay by the agglomeration procedure from Sect. 1.1.6 applied to
such blocks b. The property that a best approximation is attained on each block is
inherited by the whole matrix with respect to the Frobenius norm; i.e,

||Ag+1 _AK'HF S HA(/,Jrl —MHF forall M € %(T(,k/) (212)

In order to agglomerate a non-admissible block, it is first converted to the outer-
product representation using the SVD.
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The number of arithmetic operations of the above construction is determined by
the number of operations required for the SVD of each non-admissible block and the
numerical effort of the agglomeration of each block b € Ty \ -Z(T;x,). According
to Sect. 1.1.6, at most

2
Y 24k2(|t|+\s|)+max{l408§k3,22n3in}

m
txs€Tyxy

operations are required, where we have used that max{|¢|, |s|} < npin, which may
be assumed due to the same level of a block’s row and column cluster. Using (1.35)
we obtain

Lemma 2.19. The number of arithmetic operations required for the above construc-
tion of Ay is of the order

espk L(Tier) (11| 4 1J]) + max{k®, g } T .

Using the above procedure, A € (T« ;,k) is rounded to a matrix of rank k.
The resulting approximation error can be arbitrarily bad. Assume we know a best
approximant Apeg € (Ci,” for A. The following lemma (cf. [116]) relates the approx-
imation error ||A — Ag||F to the best possible error ||A — Apegt|F-

Lemma 2.20. Let Ay € (Ci,” be constructed as above. Then it holds that
1A = Ao|lr < 2470 | A — Apegl| -
Proof. Let L= L(T;« ) — 1. From (2.12) it follows that
[A¢ — Abestl|F < [|Ae = Apy1llF + [|Arr1 — Abestl|F < 2[|Ar1 — Abestl
for £ € {0,...,L— 1}, because Apes € S (Ty,k'). Hence, ||A; — Apest||F < 287||AL —
Apest||F and we obtain from (2.12)

L-1 L—1 L—1
1AL =Aollr = | Y, (Ae=Ars)llr < Y A=A llF < Y [Ars1 —AvestllF
=0 =0 =0

-1
< Z 25 NAL — Avest |l = (25 — 1)]|AL — Apest |-
(=0

The assertion follows from

IA—Aollr <|A—ALllF+ AL — Aollr < [|A = ALl + (2" = 1) AL — Avest |l F
<2M|A - ApllF + (25 = D||JA — Apest||F < (25 —1)[|A — Apest|| ¢

due to (2.11). O
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2.6.0.2 Coarsening with Prescribed Accuracy

If on the other hand a given accuracy € > 0 is to be satisfied in each agglomeration
step, i.e., we have

lAvr1 —Adllr < ellApallr, 0<L<L, (2.13)

then the required rank k¥’ may increase. In order to avoid that the complexity is
deteriorated, we stop the coarsening process in blocks for which the required rank
k' is such that agglomeration is not worthwhile.

Assume that the sub-blocks S(b) of ablock b=t x s € Tf(j)l \ZL(Ty11)inApy are
low-rank matrices with ranks k¢, t' x s’ € S(b). By comparing the original storage
costs of (A1), with those of (Ay)p, it is easy to check whether the coarsening leads
to reduced costs of the approximant. If

kies(E]+1s) < Y koo (1114 15']), (2.14)
t'xs'eS(b)

then the block cluster tree Ty is modified by replacing the sons S(b) of b by the
new leaf b. If this condition is not satisfied, then the sons of b will be kept in the
block cluster tree. This procedure can then be applied to the leaves of the new block
cluster tree until (2.14) is not satisfied.

i
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Fig. 2.9 J#-matrix before and after coarsening.

It is obvious that this procedure does not increase the amount of storage. In
contrast, depending on A it will usually improve the storage requirements. In the
following two lemmas (see [28]) we analyze the accuracy and the complexity of
this adaptive agglomeration process. For this purpose we consider a single block
b € Trwy in which the described agglomeration stops due to the violation of (2.14)
by the father block of b. Without loss of generality we may identify b with I x J
and assume that (2.14) holds for all ¢ x s € Tyxs \ -Z(T;xs). The following lemma
describes the accuracy of Ag compared with the accuracy of Ay.
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Lemma 2.21. Let A € CPV If ||A — AL||F < €||A]|F, then ||A—Ao||lF < c(€)|A|
where c(€) = €+ (1+¢€)[(1+ &)l — 1] ~ L(Tyx ;)€ for € — 0.

F»

Proof. Due to [|A¢l|r < |Aps1llF 4 |Ac1 —Acllr < (14€)[|Agy1]|F, from (2.13) we
have that

L—1 L—1 L—1
AL —=Aollr =Y, (Aer1 = A < Y Acr1 —Adlr <€ Y [Arnillr
(=0 (=0 (=0

L—-1
<eY (1+e) " ALlr =11 +e)" —1)]AL]F-
=0

Observing

|A—Aollr <||A—ALllF + |AL — Aollr < €||Allr +[(1+€)" — 1]||ALllF
<ellAllr+[(1+&)" = 1)(|A - ALllF + |AllF)
<{e+(1+o)(1+e)" 1]} |AllF,

we obtain the assertion. O

The computational cost of the coarsening procedure is estimated in the following
lemma.

Lemma 2.22. The resulting rank of Ay is bounded by cspkmaxL(Tjxy). Hence, the
required costs are of the order

372 3
cspkmaxL (T]XJ)“” + |JH’
where kpax := MAX; s 2(Tpy ) kixcs.

Proof. Similarly to the case of a blockwise constant rank, the costs of coarsening
T;«j can be estimated to be bounded by

Y, kel +Isl),

txs€Tyxy

where we have omitted terms which do depend neither on |¢| nor on |s|. Using (2.14),
the cost of each block 7 x s € Ty \ Z(Tjx,) can be estimated by a sum over its
leaves

ks(E+1sD) < Y Koy (I +15']).
1'x5'€.2 (Tyns)

From (1.36) it follows that k;; < cspL(Tixs)kmax. With the previous estimate we
obtain

Y Kt [s) < L (T kmax Y, (It +1s])

txs€Tyxy txs€Tixy

< cgpLB(nX/)krznaxH” + |J|]
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due to (1.36). O

We have seen that each block 7 x s € £ (T}, ;) of the final partition .Z (T, ) re-
quires O(k2,,.(|t| +|s|)) operations for its computation and that its accuracy is of
the order L(7Tj«;)€. Returning to the whole matrix, the coarsening process there-
fore gives back a matrix A which has accuracy L(Tj« ;)€ and can be computed with
O (k2. (JI| 4 ]J])) arithmetic operations; cf. (1.36).

2.7 Multiplying .7Z’-Matrices

Let A € 52 (Tyxy,ka) and B € (T« ,kg) be two hierarchical matrices. The aim
of this section is to investigate the product AB € C!*K of A and B. In contrast to
the hierarchical addition, which preserves the block structure, the exact product AB
cannot be represented using the block cluster tree 7., i.€., it cannot be guaranteed
that the blockwise rank is bounded in general. Therefore, in the first part of this
section we will define the product tree Tj;x, which is suitable to hold the exact
product AB. The second part of this section is devoted to the rounded multiplication
to a given partition and given rank. Our presentation mainly relies on [116].

2.7.1 Product Block Cluster Tree

In this section we assume that 77, ; has been generated using the cluster trees 7; and
T; and that for the construction of 7y g the cluster trees T; and Tx have been used.

Fig. 2.10 The product of two partitions.

Figure 2.10 shows that the block structure is usually not preserved. The block in
the upper right corner of the product is a sum of products in which at least one factor
is a low-rank matrix. Hence, its rank is bounded by the number of products times
the maximum rank of blocks in A and B. The block on the left of the latter needs to
be refined since for its computation a product of two factors which are not in the set
of leaves is involved. The impression that the product partition is always finer than
the partition of the factors is wrong as can be seen from Fig.2.11.
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Fig. 2.11 Factors leading to a coarser product partition.

Definition 2.23. The product tree 77, of Ty, and T« is inductively defined by

(i) I x K is the root of Ty x
(ii) The set of sons of blocks ¢ x s € Tjjx from the fth level of T}k is

Siyk(txs) ::{t’ xs'|3re T}K),r’ € T}”” X1 €St xr)

and ' x s’ eijK(rxs)}.

Lemma 2.24. The product tree Tyjk is a block cluster tree based on Ty and T. For
its depth it holds that

L(Tyyk) < min{L(T1xy),L(Trxk)}-
The sparsity constant of Tjx can be estimated as
csp(Tik) < cop(Tixa) - csp(Tyxk)-
Proof. Due to Definition 2.23 it holds that for a given r € T;
{seTx:txseTyg} C{s€Tx|Ire Tyt xreTixyand r xs € Tyxx}.
Therefore, recalling Definition 1.35 we have that

HseTx:txse Ty} < Y [{s €Tk :rxse Tk}
reTptxreTiygy

< Csp(TIxJ) : Csp(TJxK)-
The rest of the assertion is an easy consequence of Definition 2.23. O

Lett x s € Ty be a leaf from the /th level of Tj;x. Then

(AB);s = ZA, Bjs.
jeJ

We will rearrange the previous summation to a sum of products in which one factor
is a low-rank matrix. To this end, denote by F;(r) € T; and Fj(s) € Tx the uniquely
defined ancestors of ¢ and s from the jth, 0 < j </, level of T; and Tk, respectively.
We define the set



76 2 Hierarchical Matrices
Uj(t xs):= {reT() Fj(t) xr € Tixy and r x Fj(s) € £ (Tixk)
or Fi(t) xre ZL(Tixy) and r x Fj(s) € TJXK}.

The consequence of the following lemma is that

4

(AB)IS = Z Z At Brs. (2.15)

j=0 rGUj(th)
Lemma 2.25. It holds that ,
U U r=1J,
J=0reU;(rxs)
where the union is pairwise disjoint. Furthermore, it holds that
U6 x 8)] < min{esp(Thes)scop (Trx)}, 0<j <.

Proof. Let v € J. It holds that by := Fy(r) x J € Tyxy and bfy :=J X Fy(s) € Tyxg. If
neither by nor by, is a leaf, then there is r; € S;(J) such that v € ry and by := Fi(t) X
r1 € Tixy, by :=r1 X Fi(s) € Tyxk. If still neither by nor b is a leaf, we descend the
trees keeping v € r; until for some j either b := F;(t) x rj or b, :=r; x Fj(s) is a

leaf. In this case v € r; € U;. Since t X s is a leaf in Ty, it follows that j < <.

Since U; is constructed from TJ( /) the elements of each U ; are pairwise disjoint.

LetreUjand ' €Uy, j < j,and rNr’ # @. Since r,r’ C Tj, we obtain v’ C r. It
follows that

Fp(t)xr CFj(r)xr and r' xFy(s) CrxFj(s). (2.16)

The definition of U; implies that either F;j(¢) X r or r x F;j(s) is a leaf. Hence, one

of the inclusions in (2.16) is an equality, which implies that j = j’ and hence that
/

r=r.

From
U < {r e T 2 Fi() x € Trg}| < egpl(Tie)
and '
Ul < {re 77 s rx Fi(s) € ik} < cxp(Tra)
we obtain the estimate on the cardinality of U;. a

Theorem 2.26. Let L=L(Tyk ). For the product AB of two matrices A€ I Ty, ka)
and B € 7 (Ty«k,kg) it holds that AB €  (Tyjk, k), where

k< Lmin{csp(TIXJ) , CSP(TJXK)} max{kA kg, nmin}'
The matrix AB can be computed with at most

Csp (TUK)L max{ngMv (A) , kANMV (B)}
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arithmetic operations. Here, Ny (A) denotes the number of arithmetic operations
required for the matrix-vector multiplication (see Sect. 2.2), ki, := max{ka,nmin },
and kg := max{kg, nmin }-

Proof. Lett x s € £(Tyjk) be from the ¢th level of Tjk. Due to (2.15) we can
express (AB);; by the sum over Lmax;—o, . ¢|U;(f X s)| matrix products. From the
definition of U;( x s) and from ¢ x r C Fj(t) x r and r X s C r x Fj(s) we see that
one of the factors of each product corresponds to a leaf and so its rank is bounded
by max{ka,kp,nmin }. As a consequence,

k<L 'rr(l)axé\Uj(t X S)‘ max{kA,kB,nmin}.
Jj=0,...,
The first part of the assertion follows from Lemma 2.25.

Using the representation (2.15), we have to compute the products A;,-B,s, each
of which consists of max{ks,kg,nmin} matrix-vector products. Hence, with P :=
ZL(Tyyk) and P, := PN 7}8}(, 0 < i < L, we obtain for the number of arithmetic
operations for the matrix product

—1
NMM(A,B)S Z LX: Z maX{ké;NMv(A,r),kANMv(B,«S)}

txs€P j=0reUj(txs)

< Y max{kzNwv(As), kyNuv(Bys)}

txseP

L-1
<Y Y max{kpNwv(Ay),kyNvv(Bs)}

i=0 txseP;
<cyp (Tik)L max{kngMv (A), k;‘NMV (B) },

which proves the assertion. O

2.7.2 Preserving the Original Block Structure

The exact product AB of two 7-matrices A € J7(Tj«j,ka) and B € (Tyxk,kp)
can be found in the set 57 (Tjyk, k") with a slightly increased blockwise rank k' as
we have just seen in Theorem 2.26. Since the product tree T7;x will usually lead to
a finer partition, which in turn leads to an increased numerical effort, the product
AB is preferably represented on the usual partition of the cluster tree ;g with
possibly further increased rank. By the following idempotency constant it is possible
to estimate this increment. For simplicity we restrict ourselves to the case [ =J = K.

Definition 2.27. Let T;.; be a block cluster tree generated from the cluster tree 7;.
The idempotency constant cjq is defined as

cia(b) == |{t' x5 € Tyxy:t' x5’ Chand I € Ty witht' x ¥/, ' x5’ € Ty } |
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for b € £ (Tjx) and
cig:= max c¢q(b).
CT e 2T a(b)
If Tyy7 is not finer than 774y, then cjqg = 1. In Fig. 2.10 four blocks are refined into
its four sons, respectively. In this case it holds that cjg = 5.

Example 2.28. In Example 1.36 we have estimated the sparsity constant cg, under
the assumption (see (1.22)) that

(diamX,)" < ¢,27¢ and u(X,)>2""/cc

forallt € TI(@. The same assumption will now be used to estimate the idempotency
constant. Let b € £ (T;«) be from the (th level of T;.,. If b is a non-admissible leaf,
then ¢;q(b) = 1. For admissible b =t x s we define

q :=log,(cgcgen) +mlogy (24 1),

where cq, is defined in (1.19). We will show that for clusters #',7/,s' € Tj, t' x s’ C

b=t xs,satisfying ' x ¥/, ¥/ x §' ETI(”‘I)

leaf in T;y;. This can be seen from

it follows that either ¢’ x ' or ¥ x 5" is a

2—q/m _ Cg_l/mcgl/mcg_zl/m@—l—n)_l
and

diamX,, = (1+n/2)diamX, — n/2diam X,
< (141/2)cy/™2~+a)/m _q /2 diam X,

" 2min{ /™ (X,), ™ (X,) Y — 1 /2 diam X,

IN

IN

min{diamX,,diamX;} — n/2diamX,s

IN
oS = B

(dist(X;, X;) — diam X,+)
< 1 max{dist(X,, X, ), dist(X,»,Xy) }.

Since hence either ' x ' or ¥ x s’ is admissible, one of these blocks does not have
descendants in T7«;. Hence, the number of vertices in Tj;; which are contained in b
is bounded by cig < 49 = (c,cge0)?(2+1)*".

The same kind of proof can be adapted to partitions generated from algebraic
clustering.

Lemma 2.29. Under the assumption (1.28) it holds that ciq < [c,(2+1)]*"

Proof. Let b € £(Tj«r) be from the ¢th level of Tj,. If b is a non-admissible leaf,
then ciq(b) = 1. For admissible b =t x s we define
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q:=mlog,c,(2+M).

We will show that for clusters ¢',7,s" € Tj, t' x s’ C b =1 x s, satisfying ¢’ x ', 7 x

s e Tl(ffq) it follows that either ¢’ x ' or ' x s is a leaf in Tj,;. This can be seen

from
diam7’ = (1+n/2)diam7’ — n/2diam7’
< (141/2)c,2” 9" min{diam¢, diam s} — 1 /2 diam r’
1

IN

min{diam¢,diams} — n/2diam 7

IN
=S

(dist(t,s) — diam ')
< n max{dist(¢’,r),dist(+',s')}.

Since hence either ¢’ x ' or ¥ x s’ is admissible, one of these blocks does not have
descendants in Ty;. Therefore, the number of vertices which are contained in b is
bounded by c¢jg < 49 = [c,(2+1)]*". O

Theorem 2.30. Let A, B € 7Ty, k). Then AB € (T 1,k), where
]A( < CidCSpL(TIXl) maX{kynmin]“

Proof. Due to Theorem 2.26, we have AB € 5#(Ty;;, k'), where the blockwise rank
K is bounded by cgpL(T7x ;) max{k,nmin}. If a leaf from 77, is contained in a leaf
from Tj;;, then the restriction does not increase the rank. If a leaf from 7« contains
leaves from T}y, then their number is bounded by c;4. Therefore, the rank is bounded
by cigk’. O

2.7.3 Rounded Multiplication

If the product AB € 5 (Tj«y,k) is to be approximated by a matrix from S (Tj«;, k),
k < k, then one of the rounding algorithms from Sect. 1.1.5 can be used to reduce
the blockwise rank to k. The first sums up all arising products in (2.15) and rounds
the result to rank k. As shown in Sect. 1.1.5, the result of the rounding can be con-
trolled relatively to the best approximation. The second algorithm gradually adds
the products to a rounded sum and is significantly faster but can result in arbitrarily
large errors for general matrices. The following divide-and-conquer algorithm for
the computation of the approximate update C := C + AB of C € 7 (T« 1,k) stems
from the blockwise matrix multiplication and is even faster.

Assume that A € 5 (Tjxy,ka) and B € 5 (Tyx g, kp) are subdivided according to
their block cluster trees Ty and Ty g:

A]] A]Q Bll B]Z
A= . B= .
|:A21 Azz] [321 Bzz]
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Then AB has the following block structure

A11B11 +A12B21 A11Bi2 +A12By

AB = .
A21B11 +AnB A21Bio +A2nBy

If the target matrix C has sons in T« g, then compute
Cij:=Cij+AuBij+ApByj, i,j=1,2,

each of which has approximately half the size of C := C + AB. In the case that
C is a leaf in Tk, the sums A;1 By +ApBy; are rounded to rank-k matrices R;;,

i,j=1,2,and
Ri1 Ry
Ry1 Ry

is agglomerated to a single rank-k matrix (see Sect. 1.1.6) before adding it to C
using one of the rounded additions. The complexity of the rounded multiplication
was shown to be of the order k>L?(T;)|I| + k*|I| for I = J; see [132]. A parallel
version of the previous algorithm was presented in [166].

2.7.4 Multiplication of Hierarchical and Semi-Separable Matrices

As we have seen in Sect. 1.2, multiplying a (p,q)-semi-separable matrix S and a
general matrix A € C"™*" can be done with €'((p 4 g)mn) arithmetic operations. If
A is an J#-matrix, then AS and SA can be computed with significantly less effort.
Since diagonal-plus-semi-separable matrices are hierarchical matrices, we could use
the hierarchical matrix multiplication algorithm from the previous section. We will
however present an algorithm which is significantly more efficient if one of the ma-
trices is semi-separable. Its complexity will actually be of the order of the hierarchi-
cal matrix-vector multiplication. The resulting algorithms will be used in Sect. 4.6
when updating the factors of the LU decomposition in Broyden’s method.

In the following lemma (see [24]), which is the basis for the efficient multiplica-
tion, we make use of the notation

s :={iel:i<mins} and s":={i€l:i>maxs}

for s C I. Note that this lemma holds for arbitrary partitions P of the matrix indices

{1,...,m} x{1,...;n}.

Lemma 2.31. Let A € C™*" and let S € C"" be a diagonal-plus-semi-separable
matrix with the notation from Definition 1.10. For t x s € P it holds that

(AS)is = AyySss + EVI 1 17H

where & := A;qUy € C*P and T := A, W € C'*9. Furthermore, if A € C"™,
then
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(SA)rs = SitAss + Ut-—"rAH + VVJA'H,

where & ::Aﬂsvtu e C*P and T ::Af,ISZt/ € C**4. Here, U; denotes the restriction
of U to the rows t.

Proof. By ¢ we denote the level of 7 X s in the block cluster tree Tj;. Let T X ¢ D
t X s be in the kth level of T;,;. By induction over k < ¢ we will prove that

Ai6Sss = ArSss + Z(0)VA +1(0) 21 (2.17)

with vectors E(0) := A;6+Uqs+ and 1 (0) = Asg+Wo+, where 6* :={i€0:i<
mins}, 6** := {i € 0 :i > maxs}. The choice 6 = I will then lead to the assertion.
For k = ¢ we have that T x 0 =t X 5. Therefore, we obtain

AIGSGS = AtsSss~

Assume that (2.17) is true for k+1 < ¢. Let A;s and S5 be partitioned correspond-
ing to the tree Ty

Ato) Aro Soi01 Uc, VE
Arr = 101 102 and S~ = 101 1702 |
i [Afzf’l ATzcz o° Wozzgl Sczcz

Then we have that

A s — [AneiSao +A1,0,Wo, 2, Aty0,80,0, +Ari0,Us, V%
roo A1'2<71S0101 +A7262W02Z61 AT202S0202 +A7201 UUlvcz ,s'

If s C oy, then

Ar6Sos = Aroy Soys + Aroy Wy Z = ArsSys + E(01) VI + Y (01) + A, W, |21
If, on the other hand, s C 05, then

Ai6Sos = Ar6ySays +Aio, Usy Vi = AisSss + [E(02) + Ay Ugy [V + 1 (02)ZY

due to the induction assumption. The second part of the assertion is obtained by
similar arguments. O

According to the previous lemma, each sub-block (AS),s of AS is a rank-(p + q)
update of A;;Sg. Let#y X sq,...,#y X sy be the blocks in P such that mins; < mins;
for i < j. Then C := AS can be computed by Algorithm 2.5.

Z :=0 from C/*»
fori=1,...,udo
Cisi = Ay Ssisi + Efivxfl
Ey o= By Ay Uy,
Y := 0 from C'*¢
fori=pu,...,1do
Cris; = Gy + Y;,Zg
I =1 + Ay W,
Algorithm 2.5: 7Z-matrix times semi-separable matrix.
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For the computation of SA the blocks have to be ordered with respect to their row
indices.

In order to be able to compute AS efficiently, we have to exploit that A is an
S -matrix, i.e., that for each block ¢ x s € P it holds that A,; = XY with X € C'*k
and Y € C*** each consisting of k columns. In this case we have

AsUs =X (Y Uy)

and each product A;U; appearing in Algorithm 2.5 can be done with pk(|¢] + |s|)
operations. Additionally, products A;sSss have to be computed for each block 7 x
s € P.Exploiting

ArsSys = X (SHY)H,

itis sufficient to compute the kx s matrix S2Y, which can be done with &'((p+q)k|s|)
operations using Algorithm 1.1. The rank-p update of A;;S,s with Z; VSH can be done
explicitly by storing the rank-(k + p) matrix

ArsSss + EVE = X, Z][SEy, V)",

which requires copying p(|¢| + |s|) units of storage. The updates with Z,V# and
%;ZH lead to a blockwise rank of k+ p + ¢, i.e., with A € J#(P,k) it holds that
AS,SA € A (Pk+p+q).

We will apply this multiplication to problems (see Sect.4.6.2) where p and ¢
are constants. Hence, the computational complexity of each block 7 x s is of the
order k(|t|+ |s|), which is exactly the complexity that is required for each block
when multiplying an (P, k)-matrix by a vector. The latter multiplication requires
O (knlogn) operations; cf. Sect. 2.2.

Remark 2.32. (a) For the update of the LU decomposition we will have to com-
pute the product of triangular hierarchical and triangular semi-separable matrices.
In this case the product will be in 2 (P,k + p) and J#(P,k + q), respectively, if
the hierarchical factor is in % (P,k). It is obvious how to simplify and accelerate
Algorithm 2.5 for such kind of matrices; see Algorithms 2.6 and 2.7.

(b) The rank-p and rank-g updates will gradually increase the rank of the fac-
tors if they are stored explicitly. This can be avoided by truncation to rank-k; see
Sect. 1.1.4. The latter operation requires &'(k(|t| +|s|)) operations for each block
rXs.

Let £ = {11 xs1,...,ty X sy} be the blocks in P such that mins; > mins; for i < j.
Y :=0 from C/*¢
fori=1,...,udo

Cis; = LfiSiL_,YiS,' + E,Zsf,-l

T =1, + Ly Wy
Algorithm 2.6: S -matrix times lower triangular semi-separable matrix.
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Let £ = {1 xs1,...,ty X 54} be the blocks in P such that minz; > minr; for i < j.
E:=0 from CI*»
fori=1,...,udo
Ciys; = Urivti Uis; + Uy E;I
Eyi=Eq+ U:ﬁ,- Vi
Algorithm 2.7: Upper triangular semi-separable matrix times .7#’-matrix.

2.8 Hierarchical Inversion

In this section we assume that each block A, 1 € T, of A € 5 (Tj«y,k) is invertible.
Positive definite matrices are an important example.

Two approaches to the computation of the .7Z-matrix inverse have been investi-
gated in the literature. The first (see [132]) uses the Schulz iteration

Cit1 =C(2I-AC;), i=0,1,2,...,

which arises from Newton’s method applied to F(X) := X! —A = 0. This iteration
converges locally to A~!; see [235]. The following divide-and-conquer approach
(see [127]) has turned out to be significantly more efficient. It exploits the property
that each matrix A € 52 (Ty«,k) is subdivided according to its block cluster tree:

A A
A= .
[AZI A

It is easy to see that for the exact inverse of A it holds that

—1 —1 — -1 -1 —
Al [AM +AARS T ANAY A ARS 1]’ 2.18)

—S'ApAL! S

where S denotes the Schur complement S := Aj; —A21A1‘11A12 of A1; in A. For the
computation of A~ the matrices A;; and S, which have approximately half the size
of A, have to be inverted. The #-matrix inverse C of A is computed by replacing
the multiplications and the additions appearing in (2.18) by the #-matrix versions.
We need a temporary matrix T € 52 (T, k), which together with C is initialized to
Zero.
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procedure invertH(¢,A, varC)
if t € 2(T;) then C,, := A;;! is the usual inverse.
else
let 11,1, denote the sons of ¢.
invertH(z;,A,C).
Elrz = Ttltz *CrltlAtltz-
Ezrl = thtl *Atzrl Ctltl-
A, = Ay +Ans Ty -
invertH(z,,A,C).
City = Ciity + T, 1,Ctoty -
Cooty = Cioty + Cipty Thot, -
Ctlt] = Ctm + Tt]tzctztl -
Algorithm 2.8: 7#-matrix inversion.

Calling invertH with parameters I, A, and C generates the desired approximation C
of A~!, while A is destroyed.

The complexity of the computation of the J#-inverse is determined by the cost of
the .77-matrix multiplication. For the following theorem it is assumed that each sum
of two rank-k matrices arising during the previous algorithm is rounded to rank k.
We remark that the feasibility of this assumption has to be checked for the respective
problem since otherwise the approximation error may become uncontrollable.

Theorem 2.33. The computation of the ¢ -matrix inverse C € H (Tix1,k) of A €
H(Tyx1, k) using Algorithm 2.8 requires O (K*L*(Ty)|I|) operations.

If we prescribe the rounding precision €4, it is by no means obvious that the re-
quired blockwise rank k of the .7#-matrix inverse C is small. In order to prove this,
we will leave our algebraic point of view and exploit analytic properties which are
accessible for subclasses of matrices such as those arising from elliptic operators;
see Chap. 4.

The 77 -matrix inverse may be used for the data-sparse approximation of operator
valued functions. Let f : C — C be analytic inside of a path I' C C enveloping the
spectrum of an elliptic operator .. The operator f(.%) can be represented using
the Dunford-Cauchy integral

L) = zim /F PR — £) ' dz

provided that this integral converges. Approximating the previous integral by ap-
propriate quadrature formula and treating the discrete resolvents by the 77-matrix
inverse leads to a data-sparse approximation. Examples are the operator exponen-
tial exp(—¢.¢) arising from the solution of the heat equation and the operator co-
sine family cos(t\/g? ) arising from the wave equation; see [98, 96]. In addition,
data-sparse methods for the approximation of the Sylvester and the Riccati equation
including the matrix sign-function are investigated in [96, 97].
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2.8.0.1 Updates of the Inverse

Sometimes, many systems with coefficient matrices differing in only a small number
of entries have to be solved. This problem arises, for instance, as a consequence
of Newton’s method for the solution of nonlinear systems if the coefficients of the
operator change only locally. Assume that A is invertible such that 14 OtejTA’ le; #0
with o¢ € R and the canonical vectors e;,e; € R". Due to the Sherman-Morrison-
Woodbury formula (1.3) for the inverse of

A=A+ ae,-e]T-

it holds that
a

Al=A+oaeel)y '=A - ——
( ;) 1+O¢ejTA*1e,-

Aileie}"A*l.

Hence, A=! and A~! differ only by matrix of rank 1. In the case that A and A have
r different entries, the update will be of rank at most r. Using the Z’-matrix addi-
tion, we are able to compute an approximation C € J#(Tjx;,k) of A~! exploiting
the previously computed approximation of A~!. Obviously, this is much faster than
computing the .7 -matrix inverse of A from scratch.

2.9 Computing the .77-Matrix LU Decomposition

Although the hierarchical inversion has almost linear complexity provided that the
required blockwise rank behaves well, the numerical effort for its computation is
still relatively high. The following hierarchical LU decomposition provides a sig-
nificantly more efficient alternative.

The first algorithm for the computation of hierarchical LU decompositions has
been proposed in [176]. This algorithm, however, was defined on a partition which
is too restrictive to treat problems of higher spatial dimension. The following algo-
rithm is the first method (see [21]) which can be applied to general .7-matrices.
Once again, the required blockwise rank cannot be predicted without restricting the
class of matrices. For elliptic operators it will be possible to prove a logarithmic
dependence on |I|; cf. Sect. 4.3.

We have seen that approximate versions of the usual matrix operations like addi-
tion and multiplication can be defined on the set 57’ (Tj«;,k) of hierarchical matrices.
The hierarchical LU decomposition can be computed using these accelerated oper-
ations during the block LU decomposition instead of the usual ones. The rounding
precision these operations are performed with will be denoted by € .

To define the #7-matrix LU decomposition, we exploit the hierarchical block
structure of a block Ay, t € T\ L (Tp):
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A, = [Afm At1f2:| — |:Ltltl } |:Ufltl Uf1t2:|
1t — - )

b Alzlz lell letz Ulzfz

where t1,1> € T; denote the sons of ¢ in 7;. Hence, the LU decomposition of a block
Ay is reduced to the following four problems on the sons of ¢ X ¢:

(1) Compute L; s, and Uy, from the LU decomposition Ly, Uy, = Ay
(11) Compute UtltZ from Ltltl Uflfz = AtltZ;
(iii) Compute Ly, from Ly, Uy 1y = Apyyys
(iv) Compute Ly, and Uy,;, from the LU decomposition Ly, s, Uy, = Asyty — Liyt Uyt -

Ifablock s xt € £ (Tj«;) is a leaf, the usual pivoted LU decomposition is employed.
For (i) and (iv) two LU decompositions of half the size have to be computed. In order
to solve (ii), i.e., solve a problem of the structure L, B;; = A;s for B;s, where L, is
a lower triangular matrix and # X s € Tj«j, we use the following recursive block
forward substitution. If the block ¢ x s is not a leaf in 7}, from the subdivision of
the blocks Ay, By, and Ly, into their sub-blocks (¢1,#, and s1,s, are again the sons
of t and s, respectively)

Ltlll Bllsl Btlsz — Allsl AZI.S‘Z
LtzI] Ltzlz Blzs| Btzsz Atzsl A12S2

one observes that B can be found from the following equations

LtlllBtlsl :Atlslv
LtltlBtl.S‘z :At1527
Ltztthzsl :At2S1 _LtztlBtlsla
szlthzsz = Atzsz - Lt2f| BZ1S2 )

which are again of type (ii). If, on the other hand, 7 X s is a leaf, then the usual for-
ward substitution is applied. Similarly, one can solve (iii) by recursive block back-
ward substitution.

The complexity of the above recursions is determined by the complexity of the
hierarchical matrix multiplication, which can be estimated as &' (k*L?(T;)|1|) for two
matrices from J#(Tj«;,k). Each operation is carried out with precision €. A result
[79] on the stability analysis of the block LU decomposition states that the product
LU is backward stable in the sense that

1A= LU |2 < c([])er(

Al +[IL[2(U]|2)-

Provided that ||L||2||U||2 = ||A||2, the relative accuracy of LU will hence be of or-
der €. Employing the 7#-matrix arithmetic, it is therefore possible to generate an
approximate LU decomposition of a matrix A € 7 (Tj«y,k) to any prescribed accu-
racy with almost linear complexity whenever the blockwise rank is guaranteed to be
logarithmically bounded. A logarithmic dependence of k on |I| will, for instance, be
proved under quite general assumptions for finite element stiffness matrices arising
from the discretization of elliptic boundary value problems.
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It is known that the pointwise LU decomposition preserves the bandwidth and the
skyline structure of a matrix. This property is obviously inherited by the .7#-matrix
LU decomposition. In Sect.4.5 we will exploit this in the context of nested dis-
section reorderings, which in particular allows to parallelize the LU factorization
algorithm.

In the case of positive definite matrices A it is possible to define an J7-matrix
version of the Cholesky decomposition of a block Ay, t € Ty \ £ (T;):

H
A, = Ay Anny — Luy, Ly,
. Azl;ltz Alztz Ltzfl Ltztz sztl Ltzfz .
This factorization is recursively computed by

H _
LtltlLtlzl _Atltw
Ltltl tzzl Atl’Z’

H
Ltztz taty Atztz Ll2t1Lt211

using the usual Cholesky decomposition on the leaves of T7;. The second equation
Ly, Ltz,] Ay, 1s solved for L;,;, in a way similar to how Uy ;, was previously
obtained in the LU decomposition.

Once A =~ L U 4 has been decomposed, the solution of Ax = b can be found
by forward/backward substitution: Ly = b and U x = y. An advantage of the
inverse of a matrix A is that A~! only has to be multiplied by b when solving the
linear system Ax = b for x. The LU decomposition requires forward-/backward sub-
stitution, which in standard arithmetic has quadratic complexity. Since Ly and U ,»
are JZ-matrices, y;, t € Tr \ Z(T;), can be computed recursively by solving the
following systems for y, and y;,

Ltltlytl = btl and Ltztzytz = btz _Ltzllytp

If r € £(T;) is a leaf, a usual triangular solver is used. The backward substitution
can be done analogously. These substitutions are exact and their complexity is de-
termined by the complexity of the hierarchical matrix-vector multiplication, which
is O(kL(Ty)|1|) for multiplying an .57 (T;«;, k)-matrix by a vector.

2.10 Hierarchical QR Decomposition

In addition to the hierarchical LU decomposition it seems straight forward to de-
fine a hierarchical QR decomposition of A € J#(Tj«;,k), which may, for instance,
be used to solve eigenvalue problems with almost linear complexity. In [176] the
OR decomposition of .7Z-matrices is computed using the Cholesky decomposition
LL" = B of B:= A" A. The matrix Q is found by forward substitution from A = QL
Then Q is unitary because



88 2 Hierarchical Matrices
Q"o =L'AMAL " = L7 'BLH = 1.

Since squaring a matrix should be avoided, we propose to use the following alterna-
tive recursion.
Assume that A or a diagonal sub-block of A is partitioned in the following way:

A1l Az
A= .
[AZI Azz}

Setting X := Ay A, itis obvious that I+ X* X and I+ X X" are Hermitian positive
definite and share the same spectra (without 1). Let the Cholesky factors L and L;
be computed from

I+X8x =18 and 1+XX9 =L1,18,

then it follows that detL; = detL,. The matrix

0:— LyboL'x" ! 1 x4
Tl-L'x Lt L' |-X 1

is unitary and satisfies

0A = [L11(A11 +XHAy) L7 (A1 +XHA22)]
0 Ly (A —XAp)

_ LA LT (A + XM Ay)
= [ 0 Ly's }, (2.19)
where S := Ay — XA, is the Schur complement of Aj; in A. If one of the diagonal
blocks of QA is a leaf in the block cluster tree, then the usual QR decomposition
is applied to it. Otherwise, two appropriate transformations of half the size have to
be computed and applied. Instead of immediately applying the next transformation
to the upper right block of (2.19), it is more efficient to gradually apply the trans-
formations to each other before they are multiplied by this block. In this case, the
whole QR recursion is determined by the complexity of the #-matrix multiplica-
tion, which is of order K2L*(Ty)|1|.

The matrix Q can be regarded as a block Givens rotation since det Q = 1, which
follows from

—1 —1yH 1 y—1yH
detQ = det L L }det {Ll L X }

0 Ly (1+xxH) o Lf

Since the computation of the factors L; and L, involves approximation errors,
Q will be only “approximately” unitary; i.e., there is an error matrix E € C/*/
such that

(Q+E)"(Q+E)=1
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Since the loss of orthogonality of the columns of Q is amplified by a bad condition
number of A, Q can be improved by decomposing Q = Q'R’, which leads to A = Q'R
with the upper block triangular matrix R := R'R.

In order to transform A to an upper triangular matrix, we have to apply a sequence
of approximately unitary matrices Q,...,Qr, where L := L(T}) ~ log|I| denotes the
depth of 7;. The following lemma states that the distance of the product Q; ... Qf,
to a unitary matrix is of the order €logL if the rounding precision is increased from
level to level as g/¢.

Lemma 2.34. Let 0 < € < 1. Assume that Qp, { = 1,...,L, are approximately unitary
in the sense that (Qy+ E¢)" (Q,+ E;) = I for some matrices E; € C!*! satisfying
lE¢|l2 < €/¢. Then also the product Qy - .. .- Q1 is approximately unitary; i.e.,

QL. O +E)(Qr-... Q1 +E) =1
for some E € CP! satisfying ||E||, ~ €logL.

Proof. The assertion is proved by induction over L. The case L = 1 is trivially true.
Assume that for Q := Qy -...- Q; it holds that

(Q+E)(Q+E)=1
for some E € C*/ satistying ||E|> < € (Lf_; 1/€) [T/_»(1 + %). Observe that

(010 +F17 Q110+ F) = [(Qrs1 +ELs1)(Q+E) (Ori1 +Eri1)(Q+E) =1,

where F := (Q1+1 +Er+1)E+E;+1(Q+E)— E;+1E. The norm of F can be esti-
mated as

|Fll2 < |Ell2+[|ELrill2+ [|ELcill21 El2

(fuz) IL](l &y 8 (iw)n + &
<e
= Pl £ L+1 L+l = > 14
<eg 1/¢ (1+ 1/£ -

=1 =2 7 L+1 é=2 7

L+l L+l e

=1 =2
The assertion follows from [T7_,(1+ &) < exp(e) and ¥, 1/¢ ~logL. O

Assume a logarithmic dependence of the required rank k on the prescribed accu-
racy. Then increasing the accuracy with the level ¢ does not significantly increase
the rank due to k ~ |loge/¢| ~ |loge| +logl ~ |loge| +loglog|I|.
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2.11 #-Matrices and Fast Multipole Methods

The low-rank blocks of .7Z-matrices can be chosen independently from each other.
By fixing a common basis for the column and the row vectors it is possible to further
reduce the complexity of data-sparse approximations.

Definition 2.35. Let 7; be a cluster tree and let k, € N, ¢ € Tj, be given. A family
of matrices V(¢) € C"** is called cluster basis for the cluster tree 77 and the rank
distribution (k;);er;.

Let cluster bases % :={U(t),t € T;} and ¥ := {V(s), s € Ty} with associated
rank distributions (k/ );er; and (k] )ser, be given. The following set of uniform

7 -matrices (see [127]) is a subset of the set of .7Z-matrices.

Definition 2.36. Let T7,; be a block cluster tree generated from the cluster trees 77
and 7. Furthermore, let % and ¥ be cluster bases for 7; and 7. A matrix A € C*/
satisfying

A =U()S(t,5)V(s)?  for all admissible 1 x s € L (1)) (2.20)

and some S(z,s) € Ck“ >k is called uniform hierarchical matrix for % and 7.

Condition (2.20) means that A;; is in the subspace
span{Ui(1)V; (), i=1,... . k7 j=1,....k]'},

where U; and V; denote the ith and the jth column of U and V, respectively. In con-
trast to .##-matrices, uniform .7#-matrices of common cluster bases form a linear
subspace of C/*/, which avoids rounding sums. Note that this subspace property
would also hold under the weaker condition that each of the two cluster bases de-
pends ont and s, i.e.,

A =U(t,5)8(t,5)V(t,5)!

instead of (2.20).

Let k = max{k? k! ;t € Ty, s € T;}. If many uniform .#-matrices of common
cluster bases % and ¥ are to be stored, % and ¥ should be stored separately from
the coefficient matrices S(z,s). The storage requirements of the latter are of the order
kmin{|Z|,|J|}, which due to

Y Y min{k? 1} <y ¥ min{k?, |2}

teTitxseP teTy

can be seen from (1.15). Here, we have assumed that for clusters ¢, s from the same
level it holds that |¢| = |s].

However, storing the cluster bases still requires k[|[I|L(7}) + |J|L(T})] units of
storage due to Lemma 1.21. This situation can be improved by introducing a sec-
ond hierarchy. The following space of .7#2-matrices (see [136]) consists of uniform
7 -matrices of given cluster bases %7 and ¥ which are nested.
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Definition 2.37. A cluster basis ¥ is called nested if for each r € T\ .Z(T) there
are transfer matrices B, € Ck*% such that

(V(t)y =V(t')By, forallt’ €S(t).

Storing a nested cluster basis requires storing V (¢) for all leaf clusters r € Z(T)
and the transfer matrices By, € S(¢), forallt € T\ .Z (1), which can be done with
order k|I| units of storage due to (1.15); cf. [129].

Definition 2.38. An #2-matrix is a uniform #-matrix with nested cluster bases.

While in [136] the Taylor expansion is used to show existence of .7#%-matrix ap-
proximants, in [103] a practical procedure for their construction is proposed which
is based on polynomial interpolation. Since polynomials do not provide an optimal
approximation system, algebraic recompression techniques [44, 41] can be used to
improve the approximant. The complexity k|I| can also be achieved by the method
presented in Sect. 3.5, which uses the conceptionally easier uniform .7/-matrices.

2.11.0.2 Matrix-Vector Multiplication

The matrix-vector multiplication y := y +Ax of an /#>-matrix A by a vector x € C’
can be done by the following three-phase algorithm; cf. [136].

1. Forward transform
In this first phase, transformed vectors £(s) := V (s)"x, are computed for all
s € T;. Exploiting the nestedness of the cluster basis #', one has the following
recursive relation

£(s) = =) BS/SV Hxy = Z B,

s'eS(s s'eS(s

which has to be applied starting from the leaf vectors £(s) = V(s)x,, s €
2(T)).

2. Far field interaction
In the second phase the products S(z,s)£(s) are computed and summed up over
all clusters in R, := {s € Ty : t X s € P is admissible}:

=Y S(t,5)i(s), teT.

SER;

3. Backward transform
In this third phase, the vectors §(¢) are transformed to the target vector y. The
nestedness of the cluster basis % provides the following recursion which de-
scends the cluster tree 77

(a) Compute $(¢') := $(t') + By, 9(¢) for all ' € S(¢);
(b) Compute y; :=y; +U(2)J(¢) for all leaf clusters t € L (T;).
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4. Near field interaction
Compute y; := y; + Assx; for all non-admissible blocks 7 x s € P.

The previous matrix-vector multiplication is an algebraic generalization of the fast
multipole method; see [121] and the improved version [122]. The number of oper-
ations is of the order of the number of involved matrix entries and hence k[|| + |/|].
#?-matrices will therefore improve the asymptotic complexity of .#-matrices by
a single logarithmic factor due to the nestedness of the cluster bases. If variable
order techniques are used, i.e., the rank

k(0) = [oa(L(T;) =€) + B]

with parameters o, 3, and 7 is chosen depending on the level £ of a block, then one
can guarantee linear complexity; cf. [136, 227, 184]. Variable order approximations,
however, are feasible only in very special situations.

In addition to the matrix-vector multiplication, .°>-matrices admit matrix opera-
tions such as matrix addition and matrix multiplication with different cluster bases;
see [42] for addition and multiplication algorithms of complexity 3|/ |. For these
operations, however, the problem arises that the cluster bases required to hold the
results of addition and multiplication differ from the bases of the input matrices and
are usually unknown.

2.12 Using Hierarchical Matrices for Preconditioning

When investigating the complexity of algorithms for the solution of linear systems
arising from the discretization of a continuous problem, one considers a sequence
of systems

Apxp =b,, n— oo, 2.21)

where each A, € C"" is invertible. However, for the sake of readability the index
n is usually dropped whenever this dependency is obvious from the context. For the
solution of (2.21) either direct or iterative solvers can be used. The complexity of
direct solvers such as Gaussian elimination applied to fully populated linear sys-
tems is of cubic order and hence prohibitively large. There are improved variants
(cf. [78, 4, 230]) of Gaussian elimination if A is sparse. Due to fill-in, these methods
are efficient only in two spatial dimensions. The presented hierarchical LU decom-
position from Sect. 2.9 could in principle be used to compute an approximate LU
decomposition with almost linear complexity. .7#’-matrices, however, can be mul-
tiplied by a vector with complexity knlogn and a much smaller (hidden) constant.
The iterative Krylov subspace methods (cf. [223]) such as the conjugate gradient
method (CG) [145] or the method of generalized minimal residuals (GMRes)
[224], which the matrix A enters only through the matrix-vector product, will hence
be faster provided that the number of iterations is small enough.
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It is well known that the convergence of Krylov subspace methods is determined
by spectral properties such as the distribution of eigenvalues if A is normal or the
numerical range in the general case. Depending on the mapping properties of the
underlying differential or integral operator <7, its discretization A and hence also
its #Z-matrix approximant A ,» may be ill-conditioned. In addition, a large condi-
tion number can result from the coefficients of the operator or the discretization of
the geometry even for small n; see Sect.3.6. Therefore, if (2.21) is to be solved
iteratively, one has to incorporate a preconditioner.

A left preconditioner is a regular and easily invertible matrix C such that C ~
A}l} in the sense that the distribution of eigenvalues of CA ,» leads to an improved
convergence of the respective iteration scheme, where instead of (2.21) one solves
the equivalent linear system

CAf}fX = Cb.

The convergence rate of Krylov subspace methods in the Hermitian case is deter-
mined by the spectral condition number of CA ;». Hence, C has to be chosen such
that cond;(CA ) ~ 1. If A 4 is non-Hermitian, the aim of preconditioning is to
obtain a spectrum of CA ;» which is clustered away from the origin. When Krylov
subspace methods are used, it is not necessary to form the preconditioned matrix
CA_y. Instead, vectors should be multiplied by A and C consecutively. If C is
used as a right preconditioner, (2.21) is replaced by

ApCX=Db.

In the latter case, the solution x can be obtained as x = C%. In this section only
right preconditioners are considered. Left preconditioners can be constructed anal-
ogously.

Since .7#-matrices provide efficient approximations to the inverse and to the LU
decomposition, they are particularly suited for preconditioning. Although the results
of this section are proved for the approximate inverse, they are obviously also valid
if the approximate LU decomposition A ~ L U 4 is used as C = (LU )"
The aim of this section is to establish a relation between the condition number of
A 4C and the approximation accuracy € of the inverse in the Hermitian case. For
non-Hermitian coefficient matrices we will present lower bounds for the distance
of a cluster of eigenvalues of A ,»C and the origin; cf. [22]. This relation will be
used to find out the required size of €. It will be seen that a low-accuracy approxi-
mate inverse of A y is sufficient to guarantee a bounded number of preconditioned
iterations of appropriate iterative schemes. In addition, the derived condition will
guarantee required properties of the preconditioner such as invertibility and posi-
tivity. Moreover, the number of iterations will depend neither on the operator nor
on the computational domain but only on the accuracy €. Numerical experiments
in Sect. 3.6 and Sect. 4.4 will demonstrate the effectiveness of the preconditioner
when it is applied to fully populated matrices arising from the discretization of in-
tegral operators and to sparse discretizations of partial differential operators.

In the first part of this section the case of Hermitian positive definite coefficient
matrices A s is treated, the second part concentrates on the non-Hermitian case.
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2.12.1 Hermitian Positive Definite Coefficient Matrices

Depending on the operator o7, the approximation A _» to the discrete operator A €
R™" i often Hermitian positive definite. If (2.21) is to be solved iteratively, the
preconditioned conjugate gradient method (PCG) is the method of choice. Its
convergence rate and hence the number of iterations required to obtain a prescribed
accuracy of the solution is determined by the distribution of eigenvalues of A ,~; see
Theorem 2.40.

Typically, the condition number of A grows for an increasing number of un-
knowns n. The aim of this section is to present preconditioners C such that the
number of iterations for the preconditioned coefficient matrix A 4 C is bounded by
a constant. A bounded number of iterations, in turn, is guaranteed by an asymptoti-
cally well-conditioned matrix A _#C.

Definition 2.39. Let {A,},.y be a sequence of Hermitian matrices. Assume that
there is a constant ¢ > 0 such that

condy(4,) <c (2.22)

for all n € N. Then {A,}, .y is said to be asymptotically well-conditioned.

The following theorem (cf. [9]) describes the convergence of the conjugate gra-
dient method. The estimate is formulated in terms of the norm ||x||4 , = |

Theorem 2.40. Let the spectrum of A 5 C be decomposed in the following way:
o(AxC)={A,i=1,....p} UAU{A/,i=1,....q}, ACla,b]

Then for the error x;, —x, k =0,...,n— 1, of the iterate x; of PCG it holds that

—P—q
\/@+1> [[x0 —x[|a -

Hence, if A 4»C is asymptotically well-conditioned, we may choose A = o(A_»C).
In this case, PCG converges linearly, and the number of iterations depends only on
the condition number of A ;»C and not on 7.

Although asymptotically well-conditioned coefficient matrices lead to a bounded
number of iterations, this number might still be large since the constant in (2.22)
usually depends on the coefficients of the underlying operator <7, the geometry, and
its discretization. This influence might be even more severe than the dependence on
n; see the numerical experiments in Sect. 3.6 and Sect. 4.4. As we shall see in the
next lemma, the condition

llxk —x[[a, <2(condz(AC)+1)7 (

HI_A%”CH2§8< 1, (2.23)

in which € does not depend on n, leads to an asymptotically well-conditioned
matrix A _C. Spectral equivalence of two matrices A and B does not require A to
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approximate B. The matrix 2B, for instance, has the same preconditioning effect
as B. However, if they approximate in a certain sense, any condition number in
the neighborhood of 1 can be achieved by decreasing the approximation error. Es-
pecially, this allows to guarantee problem-independent convergence rates, whereas
non-approximating preconditioners usually are only able to guarantee the bounded-
ness of the condition number.

Lemma 2.41. Assume that (2.23) holds. Then

1-|—8
condz (A #C) = ||ACl2|(AC) |2 < 1—¢ (2.24)

Proof. The assertion follows from the triangle inequality
[A#Cll2 < 2+ ] —AxCll2 < 1+&

and from the Neumann series

_ — 1
14 €)Ml < ¥ I1—AnCll = .
k=0

O

Note that (2.24) provides an explicit bound on the condition number. The choice
€ =0.5, for instance, guarantees that cond; (A ;»C) < 3. In addition, condition (2.23)
guarantees that C is non-singular. To see this, let A be an eigenvalue of A ,»C with
associated eigenvector z, ||z||» = 1, then

N=2A = -AxCl2< I —AxCl2<e <1 (2.25)

Hence, with A ,»C also C is non-singular. In order to be able to apply PCG, C ad-
ditionally needs to be Hermitian positive definite. It is interesting to see that this is
already guaranteed by condition (2.23).

Lemma 2.42. Assume that Ay is Hermitian positive definite. Then any Hermitian
matrix C satisfying (2.23) is positive definite, too.

Proof. According to the assumptions, the square root A, / . of Ay is defined. Since

Y 2CAljg, the eigenvalues of A_,C are

Y2CA'2 it follows from (2.25) that

A_yC is similar to the Hermitian matrix A

real. Moreover, for the smallest eigenvalue of A,
Amin(A2CAY2) = Apin(AC) > 1 —¢.

Letx#0andy= A;;/zx. Then y # 0 and we have
Hex=yIAY2CA Py > (1—€)||yl3 >0,

which proves that C is positive definite. O



96 2 Hierarchical Matrices
From the approximation by #-matrices usually error estimates of the form
—1 -1 —1
lAw—Ca<elArls or [A—Cla<elatl: (26
instead of (2.23) are satisfied. In this case, the following lemma describes a sufficient

condition on €.

Lemma 2.43. Assume that (2.26) holds with € > 0 such that €' := g condy (A ) < 1.

Then
1+¢€

1-¢"

Proof. Assume first that [|A»y —C 1|2 < €||lAx

condy (A C) <

5. Since
11— (A C) 2 =1l(Axw —C A2 < ellAx|l2]AL} 12 = econda (A ),

one can apply the estimates of the proof of Lemma 2.41 with A ,»C replaced by
(ArC)".
If |[A} — C|l» < €[|A}}||2, then

1= A Cll2 = |4 (A% —C)ll2 < €|A |12]|A%; |2 = € conda (A )

gives the assertion. g

The stronger condition € cond;(A ;) < 1 implies that € has to go to zero if A j» is
not well-conditioned. This, however, will not destroy the almost linear complexity
since it will be seen that the complexity of the J#-matrix approximation depends
logarithmically on the accuracy &€.

2.12.1.1 Clusters of Eigenvalues

From Theorem 2.40 it can also be seen that few small or large eigenvalues A/ and
li” do not affect the rate of convergence. Therefore, the distribution of eigenval-
ues within the spectrum is even more important for the rate of convergence than
the condition number, which depends only on the minimum and maximum eigen-
value of A_#C. A faster convergence of PCG can be obtained by a condition on the
distribution neglecting the size of the interval.

Definition 2.44. By 74 (€) we denote the number of eigenvalues of A € R"*" lying
outside a disc of radius € > 0 centered at the origin. The eigenvalues of a sequence of
matrices {A, },c are said to have a cluster at 0 if y4, (¢) is bounded independently
of n. The eigenvalues of {A, }, . are said to have a cluster at z € Cif {A, — 2/, } oy
has a cluster at 0.

If A, and C are Hermitian positive definite and A »C has a cluster at 1, then
PCG converges super-linearly; i.e., for all sufficiently large n the residual in the kth
step is bounded by ¢ ¢* for all 0 < ¢ < 1. Why this super-linear convergence happens
is explained in [9].
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The following theorem states that for the existence of eigenvalue clusters the
approximation C of A;i,lj does not have to be too accurate.

Theorem 2.45. Let {A,}, .y C R be a bounded sequence, i.e., ||A,||r < ¢, where
¢ does not depend on n. Then both the singular values and the eigenvalues of
{An},en cluster at 0.

Proof. By va(€) we denote the number of singular values 6;(A), i =1,...,n, of A
lying outside a disc of radius € > 0 centered at the origin. Assume that v4(g) >
c?/e?. Then

o7 (A) = ||Allz,

(ngE

< va(e)er <

1

Il
-

which gives the contradiction. Hence, v4(€) < ¢?/¢%.

In order to prove the same property for the eigenvalues, let A = QT Q' be Schur’s
form with unitary Q and upper triangular matrix 7 with the eigenvalues of A on its
diagonal. The assertion follows from

n
IAIF =717 = Y 14:(A)
i=1

and the same arguments as above. a

Therefore, if for C it holds that
11 =AxClr<c

with a constant ¢ > 0 which does not depend on n, then the eigenvalues of A ,»C
cluster at 1 and PCG converges super-linearly. Note that in order to guarantee that C
is positive definite, we can employ the stabilized rounded addition from Sect.2.5.1
during the computations without any further assumption on c.

2.12.2 Non-Hermitian Coefficient Matrices

If o7 is not self-adjoint, then A cannot be expected to be Hermitian. In this case,
not the spectral condition number of the coefficient matrix but the distance of a
cluster of eigenvalues to the origin usually determines the convergence rate of appro-
priate Krylov subspace methods such as GMRes, BiCGStab, and MinRes. Neverthe-
less, a low-accuracy approximate inverse will be sufficient to guarantee a bounded
number of iterations.

For the convergence of GMRes, for instance, the numerical range

F(AxC) = {"AyCx:xeC", x| =1}

of A_yC is of particular importance. It is known (see [117]) that for the kth iterate
x; of GMRes applied to Ax = b it holds that
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k
)
||bA,;ka|2§2<Z> 111

provided that .Z (A ,»C) C B,(z), where B,(z) denotes the closed disc around z with
radius r. A similar behavior can be observed for other non-Hermitian Krylov sub-
space methods. Condition (2.23) implies that % (A ,+C) C Be(1), which follows
from

WA Cx—1| = | (ApC—Dx| < I —AxClla <€ forallxeC", |x| = 1.
Therefore, (2.23) also leads to a problem-independent convergence
b —Apexi|a < 2€*||b|2 (2.27)

of GMRes.
In the following chapters these results will be used when solving problems arising
from the discretization of integral operators and boundary value problems.



Chapter 3
Approximation of Discrete Integral Operators

In the following chapters we turn to the major concern of this book, the efficient
numerical solution of elliptic boundary value problems

Zu=f inQ (or Q), (3.1a)
You=gp onlp, (3.1b)
hu=gy only 3.1¢)

on bounded Lipschitz domains 2 C R or its complement Q¢ := R?\ Q. The op-
erator . is a second order partial differential operator which may be scalar or a
system of m operators

gk

(Lu)=— 8,-(cf-<faj +){d)w+ﬂjl-‘€8jug+5k€ug, k=1,....m;, (3.2)

T~

i,j=1(=1

with coefficient functions ckf ke 'yk[ and 8, i, j=1,...,d, k,{ =1,...,m. Be-
sides f, the Dirichlet data gp and the Neumann data gy are given on parts I'p and Iy
of the boundary dQ =: " =T pUTy. In (3.1), J and ¥ denote the Dirichlet trace
and the conormal derivative

d
(nu)x Z

kl
nicijdjug onlIy,

||[V]§

where n(x) denotes the outer normal in the point x € Iy. In addition to Dirichlet and
Neumann conditions, also conditions of Robin type yju — cyyu = gg with given gg
on Iz C I' may appear.

The differential operator .Z is assumed to be uniformly elliptic in the sense that
the following Legendre-Hadamard condition (see [101]) holds

d m
Y viwviwe > Ag|vIPw|* forallve RY, weR™,  (3.3)
i,j=1k(=1
M. Bebendorf, Hierarchical Matrices. Lecture Notes in Computational Science and Engineering 63, 99
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where | - || denotes the Euclidean norm and A ¢ > 0 is a positive constant. Addition-
ally, we assume that

max|cf (x)| <Ag, ij=1,....d, kl=1,.m

XEQ

Boundary value problems of type (3.1) are used to model problems arising in

many fields of science such as stationary heat transfer, the computation of electro-
magnetic fields, and ideal flows. The easiest example of operators % is the Lapla-
cian .Z = —A. An example for systems of boundary value problems are the Lamé

equations .
—pAu— (A +u)Vdivu = f, (3.4)

which arise from linear isotropic elasticity. Here, Aisa diagonal d x d matrix having
the entries A, and A, 4 > 0 denote the Lamé constants. Operator (3.4) is in the class
of operators (3.2) with coefficients c = W66k + (A + u)8ij¢, where 8 denotes
the Kronecker symbol. Therefore,

d m
Y cliviweviwe = w VP IwI+ (A 4 1) (v-w)> = v [lw]?
i,j=1kt=1

such that the Lamé operator satisfies condition (3.3). Another example of systems
of partial differential operators is the operator

& :=curlcurl — aVdiv, o >0, (3.5)
which arises from Maxwell’s equations. Since curlcurl = —A + Vdiv, we obtain that
L =—A+(1-a)Vdiv.

Hence, the curl curl operator has a similar structure as the Lamé operator. As a
consequence, c = 00k + (0t — 1)0; 60 gives

d m
Y Y cKviwejwe = [Pl + (@ — 1) (v-w)*.
i,j=1k/t=1

If a > 1, then the previous expression is obviously bounded by ||v|?||w|? from
below. In the other case, 0 < o < 1, we observe that

I 1w+ (o = 1) (v-w)? = al|v][lwl> + (1 = o) [[vI*[w]] = (v-w)?]
> al|v[?|lwlf?

due to the Cauchy-Schwarz inequality.
The components of the solution of (3.1) are searched in Sobolev spaces

WEP(Q) = {uc LP(Q): 9% e LF(Q) forall |a| <k}, keNy, peN,
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where as usual by 0% we denote the weak derivative

Ja 9 (27} 9 (2%} 0 &g
() () (o)

with the multi-index o € Ny and |ot| = a + - - - + 0fz. We will also make use of the
notations x* = x{" -...-x57 and at! = a;!- ... &ty!. The set W(f’p(Q) is defined as
the closure of the set

Co(R2):={ueC”(Q):suppuC Q}
in WhP (Q) with respect to the norm

1/p
ey == ( Y ||a“u||g<g)> .

o<k

Here, supp u := {x € Q : u(x) # 0} denotes the support of u in Q. For p =2 we
obtain the Hilbert spaces H*(Q) := W*2(Q) and H}(Q) := Wé"z(Q) with the scalar
product
(U, V) e () = ) / 0%ud%vdx.
Q

o] <k

The Sobolev space H*(Q) of negative order is defined as the dual space of H(Q).

Sobolev spaces H*(I"), s € R, on the boundary can be defined using parametriza-
tions of I'. The definition of H*(I"), |s| < k, therefore requires that the boundary I"
is in Ck=11, For a part Iy C I of the boundary I" one can introduce Sobolev spaces
H*(I}) and H*(I3), s > 0, by

H(ID) == A{ul, :u € H*(I')} and H*(Ip) :={u|p :u € H(I'),suppu C Ty}
with the norm
el = it {0l ey < @ € HE(L). g = ).
Negative Sobolev spaces on the part I of the boundary are defined again by duality
H () = [A°()) and A-(Io) := [H'(I3)].

For further properties of Sobolev spaces the reader is referred to [2].

Since (3.1) usually cannot be solved analytically, it is discretized by finite dif-
ference, finite element or finite volume methods; see [126]. The latter methods are
particularly useful if the computational domain £ is bounded and the operator .Z
has nonsmooth coefficients. If exterior boundary value problems are to be solved,
then the reformulation of the boundary value problem (3.1) as an integral equation
on the boundary of 2 has several advantages. Boundary integral formulations do not
require the discretization of unbounded domains as volume methods do. Although
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a careful choice of artificial, absorbing boundary conditions can reduce the size of
the computational domain, the finite element method may suffer from grid disper-
sion errors leading to spurious solutions. In addition, the generation of meshes for
boundaries is much easier than meshing a volume. Due to the reduced spatial di-
mension, the number of degrees of freedom of boundary element discretizations is
significantly smaller than the number of degrees of freedom in volume discretiza-
tions. A reformulation of (3.1) as a boundary integral equation, however, is possible
only if f = 0 and if the coefficients of the operator are constant or at least sufficiently
smooth. Piecewise constant coefficients can be handled by substructuring methods
(see [243] for an overview) among which are the recently introduced BETI meth-
ods [174]. The advantages of both finite element (FE) and boundary element (BE)
methods can be exploited by coupling them on unbounded domains; see [70].

While in Chap. 4 hierarchical matrices are applied to finite element discretizations,
in this chapter we concentrate on the fast numerical treatment of boundary integral
or more generally non-local operators. In Sect. 3.1 a brief overview of boundary
element methods will be given in order to gain insight into the properties that can
be exploited by efficient schemes. Due to the non-locality, discretizations of such
operators are usually fully populated matrices such that at least n*> operations are
necessary to compute the matrix entries, which require n” units of storage. Here
and in the rest of this book, n denotes the number of degrees of freedom. The latter
property was a long-thought disadvantage of integral methods compared with the
sparse structure of finite element matrices, for instance.

In order to avoid dense matrices, different approaches have been introduced. For
rotational invariant geometries, the arising matrices are likely to have Toeplitz struc-
ture, which can be exploited (cf. [210]) by algorithms based on the fast Fourier trans-
form. However, such structures are not present in general; for the approximation by
a sum of circulant and low-rank matrices see [33]. The pre-corrected FFT method
[204] appropriately modifies the discrete operator such that the grid is replaced by
aregular one, on which translational invariant kernels lead to Toeplitz matrices.

Fast methods which can be applied in a quite general setting usually rely on
approximation. Since the discrete solution cannot be expected to be more ac-
curate than the discretization error, we can admit additional errors which are
of the same order. Existing approximate methods can be subdivided into two
classes. If the underlying geometry can be described by a small number of smooth
maps, wavelet techniques can be used for compressing the discrete operators; see
[40, 3, 73, 255, 232, 256, 171]. Instead of the usual ansatz and trial functions
these methods employ wavelet basis functions for the discretization of the inte-
gral operator. Although the latter approach leads to sparse and asymptotically well-
conditioned coefficient matrices, the efficient computation of the remaining entries
is still subject of current research. Improvements of the applicability of wavelets to
unstructured grids and complicated geometries have been reported in [251, 142].

The second class of approximate methods exploits the local existence of degen-
erate approximants to the kernel function x of the integral operator; i.e.,
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k
K(x,y) = Y up(x)ve(y), (3.6)
/=1

where k is a small number. This idea originating from the Barnes-Hut algorithm
[14] was refined in the fast multipole method (FMM) [215, 121, 118, 122] and the
panel clustering algorithm [138, 226, 139]. For an overview on many papers on
the fast multipole method see [192]. A generalization of the fast multipole method
to asymptotically smooth kernel functions is proposed in [51, 50, 103]. Instead of
spherical harmonics, the more flexible algebraic polynomials are used. In Sect. 3.2 it
will be proved that the kernel functions arising from boundary integral formulations
of (3.1) is asymptotically smooth provided that the Legendre-Hadamard condition
(3.3) is satisfied. This will be done by proving a Caccioppoli-type estimate for the
arising kernel functions. A similar result will be proved also for the biharmonic
operator, which is a forth order elliptic partial differential operator.

Section 3.3 is devoted to the construction of degenerate kernel approximants.
Asymptotically smooth kernel functions are shown to admit approximations of
type (3.6) on pairs of domains satisfying the admissibility condition (1.9) from
Example 1.13. We will present the standard construction, which is based on poly-
nomial interpolation, and a second technique which is not based on any specific
system of interpolation but uses restrictions of the kernel function for its approx-
imation. Note that kernel approximation methods can also be applied to integral
operators which do not stem from the reformulation of boundary value problems.
The kernel function of many integral operators such as the Gauf3 transform possess
properties which makes them well-suited for these methods. Further examples will
be given in Sect. 3.3.

The mentioned methods provide an efficient (approximate) representation of the
discrete operator for multiplying it by a vector with logarithmic-linear complexity.
Hence, they are well-suited for iterative solvers such as Krylov subspace methods.
In recent years, (3.6) has been regarded more from an algebraic point of view. On
the discrete level, property (3.6) means that admissible blocks of the discrete op-
erator can be approximated by matrices of low rank; cf. Sect. 3.3. This gave rise to
the mosaic-skeleton method [252, 111, 110] and to hierarchical matrices [127, 133].
We have already pointed out in Sect. 2.11 that .7#>-matrices [136] are an algebraic
generalization of the fast multipole method which in particular can handle poly-
nomial based fast multipole methods; see [130]. Using 22 matrices with variable
order techniques (cf. [227, 250, 184]), it is possible to treat discrete integral oper-
ators with exactly linear complexity. Variable order approximations can, however,
be applied only in very special situations. Existence results and numerical exper-
iments (see [227, 136, 184, 250]) concentrate on pseudo-differential operators of
order zero. Throughout this book we will therefore use .7/-matrices for the efficient
treatment of the arising matrices.

Based on the results of Sect. 3.3, in Sect. 3.4 we present an efficient and easy to
use method, the adaptive cross approximation (ACA) algorithm [17, 32, 26], which
aims at the construction of low-rank approximants from few of the original entries
of a discrete integral operator instead of approximating its kernel function. Since the
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convergence will be proved for asymptotically smooth functions, this method can be
applied in particular to the integral formulation of any elliptic boundary value prob-
lem. The parallelization of this technique will be considered too. It will be proved
that ACA provides quasi-optimal results in the sense that, up to constants, the ap-
proximation error is smaller than in any other system of approximation including
polynomials and spherical harmonics which multipole methods are based on. We
report the results of applying this technique to the Laplacian on complicated do-
mains and to problems from elasticity. In Sect. 3.5 we present a method which is
based on recompression of the approximation obtained by ACA. Note this recom-
pression technique differs significantly from the algebraic technique presented in
Sect. 2.6. The latter method is able to improve constants in the asymptotic complex-
ity, while the former allows to obtain the asymptotic complexity of .7°>-matrix and
preserves the convenient properties of ACA.

The application of ACA to realistic and challenging problems will be considered
in Sect. 3.6. Once an efficient representation of a discrete integral operator has been
constructed, it often appears as the coefficient matrix of a linear system. The solution
is usually done by an iterative Krylov method, the efficiency of which is determined
by spectral properties such as the distribution of the eigenvalues in the normal case
and the numerical range of the coefficient matrix. Since the spectrum of most of
the arising discrete operators is unbounded, preconditioning is necessary. For this
purpose, approximate LU decompositions (see Sect.2.9) can be computed, which
can serve as preconditioners. A major practical advantage of such preconditioners
is that they can be computed directly from the coefficient matrix by a black-box
procedure.

Instead of constructing efficient methods which are based on applying the dis-
crete operator to a vector in an efficient way, in [66, 151, 178] fast direct methods
have been proposed in two spatial dimensions. Although the hierarchical LU de-
composition could be employed as a direct solver also in general dimensions, we
will use it for preconditioning purposes only. The usage as a direct solver, however,
should be preferred in situations involving multiple right-hand sides.

3.1 Boundary Integral Formulations

Assume that gp € H'/2(Ip) and gy € H~'/2(I}y). Then the solution u of (3.1) can be
expected to be uniquely determined by the conditions on the boundary I" provided
that the Dirichlet part has positive measure. Pure Neumann problems can also be
treated if additional constraints are imposed. Under these conditions the boundary
value problem (3.1) with f = 0 can be reformulated as integral equations on the
boundary I'; cf. [229, 65, 182, 242, 228]. For simplicity, we restrict ourselves to the
leading part of the operator .Z’; i.e., we consider operators

H M“

m
Z ; M& Yug, k=1,....m.
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Assume that for . a singularity function S, i.e., an m x m matrix of functions
satisfying
£S=261, inRY

can be found. Here, § denotes Dirac’s &. The existence of S can be guaranteed at
least for operators .Z with constant coefficients; cf. [164]. Since S will appear as
part of the kernel function of the resulting integral operators, it is advantageous to
know S explicitly. Singularity functions for many operators can be found in [170].

The boundary element method is applied to various partial differential operators
such as the Lamé equations and the Helmholtz operator —A — ?, o € R, arising
from acoustics. The reformulation of the different types of boundary value problems
as boundary integral equations is based on common principles; cf. [71]. For simplic-
ity we explain briefly how the boundary integral equations are derived if . = —A
is the Laplacian. In this case, the conormal derivative ¥; coincides with the normal
derivative d,. The respective integral equations for the Lamé operator can be found
in (3.74).

Making use of Green’s representation formula (cf. [182])

tu(x) = (Y1)(x) — (Hu)(x), x€Q (xe€Q, 3.7
the solution u of (3.1) can be represented in €2 or its exterior 2¢ by the Dirichlet

data u(x) and the Neumann data 7(x) := dyu(x) for x € I'. In (3.7), ¥ denotes the
single-layer potential operator

(w)0) = [ Se=yw@ds, yeRre,

acting on w on the boundary I = Ip UIy. ¢ is the double-layer potential operator

(Hw)(y) = / Wx)OS(r—y)dss, yeRY

r
Here,
—3 d=1,
S(x) = —5=1In x|, d=2, (3.8)
mllxllzf"l d=3

denotes the singularity function of the Laplacian and @), is the surface measure of
the unit sphere in R?.

Applying the trace operators 7 and ¥, to the representation formula (3.7) together
with the jump relations

QIWE) = ()0 % ),

(HWO) = (Hw)o0)F ywl0)
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fory—yoel,y€e Q (y e Q°),yields the following system of boundary integral
equations on I”
1 g_
You _ :tzf H | v / You (3.9)
hu 9 T3 I+ |\nu
in which

(W) (y) ::/Fw(x)&VV\‘S()c—y)dsx7 yerl,

denotes the adjoint of JZ" and Z is the hypersingular operator which results from
applying the negative Neumann trace ¥, to the double-layer potential operator. It is
known (see, for instance, [182]) that ¥ : H~'/2(Ip) — H'/?(Ip) is continuous and
H~'/2(Ip)-coercive; i.c.,

(VY wow) 2y = c»y/||w|\§1,1/2(ru> forallw € H/2(Ip). (3.10)
Furthermore, 2 : H'/?(Iy) — H~'/?(I}) is continuous and A'/?(I}y)-coercive; i.e.,

for all w e A'?(Iy) (3.11)

(DwW,w) 121 = callw

2
A'/2(Ty)

provided that I, has positive measure. The operator .# : H'/2(I') — H'/2(I") is
continuous; i.e.,

(A vw) 2y < cor IVl Wl forallviw e H'(I). (3.12)

Since u is known only on Ip and ¢ is known only on Iy, we have to complete
the Cauchy data [yyu, y1u]. Let gp and gy denote the canonical extensions of gp and
gn toI'. Setting ii := u — gp and 7 := 1 — gy, we have to compute i € H'/?(I}) and
fe FI"/Z(FD). Since i =0 on Ip and 7 = 0 on Iy, from (3.9) we obtain

- 1
—7t+%ﬁ=%§N—<2f+%)gD onIp, (3.13a)
- 1
%/["r‘@ﬁ: (2]—<%/l>g~]v—@g~p on Iy (3.13b)
for the inner boundary value problem. The previous system of integral equations is
referred to as the symmetric boundary integral formulation of the mixed bound-

ary value problem (3.1); see [236, 70, 237]. It is uniquely solvable for non-vanishing
Dirichlet boundaries Ip; cf. [182].

Remark 3.1. For the approximation by degenerate functions it will be important that
the kernel functions k of the arising integral operators .7 : V — V' of the form

()(y) = /F (x,y)v(x) ds, (3.14)

consist of normal derivatives of the singularity function S.
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After approximating the manifold I by possibly curved triangles and quadri-
laterals (d = 3) or segments (d = 2), each operator A.# + o/ appearing in (3.13)
is discretized as AM + A, where the mass matrix M and the stiffness matrix A de-
pend on the respective discretization method being used. Let ¢;, j € J, be a basis
of the finite-dimensional ansatz space Vj, C V; i.e., the solution u;, is sought of the
form up, =} je;u;¢;. In addition to piecewise linears also piecewise constant basis
functions are commonly used together with one of the following three discretization
methods.

(i) Galerkin method: Let W, C V' be a finite-dimensional trial space with asso-
ciated basis ¥, i € I. (A¥ + o )uy, = g is tested in variational form

/luhllli—k(%uh)l[/ids:/gl//ids, i€l
r r

In this case, m;; = (@}, II/i)LZ(F) and

aij = K,y Wi(y)@j(x)dsydsy, ie€l,jeld.
rJr

(i) Collocation method: The boundary integral equation is tested at collocation
points y; € I', i € I. Then m;; = @;(y;) and

a,-j:/FK(x,y,-)(p,-(x)dsx, iel jeld.

(iii) Nystrom method: In addition to testing the equation at collocation points
yi € I, i € I, the integral in (3.14) is replaced by a quadrature rule Q(f) =
Yicr i f (¥;) with weights ; € R and nodes y; € I" such that @;(y}) = &;;. Then
mij = @;j(yi) and

aij = 0jk(y;,yi), i€l jel.
Note that the evaluation of the Coulomb potential

qj
= lx =l

of point sources g; located at points y;, j € J, can be regarded as the matrix-

.....

In all three cases, M is sparse and A is a fully populated matrix. Since M does not
produce any numerical difficulties, we will concentrate on A. The entries of M can
be added to the non-admissible blocks of an approximant of A, because M vanishes
on admissible blocks. For the discretization A of operators <7 it may happen that
|I| # |J]. This is, for instance, the case if in the Galerkin method the ansatz space
consists of piecewise linears and for the trial space piecewise constants are used.

Although the above discretization methods have principle differences, they can be
treated in a common way when approximating the resulting matrices by data-sparse
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methods. If # C I and s C J, we define the following linear operators A ; : L") —
R’, Ay :L>(I') »RS.Forictand j € slet

(Aref)i= Jp f@wi(x)dsy, (Aasf); = Jp f(x)@j(x)ds, Galerkin method,
(A1ef)i= fi)s (Aosf)j= Jr f(x)@j(x)dsy collocation method,
(Aref)i= fi), (Ao f)j= @i f(¥)) Nystrom method.

With this notation, each block A, of the stiffness matrix A € R’/ takes the form
A :A17,527A;7S, (3.15)
where Ay R — L*(I") is the adjoint of Ay, : L*(I") — R* defined by
(Az52: )2y = H(Aayf) forallze RS, f e LX(I).
Additionally, we define the supports of A : L>(I") — R by
suppA =T\ G,

where G is the largest open set such that A¢ = 0 for all ¢ satisfying supp ¢ C G.
With this definition we set

Y, :=supp Ay i €1, Xj:=supp Ay, jeJ.

The operators Aj; and A, ; project </ onto one-dimensional subspaces. For the
purpose of data-sparse approximation the following localization effect of A;; and
Ay j is even more important. The latter operators guarantee that for computing the
entry a;; the kernel function x is evaluated on X; x ¥;. Hence, for the sub-block Ay
we have to evaluate k on X; := {J;c,X; and ¥; := ¢, ¥i. For collocation methods,
for instance, this means that x is evaluated on the supports X; = {y;} and ¥; =
supp ¥; of Ay j and Ay ;. The localizing effect is obvious for A; ;. The latter property
for Ay ; results from the fact that FE basis functions y; are locally supported. In the
following we will therefore refer to Ay ; and Ay ; as localizers.

As an example for the application of discretization methods to (3.13) we con-
sider the case that the Galerkin method is used. The partially known Neumann
data is searched of the form #, := Z,’-‘;l t;y;, where y; are piecewise constants such
that W, := span{y;,i = 1,...,n'} C H~'/?(I"). Furthermore, let V, := span{¢;, j =
1,...,n} be made of piecewise linears. The discrete variational formulation of (3.13)
leads to the following algebraic system of equations for the unknown coefficients
u€R™ and t € R'W of u, and 1y,

-V K||t] _ % M-k Tan] [ty
-t Al o

The entries of the above matrices are
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Vie = (%Wbll/k)Lz? Kkj = (%(pjvwk)sz Dij = (-@(pjv(pi)sz

where k,¢ =1,....n\yand i,j=1,...,np.

The convergence analysis of the above discretization methods is a generalization
of the finite element analysis; cf. [259, 260]. Let (ii,7) € H*(Iy) x H'(Ip), be the
solution of (3.13). In the described setting the convergence of u;, and #, against i and
f can be completely analyzed for 4 — 0. Using Céa’s lemma it can be shown that

~ 2 z 2 3 ~112 =112
[l — “h”Hl/z(rN) + || _th“H—I/Z(FD) <ch <||“||H2(FN) + ||t||H1(rD)) .

Hence, the discrete solution (uy,#;,) convergences for decreasing mesh size h — 0
against the continuous solution (i,7) of (3.13); cf. [182]. Green’s representation
formula (3.7) can be used to generate an approximation of u from the computed
approximate Cauchy data (u,#;).

3.2 Asymptotic Smoothness of Kernel Functions

In this section we will lay theoretical ground to the efficient treatment of systems of
partial differential operators

(¥ Z Za (ci{0j)ue+Sup, k=1,....m, (3.17)
i,j=1(=

with constant coefficients c ij ¢ and § satisfying the Legendre-Hadamard condition
(3.3). We will prove that the associated singularity functions are asymptotically
smooth.

Definition 3.2. A function k : Q x R — R satisfying k(x,-) € C*(R?\ {x}) for all
x € Q is called asymptotically smooth in 2 with respect to y if constants ¢ and y
can be found such that for all x € 2 and all @ € Ng

K ()]

|07 K (x,y)| < eply! =y forall y € RY\ {x}, (3.18)

where p = |a|.

Instead of (3.18) sometimes (see, for instance, [49]) the condition
|07k (x,9)| < cp!¥Pllx—y| 7P forallx#y (3.19)

on the derivatives of x is used with some s € R. In the wavelet community the latter
condition is referred to as the Calderon-Zygmund property. Note that conditions
(3.18) and (3.19) are equivalent if k has an algebraic singularity for x = y. Condition
(3.18), however, better accounts for logarithmic singularities as they often appear for
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d = 2. For instance, the singularity function S(x) = ||x||*log ||x|| of the biharmonic
operator A (cf. [58]) satisfies (3.18) as we shall see, but it satisfies the alternative
condition (3.19) only from the third derivative on.

Let §: L?(Q) — L*(Q) denote the Fourier transform defined by

1 —ix-y
§9)0) = i fou @ VO)O

which is normalized such that § = F~!. From §[0%u](&) = E%(2mi)l®IFu(&), it
follows that

—0iciojuy = —F*F(drcki djug) = (27)2F* (cff & Fuy)

and using (3.3) for u € [H}(2)]™ together with [Sull2(0) = llull2(q) one has

d m
Z Z/cuauka udx = (2m)* ¥ Z/c{ffg,-gjgukgwdx (3.20a)
i,j=1k(=1 i,j=1k/(=1 Q
(27) 2@22/ |&Fug|* dx (3.20b)
i=1/0=1

(3.20¢)

s

\
=
Q_)

§

3

Ay

™= HM&
\

Y 0wl = Az |37, (3.20d)
/=1

where J(u) € R"™*4 denotes the Jacobian of u.
The previous estimate does not hold for variable coefficients c"f In this case,

either one has to consider operators (Lu); = — f{jzl Yo, cl] £0;0;u + Suy, instead
of the divergence form (3.17) or the stronger condition

d m
Y Y C?f"ik"jé > Ag|v||> forallve R™ (3.21)
i=1ki=1

has to be imposed instead of the Legendre-Hadamard condition (3.3). It is easily
verified that the curl-curl operator (3.5) satisfies (3.21) only for o > 1.

In order to prove asymptotic smoothness, we first derive the following
Caccioppoli-type inequality with the usual technique, which uses cut-off functions.
This equation embodies the so-called interior regularity of elliptic problems. Let
D C R? be a domain having an intersection with  that has positive measure.

Lemma 3.3. Assume that u € [H'(D)]"™ is a weak solution of £u=0in DN Q and
u=0in D\ Q. Then for any compact set K C D it holds that

I3 z2(x) Hulle
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where

2
o= [82m2L (14 2am™2 ) +22°18] and o = dist(K,OD).
Ay Ag P

Proof. Letn € C'(D) satisfty 0 <1 <1,n = 1in K, n = 0 in a neighborhood of
oD and [9n| <2/0,i=1,...,d, in D. With u € [H'(Q)]™ it follows that n°u €
[H} (DN Q)]™. From

0i(n*uk) jug = A(Mue)9;(Nug) + uxdim;(Nug) — ued;(Nuk) ;M — weuedmI;m

we obtain using [, N?u(Lu);dx = 0 that for any € > 0
Z/ (k) 9 (Mug) dx + 81 gy
i,j=1kJtl=1

<as ¥ B[ wlulan]om+ 2]zl d

ij=1kl=1

d m

d 1
<4 Y Y [ ol + 10 ()

j=lkf=1"

<4Agy— ( —Hu||L2 +121k;1 (/ |uk2dx) 1/2 (/Q|aj(77ué)|2dx>l/2>

<2A$< —flul72+= Z/ |Mk\2dx+82 Z/ 19j(nug) >

j=1l=1

e [ Jatnu)Fax
Q

where we have used that 2ab < a? /& + €b? for all a,b € R. From (3.20) we obtain

~ 2 dmAf 2
o [ Iotmolar < (2229 (24 9)410)) il

dmA & ~
+2 8/ I3 (nu) || dx
o D

(2+ ) H””Lz +2A§f’

This leads to
1 2d’mAy(2+0/¢€)+ 2|5
~ 2 ~ 2 -z
||\5(M)HL2(K) S HJ(W)HLZ(D) = ? l_g 72dmA;/8/0' ||u||L2(D)
Choosing € = A»0/(4dmA ) gives the desired result. O

Remark 3.4. From the previous proof it can be seen that non-negative & do not enter
the constant ¢ ¢.
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In order to derive pointwise estimates, we need the following estimate for u sat-
isfying .Zu=0in B,(x) CR? and k € N

HM“Hk(Bp(x)) < C(k,p,}") HMHLZ(B,-(X)) for all 0 < p<r (3.22)

where ¢ depends on the coefficients of .. Estimate (3.22) can be derived by ap-
plying Lemma 3.3 iteratively on a sequence of balls B,,(x), £ = 1,...,k. Due to the
Sobolev embedding theorem, (3.22) states that .Z’-harmonic functions are locally
C*. In particular, (3.22) gives for the choice k =d + 1

BSU(P) Jul < cllullgai s, (o) < €0, Ul 28, ()
I X

Using a rescaling argument, we obtain for x € Q and 0 < r < dist(x, Q)

sup |u| < CRr_d/2||uHL2(Br(x))7 0<p<r (3.23)
Bp(x)

with cg > 0 independent of p and r.

Asymptotic smoothness of the entries of S is a prerequisite of wavelet com-
pression methods and kernel approximations based on interpolation. Additionally,
it will be seen that the convergence of the ACA algorithm (see Sect. 3.4) can be
proved for discrete integral operators with this type of kernel functions. Asymp-
totic smoothness is usually checked for each singularity matrix under investigation.
The following lemma states that the entries of the singularity function of opera-
tors (3.17) always have this property. Its proof relies on the Caccioppoli inequal-
ity (see Lemma 3.3), which will be applied to Q = R?. We already know that
S(x—-) € C*(D) is £-harmonic in each domain D C R?\ {x}.

Lemma 3.5. The entries of the singularity matrix S(x —y) of £ are asymptotically
smooth in R? with respect to y.

Proof. Letx € R? be arbitrary but fixed. Fory € RY\ {x} let R = ||x —y|| /2. Assume
that a function u is .Z-harmonic in B,(y), 0 < r < R. Choosing 0 < p < r and
p' = (r+p)/2, we obtain from (3.23) and Lemma 3.3 that

2 22
sup |du(z)? < & d,u(z)*dz < Ri"?/ u(z)|*dz (3.24)
ZEBp(y)| u(2)| p/dprl(y)‘ u(2)] p’d(rfp’)2.3,<y)‘ |

d 2.2
wyr CpC
2 L _TREZ qup |u(z) (3.24b)

< 2d+
- (r+p) (r=p)? e,

Here, w; denotes the volume of the unit ball in R4,
Leta € Ng be a multi-index and p = |ot|. We define a nested sequence of balls

Bi={zeRy:|z—y|| <Rk/(p+1)}, k=1,....p+1,
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centered at y. Then By C Bg(y) C RY\ {x} and dist(By,dByy1) = R/(p+1). Esti-
mate (3.24) forp = Rk/(p+ 1) and r=R(k+1)/(p+ 1) reads

k41 \? cpe o /O
sup|az,-u<z>|szd/2“( - ) RELVDL (1 sup Ju(z)

ZEBy 2k+1 R ZE€EBj 41
d/2
, p+1 (2k—|—2)
=Cop—— | =/— sup |u(z)], k=1,...,p,
e (Sern) e )

where ¢’y 1= 2cgc.# /@y Applying the previous estimate consecutively to the p
partial derivatives of the function S;;(x, -), which together with each of its derivatives
9ySij(x —y) is Z-harmonic in Bg(y) C R4 for arbitrary o € N¢, we end up with

cy<p+1>>P

PE) sup [;0x-2))

2€Bp 11

sup |28 (x — 2)| < (p+ 1)/* (

ZEB)

since [T;_, &2 < \/p+1. Using (p+ 1)? < ep? and Stirling’s approximation

2k+1
p
V27p (g) <p,

we obtain

e a2 cpe\?
dgsyle—l = <=2 (25 L) sup o)

due to p < 27/2. Since S; j(x—-) is harmonic on Bg(y), Harnack’s inequality gives
SUP gy (y) [Sij(x —2)| < cn|Sij(x —y)| and hence the assertion. O

The previous lemma guarantees that the singularity function S of any elliptic
operator is asymptotically smooth. As a consequence, the kernel function of the
double-layer operator

| B 1 v (y—x)
= 9 S(x—y) = —dy Jx—y|| ' = — =Y
K'(_x7y) Ve (.X y) ar V,\”‘x yH A ||xfyH3

with the unit outer normal v, in x € I" of the Laplacian in R? is asymptotically
smooth on I" with respect to y. The hypersingular operator contains normal deriva-
tives with respect to both variables such that the associated kernel function cannot
be expected to be asymptotically smooth with respect to y if the boundary I" is non-
smooth. The action of the hypersingular operator, however, is usually reduced to
the single- and double-layer operators via integration by parts; cf. [180, 190] in the
case of the Laplacian and [167, 141] for the Lamé equations; see (3.77). Using such
alternative representations, the kernel of the hypersingular operator can be deemed
to be asymptotically smooth.

Example 3.6. In [52] the singularity function
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e—clixll
(x) ;== —=——, Rec>0,
|1«

of the operator —A + c2, ¢ € C, which appears, for instance, in eddy current simu-
lations, is shown to be asymptotically smooth with

2
205(r—y)| < PWVIT@ Brr (3.25)

e —yl[P+!

Here, f is defined by tan§ := {{“Ti
The singularity function

ol

X ::W, weR, i:=+v—1,

of the Helmholtz operator —A — 2, i.e., the limit Re c — 0, is not covered by this es-
timate since the constant in (3.25) becomes unbounded. Its asymptotic smoothness,
however, can be seen from Lemma 3.5. Notice that the constant y grows linearly
with the wave number . Due to Remark 3.4, the non-negative constant ®? in the
Yukawa operator —A + ®” does not enter }. This observation reflects the fact that
the positive term ®? shifts the non-negative spectrum of —A to the positive, while
—m? leads to oscillations of the solution.

3.2.1 The Biharmonic Equation

A Caccioppoli-type inequality can be derived for many other problems (see [31] for
regularizations of the curl-curl operator) including nonlinear ones and differential
operators of higher order such as the biharmonic operator A2. The biharmonic
equation

A%u=0

is used to model the deflections arising in two-dimensional rectangular orthotropic
symmetric laminate plates. The plate can be subjected to external perpendicular
force and one is interested in the resulting deflections. Various boundary conditions
can be applied to the problem.

Lemma 3.7. Assume u € H>(Q) such that A’>u=0in DNQ withu =0 and Vu = 0
on D\ Q. Then for any compact set K C D it holds that

2 2 2 ¢ 2
HVM”LZ(]() +0 ||A”||L2(1() < gHuHLZ(D)a

where ¢ = dist(K,dD).

Proof. Letn € C*(D) satisfy 0 <1 < 1,17 = 1in K, n = 0in a neighborhood of 9D
and ||VPn|| <c¢/o” for 0 < p < 3. Withu € H>(Q) it follows that n’u € H3 (DN Q).
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From

IA(M%u) > = Aud (n*u) + u?| A% +4uAn>Vu - Vn?
+4|Vu- V0?2 — 2udu|Vn?|?

and
%IVWVnZI2 = div[uVn(Vn-V(n’u)] = [Vn|*uVu-Vn? - u|[ V0 |*A(n*u)
—2uAnV(n*u)-Vn
it follows that
[ a0 = juan? 3 + [ (4an® = 16]n|?)vu- Vo>
2 [ wau| V0P dx—16 [ u|Va|PA (%) ds

- 32/ wANV (n2u) - Vi dx
D

due to [, AuA(n*u)dx = 0 and due to the vanishing of the integrals over the diver-
gence term. Furthermore,

uAul|V?||* = divul V? |*Vu] — |V0?|*|Vul* — 2uAn?Vu- Vn?

and
1 .
ZHV712II2IIVM||2 = div[uV(n*u) |V |*] = ul| V0 *A(n*u) — [|VN|[PuVu-Vn?
—2uAnV(n*u)-Vn
lead to

[ A 0P ar = [uan® 2+ [ (An® = 3|Va|P)uvu- va®
f24/ u||Vn||2A(n2u)dx—48/ uAnV(n2u) - Vndx.
D D

As the last step, we use the identity 2uVu - v = div[|u|>v] — [u|>Vv for all v € R,
which gives

[ 1amPwPar = uan? 2 =4 [ vi@nan - |va|P)vn?uPax
f24/ u||Vn||2A(n2u)dx—48/ uAnV(n2u) - Vndx.
D D

Due to the Cauchy-Schwarz inequality together with
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1
2 2 2112 2 2
el VlZll2 A (7l < ul VAPl +ellA(m )l
ct 2 20112
< Q””Hy +ellA(M7u)ll;
and
[uAn |2 [V(n?u) - V|2 < — IIMAnIILz+8|\V(n u)- Va7
2
<74|| HLz+ e IV ()2
for arbitrary € > 0 we have
AMu)? dx < *||u||L2+248||A(17 u)||7> +48¢ 2||V(Tl u)llzz,
JD

where ¢’ depends on ¢ and is bounded for € — 0. Using the Poincaré inequality
V(20,2 < cp/G ]| A(M2u)|2. we arrive at

[124£<1+2 )}/m n2u)Pdx < —Hulle

With the choice |
1 AN\
€= 1+2-—
48 < + o4 )

1 1
S 1Vula) + 1AulFa ) < 5 IV 2y + AP0 2

2(cp+1)c
< (G + DA gy < X,

the assertion follows from

O

The asymptotic smoothness of the arising kernel functions will be used in the
following section to show existence of degenerate kernel approximations.

3.3 Approximation by Degenerate Kernels

In this section we consider matrices A € R’/ with sub-blocks A, of the form
A = A T A5, (3.26)

which arise (cf. Sect. 3.1) from the discretization of integral operators



3.3 Approximation by Degenerate Kernels 117
()0) = [ Klxypx)dis yeQ. (327

Here, Q C R? denotes the domain of integration and y is an associated measure. If
Q is a (d — 1)-dimensional manifold in R4, for instance, then U denotes the surface
measure. Note that strongly singular kernels are not excluded. However, then the
integral in (3.27) has to be defined by an appropriate regularization.

The aim of this section is to show that the kernel function k¥ of </ can be ap-
proximated under reasonable assumptions, such as the asymptotic smoothness, by a
small sum of functions with separated variables; see the introductory Example 1.12.

Definition 3.8. Let D, D> C R? be two domains. A kernel function k : D x D; — R

is called degenerate if kK € N and functions uy : D — Randvy: Dy — R, (=1,... k,
exist such that

k
= Z up(x)ve(y), x€Dy,y€ Ds.

The number £ is called degree of degeneracy.

Before we turn to the construction of degenerate approximants, we point out
their importance for the existence of low-rank approximants to the matrix A. Due
to the representation (3.26) with localizers Aj; and A, for a sub-block ¢ x s of
the discrete operator A the kernel function k is evaluated only on the product of the
supports X and Y; of Ay, and A ;. Assume that x is degenerate on X, x Y;. Later
on, we will find conditions on ¢ and s for this assumption to hold. Let

=Apvp € R’ and by = A27Su5 € RS, f=1,... k.
For z € R® we have
b/%TZ = (ubAisz)Lz(Xs)'

Since fory € Y,
(#45,2)0) = [ we)(8 2 dpe= [ z e (3)92(5) (43, ) ds

fzv,g / x)(Az52)( d/.tfove )by z,

we obtain for the sub-block A;; of A

k

k k
A=A Ay =AY vib] =Y (Aive)b] =Y agby . (3.28)
(=1 (=1 (=1

The rank of A;s is obviously bounded by k. Therefore, degenerate kernels lead to
low-rank matrices if # and s are large enough compared with k; i.e., if k(|¢| + |s|) <
|f||s|- Note that the contrary, i.e., that a small rank k implies a degenerate kernel
function of degree k, is not true in general. A block’s rank is also affected by the
geometry and by the discretization.
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Example 3.9. We consider functions f(x,y) which for each x are polynomial in y of
order at most k, i.e., f(x,-) € H,f . Then, f is degenerate on RY x RY of degree

k

(+d—1\ [(k+d

dimﬂf:|{aeNg:a§k}|:Z<+g >:(Z>§(k+1)d.
(=0

The restriction f(x,-)|y of f(x,-) to the hyperplane H := {(x,0) : x € R~} is de-
generate of degree at most (k+ 1)?~! since f(x,-)|y is a (d — 1)-variate polynomial
of degree at most k. The boundary I' C R arising from practical applications often
consists of hyperplanes, on which a lower degree of degeneracy thus is sufficient.
Note that a reduction of the degree cannot be expected for any hypersurface.

In most applications, the kernel function x is not degenerate. Besides, a degener-
ate kernel function would imply the compactness of the operator .</. The degeneracy
of K cannot even be expected on subdomains. However, many kernel functions in-
cluding asymptotically smooth kernels can be approximated locally by degenerate
ones.

As a starting point we present degenerate approximations of kernels together with
the corresponding error estimates for problems that are usually treated by boundary
integral methods. In the following three examples we assume that x,y € R? with
|lx|| > |l¥||- Furthermore, we will use the notation £ = x/||x|| for x # 0.

Example 3.10 (Coulomb potential). The singularity function of the Laplacian —A
is the Coulomb potential shown in (3.8). For d = 3 one can easily prove the error

estimate
L —Kp(x y>‘<1 <”y”)p (3.29)
=yl 7 el =Dyl el )
where |
e = ¥ s D)
P 2041 ||x||eH1 "

=0

is the multipole expansion. The degeneracy becomes visible by the addition theo-
rem of spherical harmonics

4
PE9) =50 ¥ EYTE) (330)

Im|<¢t

with the spherical harmonics Y;" of order £ and degree m,
dre polynomial ;.

m| < ¢, and the ¢th Legen-

Example 3.11 (Helmholtz kernel). The singularity function of the Helmholtz opera-
tor —A — %, ® €R, ind spatial dimensions is

. d/2—1
_(_@ (1)
S('x) - 4 (ZEX”) Hd/z_l(wH'x||)7
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where Hél) denotes the /th Hankel function of the first kind. The most important
cases are _—
TH) (@ , d=2,
S() = {41 . () ‘=

am Tl

The next two error estimates are taken from [109]. We first consider the two-
dimensional case. For d = 2 it holds that

ollx| P
H @l - <e<o—p ()" aan

o]\l
where

ZH (o|x])) Je(@|y]) To(z- ).

Here, J; and T; denote the Bessel function and the Chebyshev polynomial of ¢th
order. The separation of the variables x and y can be achieved by taking into account
that 7 is a polynomial of order /.

A similar estimate is valid in three spatial dimensions:

bl ||y||>
3.32
i ? <||x| 632

(1)
p—1 1 H€+l(w||x||> Jg+l(w||y||)
Kp(x,y) =im (f—i—) : -

v L) T b

The degeneracy follows from (3.30). Compared with the approximation of the ker-
nel function of the Laplacian, the error estimates suffer from possibly high wave
numbers @.

el@llx=yll

T Rey)| <
le=yll "

where

P(%-5).

Example 3.12 (Lamé kernel). The singularity function of the operator associated
with the Lamé equations (3.4) is the d X d, d > 2, matrix

Ad+u ot
@g(A+3p) |lx[14 ]

A+3u

SO = 5T 2w

Sa(x)1g+

where S, is the singularity function of the Laplacian, I; € R*¢ is the identity and
@, denotes the volume of the unit sphere in R?. Since S is closely related with Sy,
techniques from the approximation of S4 can be used to approximate S; cf. [143].

Similar techniques can be applied to the singularity function of the curl-curl op-
erator.

Example 3.13 (curl-curl operator). The singularity function of the curl-curl operator
(3.5)isthe d x d, d > 2, matrix
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a+1 o—1 xxT

S0 =g AWt g el

where S, again denotes the singularity function of the Laplacian.

The previous four examples show that the respective kernel can be approximated
at points x and y satisfying ||x|| > |y||. Let &p, be the Chebyshev center of a set
D, C R4, i.e., the center of the ball with minimum radius Pp, containing D;. In order
to guarantee that the latter condition holds for all x stemming from a set D; C R? in
the coordinate system with origin &p,, we have to require

ndiSt(é;DzaDl) > pDza (333)

where we have added a parameter 0 < 11 < 1 in order to obtain uniform convergence
of the order n” in the error estimates (3.29), (3.31), and (3.32).

If the matrix block A;; is to be approximated by a low-rank matrix, the following
condition on f X s

ndist(Ey,, Xs) > py, (3.34)

has to be imposed. Condition (3.34) satisfies the requirements of an admissibility
condition and can hence be used for generating an admissible block structure as
described in Chap. 1. Using the degenerate kernel approximant on X x ¥;, a low-
rank matrix approximant is defined by (3.28). This principle is always exploited
by methods approximating the kernel. Degenerate kernel approximations are con-
structed using analytic arguments and then are related to low-rank matrices by the
above technique. As we have seen in Example 3.9, it seems more natural to gener-
ate the low-rank approximant directly from the matrix entries. An algorithm for this
purpose will be presented in Sect. 3.4. The following approximation results, how-
ever, will be important for the convergence analysis of the method from Sect. 3.4.
The admissibility condition (3.34) does not depend on the respective kernel. In
fact it will be seen in moment that it guarantees exponential convergence for all
kernels stemming from elliptic problems. However, the contrary is not true. Expo-
nentially convergent kernel approximants may exist although condition (3.34) is not
satisfied; see, for instance, the so-called weak admissibility condition from [134].
The following example, which arises from the Gauf} transform

(Gv)(x) = /Rd e_”"_sz/Gv(y) dy, o>0,

shows that also other admissibility conditions may be required. Notice that in con-
trast to the previous examples the kernel function of ¢ is not singular at all.

Example 3.14 (Gauf} kernel). The following example is not connected with any el-
liptic differential operator. However, it can be shown that for all ||y||. < r/v/2, 7 < 1,
it holds that (see [16])

|e*Hx7yH2 — k() < (1 _r)fddi"l <‘;>(1 et (\;l%)dz,

(=0
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where
[ENERS o
Kp(xy)= ), —e M [ [He(x)y™
lodlm<p =1

and Hj is the kth Hermite polynomial. The latter expansion is used in the fast Gauf§
transform; cf. [119, 120].
The above error estimate shows that

Mr—l12
eI — g, (x, )| < em?
for x € D1, y € D, provided that

ppl= <

for some parameter 0 < 1 < /2.
In [208] the Taylor expansion is used for the construction of the degenerate kernel
approximation.

Instead of presenting a suitable degenerate approximation for each given kernel,
in the following two paragraphs we will construct degenerate kernels by approxima-
tion methods which can be equally applied to any asymptotically smooth function.

3.3.1 Degenerate Kernels through Taylor Expansion

Let k : D; x D, — R be analytic with respect to its second argument y and let &p,
denote the Chebyshev center of D,. Then x has a Taylor expansion

KE) = X 00 Eo) (v En,)% + Ry(x,),

lal<p

where

Ry(e3) = ¥ 0fx(x, &) (v~ &0,)”

|a|>p

denotes the remainder of the expansion, which converges to zero for p — co. The
rate of convergence, however, can be arbitrarily bad. Note that

B0 = ¥ Ak (s En,) (0~ &)

la|<p

is a degenerate kernel approximation. Since 7, [k](x, ) € HI‘LI, the degree of degen-
eracy is the dimension of the space of d-variate polynomials of order at most p — 1

k= dim H;}Ll < pd;
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see Example 3.9. In order to be able to guarantee a specific complexity, i.e., to spec-
ify how p depends on the accuracy € of the approximation, we have to make sure
that the expansion converges fast enough. An exponential convergence is desirable
and would lead to a logarithmic dependence of p on €.

In the rest of this section we assume that the kernel function of the integral op-
erator (3.27) is asymptotically smooth with respect to y; see Definition 3.2. From
Remark 3.1 and Lemma 3.5 we know that the kernel functions of boundary integral
formulations of elliptic boundary value problems possess this property. The impor-
tance of asymptotic smoothness is that it leads to exponential convergence of the
Taylor series if D and D, are far enough away from each other.

Lemma 3.15. Assume that (3.33) holds with 1 > 0 satisfying yv/dn < 1. If K is
asymptotically smooth on the convex set D, with respect to y, then it holds that

(yVdn)r
1—yVdn

forall x € Dy and y € D,. Here, &p, denotes the Chebyshev center of D.

[K(xy) = T[] (x,y)| < e INER=]

Proof. For the remainder R, it holds that

Ry(x.y) < ) fla‘” x,6p,)|1(y = &p,)“|

la|>p
')/‘ ||a|¥
<c|k(x,&p,) \la‘z‘;pmw ép,)?|
¢
E o
=clK(x éDz Z(lx 5D2||> (;é(a)Ky_éDz) |
|y — &b, ||
= ¢lxto.on,) Z( Ty 52||>
< elx(e&,)| L)'
i=p
. (yvdn)”
(L e, 8,)
due t0 ¥jgj—¢ ()% = (T [&D)" < d2[&] forall § € RY. =

The previous lemma shows that the Taylor expansion of asymptotically smooth
kernels converges exponentially with convergence rate y\/dn < 1. Thus, p ~ |loge]
is required to achieve a given approximation accuracy € > 0. For the degree k of
degeneracy of T, [k] it follows that

ko~ p?~ [loge|?.
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Notice that for the asymptotically smooth Coulomb potential & (x,y) := ||x —y| ="
a degeneracy k ~ |loge|? is required if d = 3. If the multipole expansion from
Example 3.10 is used instead, k ~ |loge|?> will be enough to guarantee an error
of the same order €. Hence, the quality of the Taylor expansion, i.e., the quality
of algebraic polynomials, is worse than the multipole expansion for the Coulomb
potential.

Note that if x is asymptotically smooth only with respect to the first argument
x, then pp, has to be replaced by pp, in (3.33). If k is asymptotically smooth with
respect to both variables, then the symmetric condition

min{le ?pDz} <n diSt(Dl,Dz) (3.35)

is sufficient.

3.3.2 Degenerate Kernels through Interpolation

In the preceding section we have seen that asymptotically smooth kernels can be
approximated on a pair of domains satisfying (3.33). Since truncated Taylor expan-
sions involve the computation of derivatives, this way of constructing degenerate
kernel approximations has only theoretical meaning. For practical purposes the con-
struction should rely on other approximations such as interpolation, which requires
only the evaluation of the kernel function. In addition, interpolation will provide us
with refined error estimates.

3.3.2.1 Interpolation on Tensor Product Grids
In this paragraph we concentrate on interpolation nodes on a tensor product grid

Ya=0% vy eD,, aeNg, |afe<p, (3.36)

where yl(V) € [ay,by],i=0,...,p—1, are pairwise distinct foreach v=1,...,d and

D, = H€:1 lay,by].

We first consider the approximation of univariate functions by polynomials. In
the following lemma, which is due to Melenk (cf. [184]), the approximation er-
ror f—gq, q € IT,_y, is estimated with respect to the maximum norm || e s 1=

supyep | ()]

Lemma 3.16. Assume that € C*[a,b] is asymptotically smooth in the sense that

1P ey < cptyf - forall p € No.

Then
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2 P
o . |
i 17 legan < decy 1+ 36 -ap (142

Let yi,...,yp € |a,b] be pairwise distinct points and f € Cla,b]. By the previous
lemma we can estimate the interpolation error || f — 3, f || [4,5) Where the polynomial
Jpf €I, defined by

p—1 p—1
Y=Y
T =Y, FOIL©), Ly =[] —%,
i=0 j=0Yi—Yj
J#i
interpolates finy;, i =0,...,p— 1. Since J, is a linear projection onto II,_;, from

f=3pf=F—a+3,(g—f) forallgell,

we obtain
1f=Tpflleofap) < (L+[Tpll) min || f—glleo a7, (3.37)
qGHp*l

where
13l := max {[|3p.fleo, a1/ 1. lloo,ja,p) : f € Cla,b]}

denotes the Lebesgue constant, which is invariant under affine transformations of
variables. Equation (3.37) shows that approximation by the interpolation polynomial
is quasi-optimal.

In the next lemma the error |k (x,-) —Jy, ,k(x,-)||p, Of the approximation by
interpolation is estimated for d = 1.

Lemma 3.17. Let D, D, C R such that D; is a closed interval and Dy N\ D, = &.
Let x be asymptotically smooth with respect to y. Then for all x € D it holds that

2dist(x, D,)

-p
}’diasz > ||K('x’.)||°°,D27 (338)

nxu«r—mwxuwn@pzse(1+

= ~ di
&= decp(1+3, ) (1+ yzambe ).

Proof. Lemma 3.16 together with (3.37) applied to f := k(x,-) gives the following
estimate on the interpolation error

. - : 2 -’
) =00 < (1413 ey 1+ iamDa)p (142

Replacing ¢y by csupcp, [k(x,y)| and 7y by y/dist(x,D;) leads to the assertion.
O

Hence, the interpolation error decays exponentially for all x € Dy if

diam D, < ndist(D;,D3)
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for any n > 0. Note that the well-known expression for the interpolation error

() (g p]
LAY § T
Pt i

)= (@) y) =

for some & € conv{y,yo,...,yp—1} instead of Lemma 3.16 would have led to expo-
nential convergence only if 0 < 7 < 1/y. An upper bound on 7 was also required
by all previous constructions such as the Taylor expansion.

It remains to find a bound for ||J,|| by choosing the interpolation nodes. If the
Chebyshev nodes

at+b b—a 2j+1 .
tj = > + > ~cos(2p7r>, j=0,...,p—1, (3.39)

are used for interpolation, then the Lebesgue constant can be shown (cf. [234]) to
depend only logarithmically on p

2
13pll < 1+ —logp, (3.40)

which is asymptotically optimal. Later in this book we will exploit that the interpo-
lation can be rewritten in the form (see [234])

p—1 y—a
(3p/) ) =Y, Ty <2b— 1), (3.41)
i=0 —a
where
1221 9 p=l 2i41
cor=— Y ft;) and ci:==Y f(tj)cosi It im0, p—1. 342)
P o P iz 2p

Here, T,,(7) := cos(parccos(t)) denotes the pth Chebychev polynomial.

These properties of the univariate interpolation can be exploited for interpolating
multivariate functions f : D, — R if we use the tensor product nodes from (3.36)
and the tensor product polynomials

3,f =300 remd (3.43)

where jg,v) f denotes the univariate interpolation operator applied to the vth argu-
ment of f. Note that Jy, , Kk is a degenerate kernel of degree p? since

Jypk(x,y) = Z K (x,to )Lt (),

lelle<p

where Lo (y(V,...,y@) := 9_, L, YW) e H(‘;_l)d is the product of univariate
Lagrange polynomials L, . For the interpolation error we obtain from



126 3 Approximation of Discrete Integral Operators

1f = Tpslleo < 1 =35 Flleo + 135 (£ =35+ 35 £)]e
<1f =3 e 1T =T ) oo+
[ RN e e 5]

that

d ‘ i1
1 =3pfllee < Y 1= 35 1= [T 13571 (3.44)
i=1 v=1
Theorem 3.18. Let D; C R? and D, = H(\szl [@y,by] such that

ndist(D;,D;) > max by —ay,

v=l,..d

holds for an m > 0 satisfying cyn < 1. Let k(x,y) be asymptotically smooth with
respect to'y. Then for all x € D and y € D it holds that

K(x0) =gt <p (14 210 gp)d(zf’m)pw,yn.

Proof. Applying (3.44) to f(z) := x(x,yV, ... ,y(V=D 7y | y(") (3.40) and
Lemma 3.17 yield for y*) € [ay, by]

2 ¢ ?
FOM)=T3pf ) < ep (H,;ogp) (2 H,,)

v=1

where ¢:=8ec(1+yn). Let zo € [a!V),5(Y)] be chosen such that | f(zo)] =1 flloo,ay.by) -
Then for some Z € [ay,by]| we have

M) = £a0)l = 16 = 20)f B)] < 7

|| ~Hlf()lécmlf(m)l,

where 5= (y(I),...,y(V=D 7y y(®) The assertion follows from

1f 1o fay) < (1=cym) " LFOM)] = [ (e y)]-

3.3.2.2 Interpolation on Arbitrary Nodes

The interpolation on tensor grids requires the kernel to be defined in a box. If the
domain of integration €2 in (3.27) is a boundary and if its normal appears in the ker-
nel as it does in case of the double-layer potential operator, then tensor product grids
become inconvenient. In this case, we are better off using interpolation on arbitrary
nodes. In addition, leaving the tensor interpolation approach behind, arbitrary nodes
will lead to a reduction of the degree of degeneracy.
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Letyg € RY, oo € N¢, || < p, be pairwise distinct points. In contrast to univariate
interpolation, the interpolation in R¢, d > 2, may happen to be not unique. The
nodes must not lie on a hypersurface of degree p — 1, or equivalently, there is no
polynomial in Hl‘f_l which vanishes in all of the points. However, the set of points
for which Lagrange interpolation is not unique has measure zero and the existence
of interpolation polynomials is always guaranteed. Hence, we may safely assume
that the interpolation is unique, i.e., that

W= (Va)ap €RC, k=dimITe_|,

is invertible. Note that the uniqueness of interpolation on tensor product grids is
inherited from univariate interpolation due to the special configuration of the nodes.
Using the Lagrange polynomials
detWqy (y) d
L =—7>"cIl; |, |a|<p,
S T
where Wy (y) denotes the matrix which arises from W by replacing row o by the
vector (yﬁ )|8|<p- The interpolation polynomial has the representation

(jpf)(Y) = Z f(}’a)La(Y)-

le|<p

The following theorem is due to Sauer and Xu. It describes an upper bound for
the error E(f) := f — Jf of multivariate Lagrangian polynomial interpolation. We
use the notation of [225].

Theorem 3.19. Let the Lagrange interpolation in the points x°,...,x" be unique.
For f € C""1(RY) it holds that

1
(n+1)!

En(H@I < ¥

P @m0 ID_ 0Dl xERY, (345
UEA, Hn

where it suffices to take the maximum over the convex hull of {xo, o X Xt

Hence, for the approximant k,(x,-) := J,x(x, ) of ¥ we have

Kp(xay) = | ‘Z K(xvya)LOC(y)a
a|<p

which is a degenerate kernel function of degree dim I1 ;:171' For d = 2 we have that

dim H;jfl = p(p+1)/2, whereas the degree of degeneracy of tensor product inter-

polations was p? for the same order of accuracy n?.
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3.3.3 Another Kind of Approximation

The above constructions are mainly based on the approximation of x(x,-) by alge-
braic polynomials. Due to the smoothness of k, exponential error estimates could be
obtained on pairs of domains (D1, D;) which are far enough away from each other.
However, the class of polynomials may not reflect the properties of x in an optimal
way. For instance, we have noticed that for the approximation of the Coulomb poten-
tial the multipole expansion is better suited than the Taylor expansion or polynomial
interpolation.

In this section an approximation technique will be presented which is not based
on any specific system of functions. Instead, restrictions of x will be used as an
approximation basis. This approach provides quasi-optimal approximation in the
sense that, up to constants, the quality of the presented approximation is better than
the quality of any given system & := {&;,..., &} of functions; i.e.,

Ey <cinfsup inf _[/k(x,") = pllen,,
2 xED[ pespan.:

where E; denotes the error associated with the presented approximation at a degree

of degeneracy k.
To explain the principle idea of the approximation, consider the function

K (x,0) K(x0,)

Klny) = K (x0,Y0)

with fixed xo € Dy, yo € D; close to x and y, respectively. The expression for K
is only meaningful if x(xp,y9) # 0. The degree of degeneracy of X is one and it
holds that

K(x0,y) = K(xp,y) forallye D,
K(x,y0) = K(x,y0) forallxe D;.

Hence, K interpolates k on whole domains. Note that a degenerate kernel approxi-
mation of degree one which is based on polynomials does achieve interpolation only
in a single point in general. The error |k (x,y) — K (x,y)| of the approximation can be
related to known error estimates by the relation

(ey) — o) = [K(x,y) — CE20)EE0Y)

K (x0,¥0)
— IK(r,y) — K(x.30) M<x<xo,y> -
[(x,y0)

< |k(x,y) = x(x,50)[ + | |k (x0,¥) — K(x0,0)]-

|x(x0,y0)

Assume that |k (x,y0)| < |K(xo,y0)| for all x € Dy, then
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[(6,y) = K(o,y)| < 2maxic(z,y) — x(z,y0)l-
1

The expression of the right-hand side is of the order 1 due to the interpolation results
from the previous sections.

Since we are not satisfied with first order approximation, we will generate a se-
quence of degenerate kernels which will be shown to converge exponentially to k.

For convenience let

K(x’yjl) K(xil 7y)
koDl =| 1 | €R" and w(piy)=| : |eR
K(xvyjk) K(x,-k,y)

with points x;, € Dy and y;, € D>, £ = 1,..., k. With this notation, we will construct
degenerate approximations of the form

k() = K0 B0 W e (i ) + 7, ), (3.46)
where we define the k x k matrix W, by
K(xip,y5,) - K,y
Wi = : :
K(xikayh) s K(xikvyjk)
These results will be used in the next section to derive an iterative algorithm for
the approximation of matrices generated by low-rank matrices without knowing the
rank of the approximation in advance.
Let us first turn to the analytic problem of approximating a general asymptot-

ically smooth kernel by a degenerate kernel. In [17] sequences {s;}, {r¢} for the
approximation of k have been defined by the following rule

rO(x7y) = K(-xay)7 S()(X,y):(),
and fork=0,1,...

M1 (6,Y) = 1 (0,Y) = Yer 1 k(6 Y jy ) (K1) (3.472)
Sk 1(6,Y) = 55(,Y) + Ve 1 756 Y jy ) T (X5 Y) (3.47b)

where Y11 = (rk(xik+1 3 Yieet ))_1 and x;_, and y;, , are chosen in each step so that
7k (Xip, V)i, ) 7 0. The above approximation by s; was reinvented under the name
“Geddes series expansion” in [63].

Notice that the functions r; accumulate zeros. Thus s; gradually interpolates k.

Lemma 3.20. For 1 </ <kitholds that r(x,y;,) = 0forallx € Dy and ri(x;,,y) = 0
forally e D,.

Proof. The lemma holds for ¢ = k since
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rk(x7yjk) = rk—l(xvyjk) 7’}/krk—l(xvyjk)rk—l(xik7yjk) =0.

We will prove the rest by induction from k — 1 to k. We just saw that the lemma is
true for k = 1. Assume it holds for k — 1, then we have r,_; (x,y;,) = 0 for all x € D;
and all 1 < ¢ < k. Hence, from (3.47)

re(xyj,) = r—1(x,y),) = Yere—1 (6, ¥ ) re—1 (xi,,yj,) = 0.

Interchanging the roles of x and y, we also obtain that rk(xi[,y) =0for1 </<k
and all y € D». a

Let Wk([) (x) € Rk be the matrix which arises from replacing the /th row of

W; by the vector k(x,[y]). For the determinant of Wk(a (x) the following recursive

relation can be shown.

Lemma 3.21. For 1 </{ <k
det W (x) = ri_i (x5, det Wi (x) = iy (3,5, det W) (o)
holds and

deth(l)(x) =ro(x,yj,),
deth(k) (x) = re—1(x,yj, ) detWi_y, k> 1.

Especially,
deth = r()(x,'l ,yjl) [EURY /| (xiwy/k)'

Proof. From (3.47) it is easy to see that there are coefficients oci(]ﬁ 1), i=1,...,k—1,
so that for all x € D,

k—1
k—1
P (0y) = K y) — 1o Vi),
v=1

Thus, it is possible to replace each entry x(-,y;, ) in the last column of Wk(é) (x) by

rk—1(-,yj,) and obtain Wk([) (x) without changing the determinant. Since from the

previous lemma one has ry_1(x;,,y;,) =0, 1 < v <k, only the /th and the kth entry
(

of the last column of Wk 2 (x) do not vanish. Laplace’s theorem yields the assertion.
a

The previous lemma guarantees that W; is non-singular provided that each
re—1(xi,vj,) # 0. We are now able to show that the decomposition of k into s;
and ry is of type (3.46).

Lemma 3.22. For the generated sequences sy and ry, k > 0, it holds that

sk(x,y) +rk(x7Y) = K(x7y)7



3.3 Approximation by Degenerate Kernels 131

where for k > 1
sk(ey) = (6 D) W (k).

Proof. The lemma is obviously true for k = 1. We continue by induction. From the
definition of r; and s; we can see that

Sk(xay) +rk('x7y) = sk*l(xay) +rk71('xay)7

which according to the induction coincides with k(x,y). For the sake of brevity
we set
ay = Wkill K([x]r—1 ,yjk) and b, = Wki]; K(xik7 Vk—1)-

Since due to the induction

sk(x,y) = sk—1(6,¥) + Ve ri—1 (6,35, )re—1 (%3 ,y)

_ {K(x» Mkl)]T [Wk_ll + Wearb) _Ykak} [K([x]klv)’)}

K(‘x’yjk) _ka/{ Y K(xika)’)
and

W, + nakb! _Ykak:|
W, k—1 k =1,
¢ [ — by Y g

we obtain the representation
seey) = k(6 D) W (ks y)
also for sy. a

Remark 3.23. Using Cramer’s rule we see that

etV ()

(WI:IK(['X}/H.V))({_TVV]{? Ezl)"'aka (34’8)

where Vk(é) (y) is the matrix which arises from W by replacing the ¢th column by
K ([x]x,y). Hence, we obtain

ko detv ) (y)

se(x,y) = Zzzl detW,

K(x,yj,)- (3.49)

Observe that

detv(y)

L) = =gt € span(k(0). v =1..o..k)

satisfies Ly, (y;,) = Ouv, 1 < i, v <k, and is therefore the /th Lagrange function for
the interpolation system {k(x;,,y), vV =1,...,k}. The representation (3.49) hence
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shows that sy is the uniquely defined interpolant of x at the nodes y;, in the span of
the functions x(x;,,y), £ =1,... k.

3.3.3.1 Error Analysis

In what follows it will be shown that the remainder r; can be estimated by the re-
mainder of the best approximation in any system = = {&;,..., &} of functions. The
mentioned approximation by polynomials is an example. Further examples are the
approximation by spherical harmonics or the sinc interpolation; cf. [247, 134].
For the uniqueness of interpolation in this system we assume that the matrix
(u(¥j,))u,v is non-singular.

Denote by

13 || := max{]| 3 f1

w00y /|| fllee.0y  f € C(D2)}
the Lebesgue constant of the interpolation operator J ,f defined by
— k —
T f =Y, fi)Li

(=1

with L[E, ¢=1,...,k, being the Lagrange functions for & and y;,, £ =1,... k. Since

f=3ff=f-p+35(p—f) forall p€cspanZ,

it follows that, up to constants, the interpolation error Ek: (H=f-73 ,f f is bounded
by the error of the best approximation

IEE ()l < (141135

) _inf _[|f = pllen,- (3.50)

pEspan &

Defining &, : Dy — R by x(y) := x(x,y) for y € D, and fixed x € Dy, it is hence
enough to estimate r; by the error E (k) of the interpolation in Z if we want to
estimate r; by the best approximation error in Z.

Lemma 3.24. For x € Dy and y € D; it holds that

kodetw(x) _
o) = EE (k) () - ¥ S B gz ey,

= detW
Proof. Let
LF (y)
LF(y)=| :
LE ()
be the vector of the Lagrange functions LZE, £=1,...,k, to the points y; ,...,y,.

Using Lemma 3.22 gives
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re(x,y) = K(x,y) — (x, V) W k(e y)
= K(x,) = e, D) 'L (v) = e, i) W (K ([l ) = Wil ()

k
= E¢ (K Z, ) E¢ (K5, )(v)-

The assertion follows from (3.48). O

We are able to control the approximation error by making assumptions on the
choice of the points x;,, .. .,x; . Assume that our choice of points x;,,...,x; leads to
a submatrix Wy whose determinant cannot be increased by interchanging one row
by any vector k(x, [y]¢), x € Dy, i.e.,

|detWy| > |detw " (x)|, 1<e<k xeD. (3.51)

These matrices of maximum volume play an important role in interpolation theory;
cf. [94]. From the previous lemma we obtain

()| < (k+1)  sup  |Ef (k) (y)]- (3.52)

Instead of choosing the points x;,,...,x;, according to condition (3.51), which is
difficult to check in practice, we may choose x;, in each step so that r;_g (xik,yik)
is the maximum element in modulus. From Lemma 3.21 we see that this is the
best possible choice with respect to maximum determinants if we keep all other
previously chosen elements fixed. The following lemma states that with this choice
of points (3.51) can be satisfied with an additional factor.

Lemma 3.25. Assume in each step we choose x;, so that
Irk—1(xi, i )| = [re—1(x,yj,)|  forall x € Dy.

Then for 1 < { < k it holds that

l
LW @]
xeD | det Wk'

Proof. Using Lemma 3.21 gives for 1 < /¢ < k

l 14
detw " (x)  detW () ni(eyy,) detwi (x)

detW,, N detW;_, rk—l(xik7yjk) detW,_

and .
deth( >(x) e yy)

det W, Te—1 (xik,yjk) '
Thus, we obtain for 1 < /¢ < k
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| detw") (x)| | detw”), (x)]
sup —————— <2sup ———
xep, |detW| xen, |detW
from what the assertion follows. O

As a consequence of the previous lemma, instead of (3.52) we find
re(ey)[ <2¢ sup B (k) 0)] (3.53a)
z€ {x,x,-l,...,xik}

<K+ |3F])  sup inf _||k(z,") = pl|so.,- (3.53b)

2 {x,%ip -} PESPANE

due to (3.50). This estimate implies that the presented approximation scheme
gives quasi-optimal results since, up to constants, the approximation error ry is
smaller than the approximation error associated with any system of functions
E ={&,...,&}. Note that both approximations lead to the same degree of de-
generacy. We remark that the exponentially growing factor 2% is a worst-case esti-
mate. The same factor will appear in the adaptive cross approximation method from
Sect. 3.4, which is the algebraic analogue of the presented approximation. There,
this factor can be related to the growth factor appearing in the LU decomposition
with partial pivoting, which is known to be hardly observable in practice.

Since we are only interested in kernel approximation as a means to construct
matrix approximants, in the following section we return to the algebraic problem.

3.3.4 Matrix Approximation Error

Assume that the block b =t x s satisfies an admissibility condition, which guaran-
tees the existence of a degenerate kernel approximation K on the Cartesian product
of D; = X and D, =Y. Using (3.28), the kernel approximant K can be used to
define the low-rank approximant A;; = A L,,szf Az*,s to the matrix block A, defined in

(3.26). Here, </ denotes the operator

(F)0) 1= [ &)

The next theorem answers the question how the size of an approximation error Kk — K
propagates to the size of the matrix error Ay — Ay We may confine ourselves to
admissible blocks b, since non-admissible blocks are represented without approxi-
mation. In order to be able to control the influence of the discretization on the size
of the matrix entries, we assume that there are constants c,,,ca, > 0, which usually
depend on the grid size, such that

[Avullz < e llull 2y and [[A2evlla < ey [[VI2x,)

forall u € L*(Y,), v € L*(X;).
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Theorem 3.26. Let b =1t x s, t C I and s C J. Assume that
|x(x,y) —K(x,y)| <€ forallxeX;,y€eY,.

Then, in the case of Galerkin matrices

IN

laij—aij| < ellwillpillojll, i€t jes,
1Ay —Apllr < €ca en (X (¥)]'/2,

A

in the case of collocation matrices
laij—aijl < ellgjlly, i€t jes,
1Ap = Ap|lF < £y [[e|n (X))
and in the case of Nystrom matrices

laij—aij| <€, i€t jeEs,

14y — Ayl < V/lt|Is]e.
Proof. Fori €t and j € s we find for the entries of Galerkin matrices
|a,J—aU|—|/ / (x,y) = K(x,2) Wi (v) @;(x) dity dpts |
< [ Iy) = K i) 0

< el will @)l -

In the case of collocation methods we obtain
o g = | [eCe) = (30l () e
< [ Il = RG0) 0,(3)]amc < el gy

The entrywise estimate in the case of Nystrom matrices is trivial.
We turn to the Frobenius norm estimates. In the case of Galerkin matrices we
define the linear operator A : L?>(X; x ¥;) — R"™* by

APy = [ [ Fenwte@dndu, et jes

From



136 3 Approximation of Discrete Integral Operators

=X X[ ([ renveron) oea]

i€t jes L

2
< cAz/ Z (/ f(xJ’)'Vi()’)duy) duy
Xsict \Y
< c/\lc/\z/x /Y |f(x7Y)|2d”yd“X = C/\lc/\zllinz(XyXZ)
s t
it follows that [|A||p_;2 < c1c2. We deduce that
lAp —Abl} = A (k = R} < AR _allk — Rl ) < (162 (X p(Xe).
For collocation matrices we find

1Ap = Ap|IF = Y 1 A2s[K (- y0) = RC,3i)]I12

ict

< A, VK30 — R0 oy, < Gyl (%),
ict

O

The previous theorem provides error estimates for the entries and the Frobenius
norm on each block of a partition. Estimates for the spectral norm can be obtained
from ||Ap |2 < ||Ap||F for all b € P. According to Remark 1.6, a kernel function which
can be approximated by an exponentially convergent degenerate kernel on X; X V;
therefore leads to an exponential decay of the singular values of the block Ay;.

Usually, global error estimates are more relevant than blockwise estimates. The
blockwise error with respect to the Frobenius norm is carried over to the global
estimate, while for the error in the spectral norm we have the following theorem.
Note that the application of Theorem 2.16 leads to worse estimates.

Theorem 3.27. Assume that
|x(x,y) —K(x,y)| <€ forallxeX;,y€eY,.
Then for Galerkin matrices it holds that
[A—All2 < €cp cp, VIL(RQ)
and in the case of collocation matrices one has
1A —Al2 < eca [vIT|u(2)]'/?,
where Vv is defined in (1.20).

Proof. According to the previous theorem we have for all u € R/ and all v € R/
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(A=Al =1 ¥ O, (A —A)us)| < ) (v, (A — ArsJus)|

txseP txseP
< Y eenen )R] vill2]lusll2
txseP

1/2 1/2
< Ecy, e, < Y u(Xs)u(Yt)> ( Y IIVrllﬁllusH%)

txscP txseP

1/2
<8€AICA2VLL(Q)< Y IIVzllﬁllusH%) :

txXsepP

The previous estimate follows from ¥, ccp ||us||3]|v¢]13 = ||ul/3]|v||5 and

Y uX)u) < (Zu(&-)) (Zu(n)) <V (Q),

txsEP = i€l

which is due to (1.20). The estimate for collocation matrices can be obtained analo-
gously. a

3.3.4.1 Accuracy of the Solution

The aim of numerical methods is to obtain an (approximate) solution. Up to now,
we have only considered the approximation error of the matrix resulting from kernel
approximation. In this paragraph we will estimate the impact of matrix approxima-
tion errors on the discrete solution u;, of Au; = f;,. For this purpose, we assume
that the bilinear form a(v,w) := (#/v,w)2 (o) With & : V — V' is continuous and
coercive; i.e.,

la(vw)| < allvllv[wlly and a(v,v) > BV

for all v,w € V C L*() with positive constants «, 3.
Let Vj, == span{@i,...,9,} with ||@;||;2 =1, i=1,...,n, approximate V in the
sense that

v

inf [[v—vp|lv <A"||v|lw forallveWw, (3.54)
nEVh

where W C V is a space of higher regularity than V. We assume that || - || @) <
Il-llv <|-|lw. Let A € R*™*" with the entries

aij = (' Qj, ¢i),2

be a Galerkin discretization of <. Each element u;, € V}, has the representation

n
up = Z u;Q;.
i=1

Under appropriate assumptions on V}, there is a constant cy, > 0 such that
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llull2 < ev, l[unllr2q)

for all u € R" with components u;, i = 1,...,n. This kind of estimate holds, for
instance, if the elements of V), are piecewise linears and if the underlying geometry
is quasi-uniform; cf. [126, Thm. 8.8.1]. Let A € R"*" approximate A such that

|[A-Al2<e (3.55)

and define the perturbed bilinear form

Vh,Wh Z a,JWlVJ
i,j=1

Lemma 3.28. The bilinear form @ is continuous and coercive on Vy, X V;, with con-
stants O 1= Ot—i—c‘Z,hs and B := —c%he ife< ﬁ/C‘z/h.

Proof. From
la(vi, wn) = @(vi, wn)| = [w' (A= A)| < [JA=A|l2|vll2lwllz < e, €llvallvwallv
it follows that
(v, wi)| < la(vn,wi) |+ la(va, wi) — @(vi,wi)| < (a+ i, €)|vallv [wallv

and |a(vy, va)| > [a(vi,vi)| = la(vi, vi) = a(vi,vi)| > (B —c7, &) [vall§- O

The previous lemma states that the approximation has to be accurate enough in
order to guarantee coercivity, which for symmetric bilinear forms is equivalent to A
being positive definite. We remark that the methods from Sect. 2.5.1 can be used to
preserve positivity also for arbitrary bad approximations.

The following theorem describes the influence of matrix approximation errors on
the accuracy of the discrete solution.

Theorem 3.29. Let u € W be the solution of a(u,v) = 1(v) for all v € V and let
iy, € Vj, be the solution of a(iiy,vy,) = I(vy,) for all v, € V,,. Then

lu—dinlly < B~ { [+ B+ e | 1+ e} llulw-

Proof. The assertion follows from Lemma 3.28 and the first Strang lemma (cf. [69])

- . a 5 a(vp,wp) —a(vy, wy
||u—uhvsv;g,{[1+ﬁ}u—vh||v+/31sup'( ) )vhnv}

wievy  vallviiwally

<P [B+a+che] inf u—willy+B'c,ellully
Vh&Vh
<B B+ atche| Wl + B ellullw,

where we have used (3.54). O
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The previous theorem shows that the additional approximation error which re-
sults from matrix approximation cannot be noticed as long as € is of the order of the
finite element error /". It is therefore enough to prove matrix norm estimates (3.55)
for instance with respect to the spectral norm or the Frobenius norm.

The construction of degenerate kernel approximants leads to low-rank matrices
and the analytic error translates into an algebraic error by Theorem 3.27. Hence, the
required rank for a prescribed matrix error can be calculated from a-priori estimates
such as (3.29), (3.38), (3.45), and (3.53). Remark 3.9, however, shows that the ac-
tual rank might be much smaller. In the following section we will therefore tackle
the problem of constructing low-rank approximants from the matrix entries directly
without approximating the kernel function.

3.4 Adaptive Cross Approximation (ACA)

We have seen that the construction of low-rank approximants based on degenerate
kernel approximation might lead to non-optimal results. Although this problem can
be overcome by recompressing the approximant with the procedure from Sect. 2.6,
there are several other disadvantages. The construction of degenerate kernels for the
Lamé kernel is already cumbersome, but it might be even more complicated if, for
instance, problems from anisotropic elasticity are to be solved efficiently. Even if
it is possible to find a degenerate kernel approximant, its quality remains in ques-
tion. With the adaptive cross approximation (ACA) algorithm from this section
we present a completely different approach; see [17, 32, 26]. In contrast to other
methods like fast multipole, panel clustering, etc., the low-rank approximant is not
generated by approximating the kernel function of the integral operator. Instead, we
will directly find a low-rank approximant from few of the original matrix entries of
admissible blocks. Note that it is not necessary to build the whole matrix before-
hand. The respective matrix entries can be computed on demand. Working on the
matrix entries has the advantage that the rank of the approximation can be chosen
adaptively while kernel approximation requires an a-priori choice, which is usually
too large. The property that only original matrix entries are used is of great practical
importance, because usually much effort has gone into efficient and reliable com-
puter codes for their computation. The usage of kernel approximants, in contrast,
requires a complete recoding.

The singular value decomposition would find the lowest rank that is required for
a given accuracy. However, its computational complexity makes it unattractive for
large-scale computations. ACA can be regarded as an efficient replacement which
is tailored to kernels that are asymptotically smooth with respect to at least one
variable. Note that the kernel function k itself is not required, only the information
that x is in this class of functions is important. Numerical experiments show that
ACA can often be successfully applied although the kernel does not satisfy this
assumption.
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The construction of efficient algebraic methods for the treatment of discrete in-
tegral operators is an active field of research. To name a few methods known from
electromagnetic simulation, these include the multilevel matrix decomposition al-
gorithm (MLMDA) [186], IES?3 [152, 108], and the single-level IE-QR algorithm
[198]. MLMDA was found to be efficient only for planar objects in R3; cf. [209].
The rank-revealing process of IES? is done through a so-called “statistically deter-
mined rank-map”, which is constructed using the kernel function. While IE-QOR is
a rank-revealing QR decomposition, it will be seen that ACA is a rank-revealing
LU decomposition which compared with IE-QR does not require the computation-
ally expensive Gram-Schmidt orthogonalization process; see [263] for a compari-
son of the latter two methods. For the application of ACA to various problems see
[168, 169, 248, 172, 52, 140, 197, 34, 246, 245].

3.4.1 The Algorithm

We assume that a partition has been generated as in Chap. 1. Blocks b € P which
do not satisfy (3.35) are generated and stored without approximation. Therefore,
this case is not treated here. All other blocks b € P satisfy (3.35) and can be treated
independently from each other. Therefore, in the rest of this section we focus on a
single block A € R™*",

The idea of the algorithm is as follows. Starting from Ry := A, find a nonzero
pivot in Ry, say (i, ji), and subtract a scaled outer product of the iyth row and the
Jxth column:

Ri1 := R — [(RO) i)~ (R 1om, i (RE )i 10ms (3.56)
where we use the notations (Ry); 1., and (Ry)1.x,; for the ith row and the jth column
of Ry, respectively. It will turn out that j; should be chosen the maximum element
in modulus of the i;th row; i.e.,

[(Rk-1)iji| = jmmax (Rk—1)i - (3.57)

=1,...,n

The choice of iy will be treated in Sect. 3.4.3. Notice that the above recursion (3.56)
is the algebraic version of the construction (3.47) of the sequence 7y.

Example 3.30. We apply two steps of equation (3.56) to the following matrix Ry.
The bold entries are the chosen pivots.

0.431 0.354 0.582 0.417 0.455 0.582] [0.43177

0491 0.396 0.674 0.449 0.427| | |0.674| [0.354
Ro— |0.446 0.358 0.583 0.413 0.441| =5 —  0.583| |0.582] |

0.380 0.328 0.557 0.3720.349| —— 982 10 557 |0.417

0.412 0.340 0.516 0.375 0.370 0.516| [0.455
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0 0 0 0 0 0 —0.008]"
~0.008 ~0.0140 ~0.033 —0.100| _ |-0.100| | 0014
Ri=| 0014 0003 0-0.004—0.014| 25— |—0.014 o |,
—0.032 —0.011 0 —0.026 —0.087| — ~%1 | _0.087| |-0.033
0.029 0.025 0 0.005 —0.034 —0.034| |-0.100
0 0 0 0 0 0 0.016]17
0 00 o0 of 0o | |0.005
R» = | 0.016 0.00500.0000| 2= —— | 0.016| | 0
—0.020.001 00.0020| — %016 | _0.02| |0.000
0.032 0.030 0 0.017 0 0.032| | o0

Apparently, the size of the entries decreases from step to step.

Since in the kth step only the entries in the jith column and the i;th row of
Ry are used to compute Ry, |, there is no need to build the whole matrix Rj. In
particular this means that only few of the original entries of A have to be computed.
Taking advantage of this, the following algorithm is an efficient reformulation of
(3.56). Note that the vectors uy and 7 coincide with (Rx_1)1.,j, and (Rk,l)g“]:n,
respectively.

Letk=1; Z=o;

repeat

find iy as described in Sect. 3.4.3

Vi 1= Ay 1:n

fori=1,....k—1do i, := ka(ug),-kw,

Z ::ZU{ik}

if 7, does not vanish then
Jr=argmax;_y L (%);] ve= (00);,
U = Al:m, ji
for(=1,...,k—1d0o uy = u — (v¢) , uy.
k:=k+1

endif

until the stopping criterion (3.58) is fulfilled or Z = {1,...,m}
Algorithm 3.1: Adaptive Cross Approximation (ACA).

The vanishing rows of the R;’s are collected in the set Z. If the i;th row of Ry is
nonzero and hence is used as vy, it is also added to Z since the i;th row of Ry | will
vanish. The matrix S := Z’Z:l M[VZ will be used as an approximation of A = Si + Ry.
Obviously, the rank of Sy is bounded by k. Although ACA already provides a good
approximant (see Fig. 3.2) it may be worth reducing the required rank by the re-
compression procedure from Sect. 2.6. The method proposed in Sect. 3.5 recom-
presses the approximation generated by ACA such that the overall complexity of
#2-matrices can be achieved. Note that it is obvious how Algorithm 3.1 has to be
modified if it is applied to complex matrices.

Let € > 0 be given. The following condition on k

1—
s, (3:58)

&
<
llury1ll2 Vesill2 < =
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can be used as a stopping criterion. Assume that ||Riy1||F < N||Rx||F with 1 from
(3.35), then

IRl < IRk llF + s v |7 < IRl F + Nt 12 (Vi [l2-

Hence,

IRellF <

1
- sz [vesrll2 < m ISkl < 1 2 Al + [ReF)-
From the previous estimate we obtain ||Ri||r < €||A]||F; i.e., condition (3.58) guar-
antees a relative approximation error €. Hence, the rank required to guarantee a
prescribed accuracy can be found adaptively.

Due to (1.4), the Frobenius norm of S can be computed with & (k*(m + n))
complexity. Therefore, the amount of numerical work required by Algorithm 3.1 is
of the order |Z|*(m +n).

Remark 3.31. If the costs for generating the matrix entries dominate the algebraic
transformations of Algorithm 3.1, then its complexity scales like |Z|(m + n).

3.4.2 Error Analysis

In order to estimate the efficiency of ACA, we have to find a bound for the norm
of the remainder Ry. The analysis in the case of the Nystrom method was done in
[17], collocation matrices were treated in [18, 32]. The proofs rely on the fact that
collocation and Nystrom matrices arise from evaluating functions at given points.
Therefore, interpolation results were applied. For Galerkin matrices an analogous
result was doubtful due to the variational character of the formulation. In the fol-
lowing section we will present a short unified proof which also covers the case of
Galerkin matrices; see [26]. For the convergence analysis we will assume that the
kernel function x is asymptotically smooth with respect to y, which can be guaran-
teed for elliptic problems due to Remark 3.1 and Lemma 3.5.

Without loss of generality we assume in the rest of this section that for the pivotal
indices iy and j, it holds that iy = j,=#¢,¢=1,... k. Then A has the decomposition

Ay A kxk
A= . A € ROk 3.59
[AZI Aoy 1 (3.59)

where only the matrix blocks A1, A2, and Ay; have been used in Algorithm 3.1.
Note that the (large) block Ay € R(m=K)*x(n=k) hag never been touched. Since the
determinant of Aj; is the product of the pivots, A is invertible and we can express
the remainder Ry of the approximation in terms of the original matrix A.

Lemma 3.32. For Ry, it holds that
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Ay

Ri=A—
k A

0 Cy

A [A11 Ap] = [O O] )

where Cy, == Ay —AzlAfllAlz is the Schur complement of Ay in A.

Proof. The assertion is obvious for k = 1. Assume that it holds for k and let A be
decomposed in the following way

A11WB
A= | T OtyT s A11€Rk><k,
C xD

with vectors x € R %=1 y e R**=1 y v € R, and o € R. From (3.56) we see that

A w _ _ _ _
Repi—A— o] [A AW TAT —yA W] [Arw B
+ C x _WTAl_ll y VT ayT )

where ¥ = (ot — vTAfl1 w)~!land o — vTAfll w is the pivot, which is chosen nonzero.
Since

Anw]” AL AT WAL —vA

I G|
we obtain the desired result. The second part of the assertion is obvious. ad

From Algorithm 3.1 it can be seen that the number k' := |Z| of zero columns in Ry,
may be larger than k; i.e., K’ > k. This happens if in the ¢th step the algorithm comes
across a zero vector vy and has to continue with another row. Without loss of gener-
ality we assume that the indices corresponding to a zero row met in Algorithm 3.1
are {k+1,...,k'}. Let Ay and Ay, from (3.59) be decomposed in the following way

A A . ) . ,
Ay = [Vm] Ay = [sz] Ay e RWRK A e RWK)x(nk)
Ay A

It is remarkable that although the approximant S; has rank at most k, not k but k¥’
will determine the accuracy of the approximation as can be seen from the following
lemma, which will be used to estimate the norm of the Schur complement and hence
the norm of the remainder Ry. This observation is also of practical importance. Since
a zero row is not lost for the approximation accuracy, the problem of finding a
nonzero pivot will not lead to the computation of the whole matrix.

Lemma 3.33. Let X € R"K*¥ pe arbitrary, then

_ oA v |An -1
Cr,= {Azz X |:A22:| } {Ag] X |:A21:| }A“A]z. (3.60)

Proof. 1t is easy to check that a zero row in Ry will remain zero in Ry, k > ¢. Hence,
(Rk)it:n=0,i=k+1,...,k. From Lemma 3.32 it follows that
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N ~

Ay = AxnAT AL,

Adding and subtracting
A LA
X H =X H A
to and from Cj, we end up with what we were after. ad

The expressions from (3.60) appearing in curly braces will be estimated by relat-
ing them to interpolation errors. What remains for an estimate of Cy, is a bound on
the size of the coefficients (A]'A2);j. By Cramer’s rule it holds that

det(ay,...,a;_1,d%,ait1,- .. ax)
A AR = /
( 1 IZ)U detAy ’
where ag, £ = 1,...,k, are the columns of Aj; and a;- is the jth column of Ajy. The

coefficients (AfllAlg) ;j in (3.60) should be as small as possible for a small norm of
Cy. The optimal choice of the pivots would be a submatrix Aj; having maximum
determinant in modulus. The method of pseudo-skeletons (cf. [252, 111, 110]) is
based on this pivoting strategy. To find such a submatrix in A with reasonable effort,
however, seems to be impossible. The pivoting strategy used in Algorithm 3.1 gives
the following bound on the size of the entries in AfllAlz. The proof can be done
analogously to the proof of Lemma 3.25.

Lemma 3.34. Assume that in each step jy is chosen so that (3.57) is satisfied. Then
fori=1,....kand j=1,...,n—k it holds that

|det(a1,...,ai,l,a;,ai+17...,ak)| < 2k7"|detA11|.

We are now ready to estimate the remainder Rj. For this purpose, the entries of
Ry will be estimated by the approximation error

g ._ : *
Fy:=max inf |A;;~
JES pEspan X

(3.61)

in an arbitrary system of functions = := {&;,..., &y} with & = 1. Note that & Aj
is an asymptotlcally smooth function due to supp A5 J= = X;. In Sect. 3.3 we have
presented systems = together with their approximation errors. In the next theo-
rem the approximation error associated with Algorithm 3.1 applied to collocation
and Nystrom matrices, i.e., the case A ;f = f(y;), is estimated. In Theorem 3.37
Galerkin matrices will be considered.

For the following theorem we assume as in Sect. 3.3.3 the unisolvency of the
system Z in the nodes y;, i = 1,...,k’; i.e., the Vandermonde determinant does not
vanish

det[gj(yl)]l] 1,...k 7&0 (3.62)

This condition will be satisfied by the choice of rows i; in Sect. 3.4.3.
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Theorem 3.35. Let Ay ;f = f(yi), i=1,...,m. Thenfori=1,....mand j=1,...,n
it holds that
|(Re)ij| < 2(

where EZ is defined in (3.61).

) o (3.63)

Proof. For the entries of the (m — k) x (n— k) matrix Ay — X [212] it holds that
2

Ap a
(A —X {Azz}) = A; (i) ZLZ i) As j(ye),
where we have chosen X;y = LZE (yi). Similar to (3.50) we have
k/

|/ A3 (i) ZLz yi) @ As j(ve)| < (

¢l inf _|l/Aj;—
pEspan & ’

. . . A
The same kind of estimate holds for the entries of Ay; — X [ AH} . Therefore, from
21

Lemma 3.34 we obtain

(Rl <2+ |35 max inf _[|5/A3 ;= plley-
s pEspanE

O

Galerkin matrices need a different treatment. For the localizers A; ;, i =1,...,k/,
corresponding to the first £ rows in A we assume the following generalization
of (3.62)

det [Al lé]}l J=1 K 7& 0, (3.64)

which will be guaranteed by the choice of pivoting rows iy in Sect. 3.4.3.
The localizers Aj ; in the case of Galerkin matrices read

Auif = [ FOWO) . i=1m. (3.65)

In the following lemma we will construct functions Z’g/:l cgi) v/l well 1 for each y;
such that some kind of vanishing moments property

k/

Vi O 4 -

———) ¢,/ 7——— |q=0 forallg€spanZ (3.66)
/9 (II%IILI Z‘l ! qu)

holds.

Lemma 3.36. Assume that condition (3.64) holds. Then for eachi € {1,...,m} there
are uniquely determined coefficients cél), 0=1,...,k, such that (3.66) holds.
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Proof. For each g € span Z there are coefficients ¢, j=1,...,k, such that

k/
q=Y ;. (3.67)
j=1

Since the matrix (A;;&;);; is non-singular, the linear system

kzl @i Al ALE;

c - j=1,...,k
A5 Tl Twillp T

is uniquely solvable with respect to C?, 0=1,...,k, foreachie {1,...,m}. The

assertion follows from (3.67) and the linearity of the operators Ay ;. a

The coefficients cy) from the previous lemma depend on the shape of the grid,
but they do depend neither on the kernel function x nor on the size of the finite
elements. The following theorem treats the case of Galerkin matrices.

Theorem 3.37. Let Ay ; be defined as in (3.65). Thenfori=1,... . mand j=1,...,n
it holds that

[(Re)ij| < 25(1+ |35

14 . _
) (1 +Y cé”i) lwillpi FE (3.68)
/=1

Proof. Since J5.o/ A} j € spanZ, according to Lemma 3.36 there are coefficients

céi) such that

Eorns YO gy (i)/~s « () V)
Jo TR Oy = B[ 2RO

Let X € R(m=K)*¥ pe the matrix with entries

X := ”%”Ll cgi), i=1
well

Then for the entries of the (m — k) x (n— k) matrix Ay — X [212} it holds that
2
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Al
(A —X {422} )ij
[ n; . oLl [ oy ]
- 2,j\Y )Wl().u) Z 2,jY )Wf().uy
el
= /Q (7 =)/ A3 )W) sy

kl
— Zcéi) [[will / (j_jlg)d/\;j()’)llfz(y)dyy
=1 ”WZ”LI Q )

kl
= * i Illl = *
= / ES [ﬂAz,j](y)%(y)duy—Zc§>|| U / EF[/ A3 ) (y)wi(y) dpy,
Q =0 el Ja

where E [f] := f — J% f. From (3.50) we have

/F\Ezf[ﬁf/\f,‘,'](y)\Illfi(y)lduyé (1+ (13 D1 will Jnf |7 A2j = Pllesi-

A
The same kind of estimate holds for Ay; — X [ AH} . From Lemma 3.34 we obtain
21

[(R)ij| < 2514197

Ko
1 1) s inf || /A j — plleey,-
)( +£:Z:1‘C[| lwill oy max inf [|.o7Ag j = plles
O

The similarity of Algorithm 3.1 and the LU factorization can be seen from the
following representation

Ry = (I — YRi—1exef )Ri—1 = LiRi_
with the m X m matrix Ly defined by

-1 -

0
_ ReDirik
(Ri—1)kk

. (Rk.—l )mk 1
L (Re—1) ik .

which differs from a GauB matrix only in the position (k, k). It is known that during
the LU decomposition the so-called growth of entries may happen; cf. [106]. Note
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that this is reflected by the factor 2% in (3.63) and (3.68). However, this growth is
also known to be rarely observable in practice.

3.4.3 The Right Choice of Rows

We have seen that the choice of columns j; from condition (3.57) is important for the
boundedness of the coefficient A;|!A1, in the error estimate. The choice of the rows
ir will guarantee condition (3.62) or more generally (3.64), which the interpolation
in the system X relies on. Satisfying this condition is indispensable as can be seen
from the following example.

Example 3.38. The evaluation of the double-layer potential in R?

1 Ve (y—x)
HQ; = — / ———@;:(x)ds
( (P])(y) 4-717 T ||X—yH3 (pj( ) X
at y;, where @; are defined on the left cluster and y; are located on the right cluster
of Fig. 3.1, leads to a reducible matrix A having the structure

o 0 Ap
A—[AZI 0]

The zero block in the first block row of A is caused by the interaction of domain
D with D3 and the other block by the interaction of domain D, with D4 lying on
a common plane, respectively. If ACA is applied to A with a starting pivot from the
rows and columns of A1,, then the next nonzero pivot can only be found within Ay,.
Hence, the algorithm stays within A, and the stopping criterion is not able to notice
the untouched entries of Aj;.

The reason for this is that the interpolation points y;, are exclusively chosen from
the plane described by D3 if ACA is applied to Aj2. As a consequence, the Vander-
monde determinant will vanish for this choice of interpolation points and the error
estimate (3.63) does not hold for points y; € D4. However, it remains valid for points
y; € D3 since the interpolation problem then reduces to a problem in R? for which
(3.62) can be guaranteed by an appropriate choice of y;, € Ds.

The example above underlines the importance of the row choice, namely condi-
tion (3.64) in the convergence analysis of ACA. Assuming that ACA works without
this condition may lead to a certain confusion; see [43].

We present two methods, one of which should be used to circumvent the men-
tioned difficulty. The first is an easy and obvious heuristic which seems to work
reliably. The second method explicitly guarantees (3.64) such that ACA will con-
verge as predicted by our analysis.



3.4 Adaptive Cross Approximation (ACA) 149

Fig. 3.1 Two clusters leading to a reducible matrix block.

A heuristic way of choosing the pivots

For each row and each column of A we introduce a counter which reflects the num-
ber of successful approximations applied to the respective row or column. An ap-
proximation is considered as successful for row i if |(uy);| is of the order of the
estimated error ||Rx_;||r. The counter of the column j is increased if |(vx);| has the
size of ||Ry_; ||r. With these counters one can easily detect those rows and columns
for which the error estimator is not reliable. Pivoting to the latter rows and columns
approximates the unattended rows and columns.

A rigorous choice of pivots

Although the problem described in Example 3.38 can be overcome by the mentioned
trick, for a rigorous analysis that works in a general setting we have to guarantee that
(3.64) is satisfied by the choice of pivots. The first row #; can be arbitrarily chosen,
because we have assumed that & (x) = 1. Assume that iy,...,i € {1,...,m} and
J1s---Jr €{1,...,n} have already been found such that (3.64) holds, i.e., that the
Vandermonde matrix W, € R having the entries

(Wk)uv :Al,iuéj(/, u,v=1,...k,

is non-singular. Note that the indices j; may differ from the indices j; used in
the previous section. The new pivot (i1, j; 1) has to guarantee that Wy, is non-
singular, too.

Assume that the normalized LU decomposition of the k X k matrix Wy = L, U has
been computed. Let j; 41 be the next column which has not yet been investigated.
Then

detWiyq = [c— (Uk_Ta)T(Lk_lbﬂ det Wy,

where
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Wi b
a c

Wi = [ T

and a = [Alvikﬂéjg]klwk’ b= [Al-,iféjiﬂ]hlwk’ and ¢ = A17ik+1§j1+1' Hence, any
index iy satisfying (U~ Ta)T (L,:lb) # ¢ can be chosen as the new pivot. For stabil-
ity, however, it is wise to choose x| such that |c — (U, Ta)” (L, 'b)| is maximized.
Testing a new row i, | requires k> operations. Since possibly all remaining m — k
rows have to be tested, finding i, | requires k> (m — k) operations. The LU decom-
position of W is then given by

W — | L O] Uk L'b
AU 1 [0 e U Ta)T (L )|

It may happen that columns of A; ;; are linearly dependent. If A; ; f = f(y;) with
points y;, i = 1,...,m, then this is equivalent to all points y; lying on a hypersurface
H:={x€R?: P(x) =0}, where P € span Z. In such a situation, for certain columns
N0 ix+1 € {1,...,m} can be found such that (U, "a)" (L, 'b) # c. In this case let
Jis1 be the first column which allows to choose i (1 such that U Ta)T (L, 'b) #c.
Note that the number of investigated columns is bounded by the number of columns
required in the case of linear independent columns. This can be seen from

spanE =spanZ’ onH,

where &' := {& s 13 J'ZJ}' The previous equation shows that kK’ columns give the
same error F,SE/ as all k. The same arguments hold if A, ;f = [, fy;dpu.

Example 3.39. Letd =2 and & = {l,xl,xz,x%,xlxz,x%, ... }. If all points y; are lo-
cated on the x-axis, then ji =1, j5 =2, j5 =4 and so on. Hence, this pivoting
strategy will detect the reduced dimensionality of the problem and will implicitly
use = {1,x1,x3,...}.

As a result of the above procedure, we obtain two sequences iy and jj, { =
1,...,k, such that (3.64) is satisfied; i.e.,

det[A1, & li<pv<r # 0.

Example 3.40. We return to the problem from Example 3.38. Assume that three
pivots have been chosen from Ds. If is is chosen from the same set, then one easily
checks that

det [§;(vi,)l1<¢,j<4 =0,

where &; (x) = 1, & (x) = x1, &3(x) = x, and &4(x) = x3. There is however y;, € Dy
which satisfies det[&;(yi,)]1<¢,j<4 7# 0. Hence, ACA will automatically choose the
forth pivot from the row indices of the block Ay;.

Note that the above pivoting criterion requires only geometrical information and
information about Ay ;, i.e, whether a collocation or a Galerkin method is employed.
The kernel function, however, is still not required. The method from [43] is based
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on explicit kernel approximation using the construction from Sect. 3.3.3. As a con-
sequence, this method cannot use the original matrix entries.

The choice of the initial row

We have seen that the first row i) can be arbitrarily chosen. The efficiency of ACA
can however be improved by the following choice. Due to the Definition 3.2 of
asymptotic smoothness, each kernel function x(x,y) is almost linear with respect to
yon X; X ¥;. Hence, it seems desirable to minimize the expression

Z
ma i (x,3) = (5, 2)| = ma | [ () dg | < emax |y <]
appearing in the remainder after the first step of ACA. The minimum of the upper
bound maxyey, ||y —z|| is attained for the Chebyshev center z = &y, of ¥;. Since the
Chebyshev center of a polygonal set is quite expensive to compute, we use the cen-
troid m;, of ¥; instead. Hence, from these arguments it seems promising to choose i;
so that the center z;, of Y}, is closest to m;.

In Fig. 3.2 we compare this strategy with the “old” strategy in which i; is cho-
sen so that z;, is closest to the centroid of X,. The matrix which these methods
are applied to arises from evaluating |[x —y|| ! at two sets of points having a dis-
tance which is large compared with their diameters. In addition, Fig. 3.2 shows
the accuracy of approximations obtained from the multipole expansion (see Exam-
ple 3.10) and from the singular value decomposition. The first k singular triplets give

ACA new
ACAold -

SVD oo
Multipole

0.001 |

0.0001

1e-05

accuracy

1e-06

1e-07

1e-08 w4

1e-09 | E

1e-10
0

rank

Fig. 3.2 Accuracy of different approximants.

provably (cf. Theorem 1.7) the best accuracy among all rank-k approximants. The
influence of the new strategy on the quality of the approximation can be realized
in the first four steps, which are often sufficient to obtain a reasonable accuracy. In
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this part the new version gives almost optimal approximation. For all other steps the
old and the new version behave almost the same. The quality of the approximant
generated from the multipole expansion is significantly worse.

Alternative pivoting strategies

In [115] an alternative pivoting strategy for ACA is proposed which uses an initially
chosen reference cross for choosing the pivots i; and ji. Notice this so-called ACA+
method is not able to handle the problem from Example 3.38 in general. In Fig. 3.3
we compare the quality of the approximation obtained by ACA+ and ACA. Since
the convergence of ACA+ depends on the chosen reference cross and since there is
no rule to choose it, we show the results for two randomly chosen reference crosses.
The respective results are labeled “ACA+ 17 and “ACA+ 2”. While the errors of
“ACA+ 17 almost coincide with those of ACA, the convergence of “ACA+ 2” is not
as “smooth”. For instance, the rank-8 approximation leads to an error that is as large
as the error of the rank-3 approximation. The previous observation is a hurdle to an
efficient estimation of the error using (3.58).

ACA ——
ACA+ 1 ——mn

accuracy

Fig. 3.3 Comparison of ACA and ACA+.

3.4.4 Overall Complexity

Finally, we will estimate the overall cost of generating the 7#-matrix approximant
to A € R/ with |I| ~ |J|. For this purpose we will derive a bound on the blockwise
rank if an accuracy € > 0 for the approximation error



3.4 Adaptive Cross Approximation (ACA) 153
A —AslF <ellAllr

is prescribed. Due to the properties of the Frobenius norm, the previous estimate is
implied by the condition
HAbeka <8||Ab||F (3.69)

on each block b =t x s € P, where A j» € 5 (Tj«y,k) is defined by (Ap), = S if
b is admissible and (A ), = Ap else.

Since the error estimates (3.63) and (3.68) depend on the choice of the approxi-
mation system =, we cannot reveal the constants appearing in these estimates. Since
they will enter the overall complexity through the logarithm anyhow, it will be as-
sumed that they are bounded independently of |¢|, |s|, and k. For the convergence
speed of ACA we can apply the results of Sect. 3.3 to the expression in (3.61).
There it was proved that an asymptotically smooth kernel k on a pair of domains
satisfying (3.35) can be approximated by polynomials of order p with accuracy n?”.
We remark, however, that depending on the kernel and on the computational domain
usually a faster convergence can be expected. For computational domains €2 that are
(d —1)-dimensional manifolds one has for instance that k = dim IT{ ' ~ p?~!. For
simplicity we therefore assume that for each admissible block A, € R"** the approx-
imant Sy, k = dim Hl‘f ~ pd , satisfies

14p = Skllr < cn”||Ap|lF-
If a block does not satisfy (3.35), then its original entries are stored. For
P2 lOgl/n c/e

we obtain that (3.69) is valid. Since k ~ p and since the complexity on each block
t x s is of the order k*(|t| + |s|), the overall complexity for generating the approxi-
mant Ay € 7 (Tjxy,k) is nlogn|loge|*?, where n := |I| ~ |J|; see (1.36). The com-
plexities for storing A _» and multiplying it by a vector, once it has been generated,
result from the complexity of .7#-matrices in Chap. 2 and are both nlogn|loge|?.

3.4.5 Numerical Experiments

In order to show that the proposed techniques work reliably and efficient, in the
following numerical experiments we will apply ACA to complex and nonsmooth
geometries. Furthermore, the results of applying ACA to the Helmholtz equation
will be reported. As a third numerical example, we consider mixed boundary value
problems of the Lamé equations.
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3.4.5.1 Complex Geometries

From Example 3.38 it could be seen that ACA may run into trouble if not enough
attention is paid to the choice of pivoting rows. This problem was caused by
the normal v to I" appearing in the kernel of the double-layer integral operator
and nonsmooth boundaries. In order to show that a thorough implementation (see
Sect. 3.4.3) of ACA can handle nonsmooth geometries, we consider the Dirichlet
boundary value problem

—Au=0 1inQ,
u=g onl,

where I is the surface shown in Fig. 3.4, which is by courtesy of Fraunhofer ITWM,
Kaiserslautern. From (3.13) we obtain the following boundary integral equation for

Fig. 3.4 Surface mesh of a foam with n = 494616 degrees of freedom.

the unknown function ¢ := dyu:

1
Vt:(§f+%)g onl.

A Galerkin discretization with piecewise linears ¢;, j = 1,...,n, and piecewise con-
stants W;, i = 1,...,n, leads to the following linear system of equations
1
Vx=b, b= (EM—i—K)g7 (3.70)

where fori=1,....n" and j=1,...,n
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Vij ="V Wiy, Kij= (0¥, and Mi;= (9, )2 )

Furthermore, g € R” is the vector minimizing

=Y. &i®ill2r)-
=1

The solution x of (3.70) defines an approximation t;, := ):?;1 x;y; of 1.

In the first set of numerical tests we approximate the matrices V and K of the
single and double-layer operator using ACA (see Algorithm 3.1) with relative accu-
racy € = 119—4. Additionally, the techniques from Sect. 2.6 are used to improve the
compression rate. In all tests a minimal blocksize ny, = 15 was chosen.

Since ¥ is coercive, its Galerkin stiffness matrix V is symmetric positive definite.
Hence, in contrast to the JZ-matrix approximant K+ to K, we may generate only
the upper triangular part of the approximant V_» to V. The positivity is preserved un-
der sufficiently small perturbations such as the approximation error caused by ACA.
Table 3.1 shows the time needed for building V» and its memory consumption for
two discretizations of I" and different admissibility parameters 1. Additionally, the
ratio of the amount of storage required by the compressed and the standard represen-
tation can be found in the columns labeled “ratio”. Table 3.2 contains the respective
values for K ». We observe that increasing the number of degrees of freedom by

Table 3.1 Approximation results for V and € = 119—4.

n=28968 n=115872

n |time MB ratio| time MB ratio
0.8(316s 259 8.1%|1567s 1264 2.5%
1.0{253s 204 6.4%|1251s 995 1.9%
1.2|1217s 173 5.4%|1208s 967 1.9%
1.4208s 162 5.1%|2812s 2513 4.9%

Table 3.2 Approximation results for K and € = 1,9—4.

n=28968 n=115872

n | time MB ratio| time MB ratio
0.8(2334s 543 17.4%|11651s 2789 5.5%
1.0{1943s 443 14.2%| 9517s 2264 4.4%
1.2{1711s 386 12.3%| 8788s 2119 4.2%
1.4{2001s 475 15.2%(21260s 6222 12.2%

a factor of 4 leads to an almost five times larger amount of storage. The required
CPU time behaves similarly. The optimal choice for 17 seems to be 1.2. For the
computation of the singular integrals we used O. Steinbach’s semi-analytic quadra-
ture routines OSTBEM. Comparing the ratios of the required amount of storage and
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the CPU time, one observes that the computation of each entry of the double-layer
matrix requires about 3.5 times more CPU time than the single-layer entries require.
This is due to the fact that for the approximation of g piecewise linears are used.
The CPU time for recompressing V_» to the same accuracy € = 1;90—4 with the
algebraic technique from Sect. 2.6 and the memory consumption of the resulting
approximant are presented in Table 3.3. Apparently, the recompression technique

Table 3.3 Coarsening V» with € = 119—4.

n=28968 n=115872
N [time MB ratio|time MB ratio
0.8| 25s 152 4.7%|116s 758 1.5%
1.0| 19s 152 4.7%| 83s 758 1.5%
1.2| 13s 152 47%| 53s 876 1.7%
1.4| 10s 155 4.9%| 48s 2411 4.7%

significantly reduces the storage requirements for small 7, i.e., for fine partitions.
The partition for 1 = 1.2 seems to be almost optimal such that the recompression
does not lead to significant improvements. The choice 17 = 1.4 results in a par-
tition which is too coarse for the recompression procedure to have its effects. Its
application, however, is useful in any case, because the computational effort can be
neglected compared with the construction of the matrix.

In the following tests we compare the accuracy of the computed solution 7, with

1 ve-(yo—x)
t(x) =y, S(x—yo) = Em7

which is the Neumann data of the exact solution u(x) = S(x — yo) for the right-hand
side gp(x) := S(x —y9), x € I'. The point yy is chosen outside of Q. Hence, we are
able to compute the approximate L?-error

1/2

Z () |t (m;) — 1)

i=1,...n

as measure for the error of the solution. Here, m; denotes the centroid of the ith
triangle ;. The results for various approximation accuracies € and the two dis-
cretizations of the boundary from Fig. 3.4 are presented in Table 3.4. For these tests
n = 1.2 was chosen. The approximation accuracy € has to be chosen relatively high
in order to be able to observe the convergence of #, against ¢. One of the reasons
for this is that the different discretizations of I" are not just refinements of an initial
discretization, the topology of the discretizations may even differ. Hence, it happens
that the accuracy of 7, even deteriorates on the finer grid for larger €.

In the previous table we have presented only the accuracy of the solution. Its
preconditioned iterative or fast direct solution will be considered in Sect. 3.6.
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Table 3.4 Solution error ||t — 7, ||» for different .

e |n=28968|n=115872
To—4| 3.210-2] 6.710—2
lio=5| 3.310-3| 4.810-3
lio—6| 2.410-3| 1.510—3

3.4.5.2 Helmholtz’ Equation

Boundary integral formulations can be derived and are particularly useful for
Helmbholtz’ equation

—Au—*u=0 inQ°,
u=1 ondQ,

where Q C R? is a bounded domain and Q¢ = R? \ﬁ; see [45,55]. From Lemma 3.5
it can be seen that the singularity function of the Helmholtz operator —A — ®? is
asymptotically smooth such that ACA is applicable. However, the constant y appear-
ing in the definition of asymptotic smoothness (3.18) (and thus in the error estimates
of all degenerate kernel approximations and also of ACA) contains the factor

cy = (72:73+ 20 (diam2)2) '

due to Lemma 3.3 and Lemma 3.5, which shows that the required rank k scales
linearly with respect to @ for large wave numbers ®. Additionally, the mesh size h
has to be chosen such that wi < 1 when discretizing dQ; see for instance [102]. As
a consequence, k ~ h™' ~ n'/(4=1) and methods based on low-rank approximants
will not be able to achieve logarithmic-linear complexity for large ®. .7Z-matrices
will therefore have complexity n%/(4=1); see also [216, 217] for multipole algorithms
of complexity n3/2 and n*/3. In the Table 3.5 we compare the required rank for a
prescribed accuracy € = 1;0—4 of ACA applied to an admissible sub-block with
the low-rank approximant resulting from the SVD for increasing wave numbers .
Apparently, ACA gives an almost optimal approximation, while the optimum rank

Table 3.5 Low-rank approximation for increasing wave numbers.

SVD ACA

(0] matrix size k| time | k | time

20 8x 16| 8| 0.00s| 8| 0.00s

25 15 x31{10{ 0.00s| 13| 0.00s

50 125 x 250{19| 0.05s| 26| 0.00s
100 1000 x 2000{37(32.51s| 42| 0.05s
200 8000 x 16000| — —| 84| 2.13s
400{64000 x 128000| — —1175{100.82s
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revealed by the SVD grows linearly with w. If we want to guarantee that wh ~
1, then the matrix dimensions m = (@/10)? and n = 2m will grow cubically with
respect to @. As a consequence, the SVD, which requires to compute the whole
matrix beforehand, cannot be applied for @ > 200 due to memory limitations. As a
conclusion, low-rank techniques will not lead to optimal complexity. ACA provides
an easy and efficient means to compute an optimal approximation in the class of
low-rank methods. Recently, new multilevel techniques (see [217, 88, 207, 74, 5,
12]) have been introduced, which achieve the desired logarithmic-linear asymptotic
complexity.

3.4.5.3 Problems from Linear Elasticity

In the rest of this section we apply ACA to boundary element matrices arising from
linear elasticity in three spatial dimensions. The panel clustering method has been
applied to the Lamé equations in [143], fast multipole methods where used in [194].

We consider an elastic body © C R3 with Lipschitz boundary I". Suppose that
a displacement of the body gp is given on I'p C I" and some force gy is applied to
Iy CcI'=TpUTy. To find displacements and forces inside 2, we set up a mixed
boundary value problem (cf. (3.1)) for the Lamé system:

—pAu—(A+p)Vdivu =0, xe, (3.71a)
u=gp, x€lp, (3.71b)
t:=Tu=gn, x€lj. (3.71¢)

Here, u : R? — R is the displacement vector and
Tu=Adivu-v+2uv-Vu+puv xcurlu (3.72)

is the traction on the boundary. The Lamé constants A and u relate to the elasticity
module E > 0 and the Poisson ratio r € (0, %) of the material as follows

Er E

A=Trmasy P

Problem (3.71) admits the following symmetric boundary integral formulation;
cf. (3.13).

(3.73)

Vi— = (;f+<%/> gp—Vgn onlp, (3.74a)
AT+ Dii = (;ﬂ - %’) év—2sp only, (3.74b)

where i = u—gp, 7 =1t— gy, n, and gp are extensions of gy and gp to the whole
boundary I". Furthermore,
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1)) = [ [Sa=)"t()ds,
) = [ (1S () ds,
(D)) = [[TSCe=I1()ds,
(7)) = =T, [ [1yS(x =) Tu(r) ds,

are the single-layer, double-layer, adjoint double-layer potentials and a hypersingu-
lar operator, respectively. In the previous expression

)= LT _ & | (i—yi)(xi—yj)
Sl,(x,y)fgnE(l_r) [(3 4r)”x_yH+ Y (3.75)

fori, j =1,2,3 denotes the singularity function. For details we refer to [236, 70, 237]
and [242].

Although we could apply ACA directly to the discrete operators, it is more effi-
cient to exploit their relation to the respective operators of the Laplacian. As it was
shown in [167] (see also [242]), the action of J# and .#” can be expressed in terms
of V', Vx, #a,and #

(A u,t) =2u(Y Ru,t)+ (Hpu,t) — (VaHu,t), (3.76a)
(Ht,v) =2u(Vt,Rv) + (HAt,v) — (Vat, Bv), (3.76b)

where ¥4, %4, and ¢ are the corresponding operators for the Laplacian and
%ij:iji—vi3j, i,j: 172,3.

The action of the hypersingular operator can also be expressed in terms of ¥, ¥4,
and Z (see [167], [242]):

B u 3 Ju av
@)= [ | s (;my)ask(x))
@) () (“ﬂ—wzs(x—y)) @) G

27|lx =y
> 1
+ (Zxjvi) (x) I — (Zriuj)(y) dsy dsy.
ij k=1 x=y
Here, 5 5 ,
S =X 5o =X d =— =%
a5, 32 25, 13, an 283 21

To see how useful the above relations are, we proceed with the variational formula-
tion of the problem. Multiplying equations (3.74) by test functions T € H -1/2 (Ip)
and v € H'/? (Iy), respectively, and integrating the resulting equations over the
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surface gives

fv,7) forall (v,7) € H'?(Iy) x H*(Ip),

I
—
=

R
=

d
N~—

I

We discretize the spaces H~'/2(I") ~ span{l//,'}l’-i1 and H'/>(I') ~ span{¢;}_,
looking for the solution of the form

Uy j n | Ly
wp(x) =Y fuyj| @j(x), w(x) =Y || vilx).
=1 Uz j i=1 l‘zﬂ‘

This gives the following system (cf. (3.16)) of linear algebraic equations for the

/
. . n
partially unknown coefficient vectors u = [uy, j, uy, j, uz ;]2 and t = [t ty5, 12,2,

VK|I[] [ v —imM—k]Tav] _ [fv
[KT D} M_EMKT b Hg”p] B {fn]' 678

The entries of the above matrices are

Vie = (Yve, W) 2, Kij= (X0, W) 2, Dij=(20;,0:);2,

where k,0 =1,...,np and i, j = 1,...,n},. In order to be able to deal with a large
number of unknown coefficients, the discrete system (3.78) is solved using a Krylov
subspace method. To use this kind of iterative solver, we only need to provide the
multiplication of the coefficient matrix by a vector. This is done using represen-
tations (3.76) and (3.77), thereby avoiding explicit computations of the entries of
D and K. The only dense matrices that need to be stored are V, V,, and K,. By
reordering the unknown coefficients such that the components are separated

e jyuty jouz ;i — {Huw Yoy Q3 j— 1 {uz =1 3
! ! ! !
{txivty,iatz.,i}zr‘l:l - {{&,i}?:] ) {ty,i}?:l ) {tz,i}?:l }v

the matrix V can be decomposed as
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Va0 0 Viva Vs
V=c1|0Vy O|+c2|VVaV5],
0 0 Vy V3 Vs Vs
where V;, i = 1,...,6, are the matrices corresponding to the entries of the second

term in (3.75). Thus, for the solution of the system (3.78) we need to store seven
Hermitian np X np matrices to represent V and one np X n}v matrix K. These ma-
trices are composed using ACA on admissible blocks.

We first compute the matrices for the geometry depicted in Fig. 3.5. Nodes on
the left face of the beam are fixed (u = 0) and a unit vertical force ¢ = (0,0,—1) is
applied to each triangle of the right face. The mesh is uniformly refined to test the
performance on matrices of different sizes. The compression results for the matrix

Fig. 3.5 Test domain before and after the elastic deformation.

V are shown in Table 3.6 for fixed € = 1;90—5. As expected, the compression ratio
(column 3) improves for increasing n. Furthermore, we observe a decay of the mem-
ory increment (column 4) from one problem size to the next. This reflects the almost
linear storage requirement of the matrix. The amount of computed matrix entries in
millions is shown in column 5 of the table. Column 6 shows that the compression
procedure uses only a small portion of the original matrix entries to build a block-
wise low-rank approximant. Table 3.7 reveals the dependence of the compression

Table 3.6 Compression and number of computed entries of V (€ = 119—5).

memory CPU time
n MB ratio| incr.|entries| ratio| incr.
640 9.50|0.338 -l 2.7(0.738

1280 30.87|0.274|3.250|  8.8]0.600|3.250
2560| 90.37|0.201|2.928| 25.8]0.439|2.930
5120| 239.49|0.133|2.650| 64.8]0.275|2.510
10240| 562.58(0.078]|2.349| 141.6(0.150|2.182
20480(1291.78(0.045]2.296| 358.5({0.099|2.531
40960|2 624.02(0.023(2.031| 820.4{0.054{2.288
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rate of the matrix V on the approximation accuracy €. For these tests we have cho-
sen n = 20480 such that V has dimension 3n x 3n. As predicted, the approximation

Table 3.7 Compression of V for various € (n = 20480).
€ MB ratio
110—2| 458.01]0.016
110—3| 633.51]0.022
110—4| 848.91|0.030
110—5]1291.78|0.045

accuracy € enters the complexity only through the logarithm.

The next tests are performed on the geometry shown in Fig. 3.6. Nodes on the
bottom face of the body are fixed (u = 0) and a unit vertical force r = (0,0, 1) is
applied to each triangle of the top face. The performance results are collected in
Table 3.8. We observe a behavior similar to the behavior in the previous tests.

Fig. 3.6 Test domain before and after the elastic deformation.

Table 3.8 Compression results for the second test geometry (€ = 119—4).

memory CPU time
n MB ratio| incr.|entries| ratio| incr.
4944| 278.26(0.1658 - 61(0.275

19776(1791.83[0.0667(6.439| 361(0.102{5.960
79104(9499.65(0.0221|5.302| 1786(0.032(4.951
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3.4.6 Parallelization of ACA

Although an .#-matrix approximant can be computed using ACA with & (k’nlogn)
operations, building the matrix is still the most time-consuming part of the compu-
tation. Hence, it would be beneficial to the execution time if the construction of the
approximant could be done in parallel; cf. [202]. Therefore, in this section the par-
allel construction of the .77-matrix approximant is discussed. Algorithms for shared
and for distributed memory are introduced which show an optimal parallel speedup;
cf. [29]. The basis for these parallel algorithms is the following sequential algorithm
for the approximation of A € R™*",

forallbe Pdo
if b is admissible then
create a low-rank approximant of A, using ACA;
else
create the dense matrix A;
endfor;

The result is either a low-rank matrix if the block satisfies (3.35) or a dense matrix
if it does not satisfy the admissibility criterion. Since in both cases the computation
on each block is independent from the other blocks, the construction process has a
natural parallelism, which promises optimal speedups if a reasonable scheduling is
available. An immediate approach is to subdivide the matrix into p =49, g € N, parts
using the partition on the gth level of the block cluster tree, where p is the number
of processors. This approach, however, will not lead to competitive speedups since
the costs of sub-blocks on the diagonal, for instance, are much higher then those of
off-diagonal sub-blocks. In addition, this block structure does not account for the
parallel matrix-vector multiplication introduced in Sect. 2.3.

To achieve a good parallel speedup, usually prior knowledge of the amount of
work per matrix block is needed for balancing the load among the processors. Un-
fortunately, this information is only accessible if the low-rank matrix blocks are
computed with a fixed rank. If, however, the stopping criterion (3.58), which guar-
antees a prescribed accuracy, is used in the ACA algorithm, the rank is chosen adap-
tively and may hence vary from block to block. Therefore, the actual costs per matrix
block are unknown.

An alternative to a cost-related load balancing algorithm is list scheduling. This
scheduling algorithm works by assigning the next not yet executed job to the first
idle processor, independently of the amount of work associated with the job. A
version of the above described .7Z-matrix approximation algorithm utilizing list
scheduling is shown in Algorithm 3.2.
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forall b€ Pdo
let 0 <i < p be the number of the first idle processor;
if b is admissible then
create a low-rank approximant of A, using ACA on processor i;
else
create the dense matrix A, on processor i;
endfor;
Algorithm 3.2: List scheduling.

List scheduling does not produce an optimal scheduling, but one can prove the fol-
lowing estimate; see [113].

Lemma 3.41. Let t(p) be the time for executing n jobs on p processors using list
scheduling and let twin(p) be the minimal time needed for running n jobs on p
processors. Then it holds that

t(p) < (2 - ;) tmin(P)- (3.79)

If the costs are known a-priori, e.g., if a constant rank approximation is generated,
one is able to use a refined version of list scheduling, namely longest process time
(LPT) scheduling. Instead of assigning the matrix blocks randomly to the proces-
sors, they are ordered according to their costs, starting from the most expensive one.

V=P,
while V £ & do
choose v € V with maximum costs; V :=V \ {v};
let 0 <i < p be the first idle processor;
if v is admissible then
create a rank-k approximant of A, using ACA on processor i;
else
create the dense matrix A, on processor i;
endfor;
Algorithm 3.3: LPT scheduling.

Compared with list scheduling, the result of this ordering is an improved approx-
imation of an optimal scheduling; see [113].

Lemma 3.42. Let t(p) be the time for executing n jobs on p processors using LPT
scheduling and let ti, (p) be as in Lemma 3.41. Then it holds that

4 1
t(p) < (3 - 3]’) tmin(p)- (3.80)

Since according to Lemma 3.41 and Lemma 3.42 the costs differ from an optimal
scheduling only by a constant factor, the numerical effort for building the approxi-
mant is of order p~'k*nlogn.
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3.4.6.1 Shared Memory Systems

Using list scheduling for building an .7#-matrix, the result (3.79) ensures an ef-
ficient algorithm with a parallel speedup of at least p/2. Furthermore, numerical
experiments indicate an almost optimal parallel behavior of the resulting algorithm
independently of the type of approximation (fixed or adaptive rank). In the case
of shared memory systems we will therefore restrict ourselves to this scheduling
method.

A widely used mechanism for parallel computations on shared memory systems
are threads which are independent, parallel execution paths in a single task. Be-
cause all threads are part of the same task, they share the same address space which
eliminates the need for communication between individual processors. A standard
interface to threads on most computer systems are POSIX threads; see [57]. Un-
fortunately, the usage of the POSIX thread interface can be complicated and of-
ten distracts from the real problem to solve. Furthermore, the creation of threads
comes with some costs, especially if several hundreds of threads are used. The latter
situation occurs in a modified version of Algorithm 3.2, where each submatrix is
computed in a new thread:

forall b€ Pdo
create a new thread ¢;
if b is admissible then
build a low-rank approximant of A, using ACA in thread r;
else
build the dense matrix A, in thread ¢;
endfor;

A convenient and efficient interface to POSIX threads is the threadpool library pre-
sented in [165].

Example 3.43. We apply the proposed methods to .7-matrices stemming from
the Galerkin discretization of the single-layer potential operator ¥ : H~!/2 () —

H'/2(I") defined by
_ L orou(y)
00 = 77 L

on the surface I'" from Fig. 3.7.
A Galerkin discretization with piecewise constants y;, i = 1,...,n, leads to the
matrix V € R"" with entries

Vii = (YW W)y, bi=1,m,

which is symmetric since ¥ is self-adjoint with respect to (-,-);2(r). Therefore, it is
only necessary to approximate the upper triangular part of V. For the numerical tests
of the shared memory algorithms an HP9000, PA-RISC with 875 MHz was used.
Table 3.9 shows the time and the corresponding parallel efficiency E (see Defin-
ition 2.9) in percent for building an .7-matrix using a fixed rank of k = 10 for dif-
ferent numbers of processors. For this purpose Algorithm 3.2 was used. Table 3.10
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The test surface.

Table 3.9 Parallel ACA with k = 10.

p=1 p=4 p=38 p=12 p=16 size

n time | time | £ |time | E | time | E | time | E |in MB
3968 117s| 29s|99%| 14s| 99% 9s(99% 7s199% 33
7920| 320s| 80s[99%| 40s| 99%| 26s(99%| 20s{99% 83
19320| 1042s| 261s(99%]| 130s| 99%| 87s|99%| 65s|99%| 258
43680| 2904s| 727s|99%| 364s| 99%| 243s|99%| 182s5|99%| 706
89400 6964s(1747s|99%| 875s| 99%| 582s|99%| 437s|99%| 1670
184 040({16 694s{4 1795|99%|2 081s|100% |1 3915|99% |1 049s|99%| 3 980

contains the execution times for building the .7°-matrix using a fixed approximation

accuracy € = 1jp—4.

Table 3.10 Parallel ACA with € = 119—4.

p=1 p=4 p=38 p=12 p=16 size

n time | time | E |time | E | time | E (|time| E |in MB
3968 101s| 25s| 99%| 12s|99% 8s| 99%| 6s| 99% 46
7920| 269s| 67s| 99%| 33s|99%| 22s| 99%| 16s| 99% 88
19320| 826s| 206s| 99%| 103s(99%| 69s| 99%| 51s| 99%| 226
43680 2258s| 566s| 99%| 283s(99%| 192s| 99%|142s| 99%| 577
89400| 5362s|1347s| 99%| 675s|99%| 448s| 99%|(337s| 99%| 1326
184 040(12741s|3 185s{100%|1 596s(99%|1 059s|100%|796s|100%| 3 079

The algorithm shows a very high parallel efficiency even for small problem sizes,
which indicates the l